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1. Introduction 

Suppose that X is a nonsingular variety, over an algebraically closed field k of 
characteristic zero. 

If V C X is a nonsingular subvariety, the blowup of V is the morphism 

7T : Y = Proj(® n > I£) -> X. 

If p is a closed point of Y - and n(p) — q, there exist regular parameters (xi, . . . , x n ) 
at q and regular parameters (yi, . . . , y„) at p such that 

X\ = X% = ■ ■ ■ X r = 

(with r < n = dim(JT)) are local equations of V at g and 

xi = yi,x 2 = yiV2, ■■ ■ ,x r = yiy r , x r+1 = y r +i, ■■■ ,x n = y n . 

If V = q, so that r = n, tt is called the blowup of a point. 

Another simple example of a morphism is a monomial morphism, $ : A™ — > A m 
defined by 

2/m 3<i ' ' ' x n mn 

$ is dominant if and only if rank(oy) = to. This notion of a monomial morphism is 
a little too restrictive, so we extend it in the following way. 



Definition 1.1. (Definition 18.260 Suppose that $ : X — > Y is a dominant morphism 



of nonsingular k-varieties (where k is a field of characteristic zero). $ is monomial 
if for all p G X there exists an etale neighborhood U of p, uniformizing parameters 
(x\, . . . , x n ) on U , regular parameters (yi, . . . , y m ) in Oy^( p ), and a matrix (a,j) of 
nonnegative integers ( which necessarily has rank m ) such that 

|/1= Z?" 



Suppose that 

<P:X->Y (1) 

is a dominant morphism of varieties, where k is a field of characteristic 0. The struc- 
ture of $ is extremely complicated. However, we can hope to construct a commutative 



partially supported by NSF. 
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diagram 

I i (2) 

X -5- Y 

where the vertical maps are products of blowups of nonsingular subvarieties, to obtain 
a morphism ^ : X% — ► Y% which has a relatively simple structure. 

The most optimistic conclusion we can hope for is to construct a diagram (Q) such 
that \& is monomial. 



Definition 1.2. (Definition 18.2C) Suppose that $ : X — > Y is a dominant morphism 
of k-varieties. A morphism ^ : X\ — > Y\ is a monomialization of $ if there are 
sequences of blowups of nonsingular subvarieties a : X\ — > X and (5 :Y\ — > Y , and a 
morphism ^ : X\ — > Y± such that the diagram 

X 1 *> Yi 
I i 
X A Y 

commutes, and ^ is a monomial morphism. 

In many cases a monomialization or something close to a monomialization exists 
so it is natural to ask the following question. 

Question Suppose that $ : X — > Y is a dominant morphism of k-varieties (over a 
field k of characteristic zero). Does there exist a monomialization of <&? 

By resolution of singularities and resolution of indeterminancy, we easily reduce to 
the case where X and Y are nonsingular. 

The characteristic of k must be zero in the question. If char k = p > 0, a monomi- 
alization may not exist even for curves. 

t = x p + x p+1 

gives a simple example of a mapping of curves which cannot be monomialized, since 
^1 + x is inseparable over k[x]. 

The obstruction to monomialization in positive characteristic is thus wild ramifi- 
cation. 

In |ll[] , we prove that a local analogue of the Question has a positive answer for 
generically finite morphisms. A discussion of these results is given in section ^. 

In Section we outline short proofs of the positive answer to the question in the 
previously known cases, a morphism to a curve and a morphism of surfaces [l5| ] 
in characteristic p > when no wild ramification is present). 

In this paper we give a positive answer to the question in the case of a dominant 
morphism from a 3 fold to a surface. 



Theorem 1.3. (Theorem 18.2\ ) Suppose that <i> : X — > S is a dominant morphism 



from a 3 fold X to a surface S ( over an algebraically closed field k of characteristic 
zero). Then there exist sequences of blowups of nonsingular subvarieties X\ — > X and 
Si — * S such that the induced map $1 : X\ — > Si is a monomial morphism. 



From this we deduce that it is possible to toroidalize (fllS], B, Definition 10.1) a 



dominant morphism from a 3 fold to a surface. A toroidal morphism X — > Y is a 
morphism which is monomial with respect to fixed SNC divisors on X and Y . 
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Theorem 1.4. (Theorem 19. l\ ) Suppose that $ : X — > S is a dominant morphism 



from a 3 fold X to a surface S (over an algebraically closed field k of characteristic 
zero) and D$ is a reduced 1 cycle on S such that Ex = $ > ~ 1 (Ds)red contains sing(X) 
and smg($). Then there exist sequences of blowups of nonsingular subvarieties 7Ti : 
X\ — > X and 7T2 : Si — > S such that the induced morphism X\ — > S\ is a toroidal 
morphism with respect to 7r^" 1 (£'s) re( ; and ni (Ex)red' 

Suppose that $ : X — > Y is a dominant morphism of nonsingular fc-varieties, and 
dim(y) > 1. 

To begin with, we point out that monomialization is not a direct consequence of 
embedded resolution of singularities and principalization of ideals. 

Suppose that p G X is a point where <E> is not smooth, and q = <&(p). Let 
(j/i,... ,y m ) be regular parameters in Oy, q - By standard theorems on resolution, 
we have a sequence of blowups of nonsingular subvarieties 7r : X\ — > X such that 
if pi G 7r _1 (p), then there exist regular parameters (xi, . . . ,x n ) in Ox t ,pn a matrix 
(ciij) with nonnegative coefficients and units 8i, . . . ,S m £ Ox 1 . Pl such that 



Urn — %\ ' ' ' % n mn 3n 



(3) 



In general, p\ will lie on a single exceptional component of n, and p\ will be disjoint 
from the strict transforms of codimension 1 subschemes of X determined by yi = 0, 
1 < i < m, on a neighborhood of ^^ 1 (q). In this case we will have a%j = if j > 1 
and (aij) will have rank 1. 

There thus cannot exist regular parameters (xi, ... ,x n ) in Ox 1 , Pl such that 

i/i — x l x n 



Vn — x \ ■ ■ ' X n mn 

since this would imply that rank(ajj) = m > 1. 

In fact, in general it is necessary to blowup in both X and Y to construct a 
monomialization. For instance, if we blowup a point p on a nonsingular surface <!?, 
blowup a point on the exceptional curve E\ , blowup the intersection point of the new 
exceptional curve E^ with the strict transform of E\, then blowup a general point 
on the new exceptional curve E% with exceptional curve £4, we get a birational map 
7r : Si — > S 1 such that if pi £ £4 is a general point we have regular parameters (u, v) 
in Os. p and regular paramaters (x, y) in Os liPl such that 

u = x 2 ,v = ax 3 + x 4 y. 

7r is not monomial at pi and further blowups over Si will produce a morphism which 
is further from being monomial. 

Suppose that Y is a nonsingular surface. If TT2 : Yi — > T is a sequence of blowups of 
points over 5 6 7, and qi G t^ 1 ^) is a point which only lies on a single exceptional 
component E of 7r 2 , then there exist regular parameters (u,v) in Oy,q and (x, y) in 
£V 1)gi such that 



u = x 
« = P(x) + 



(4) 



where a, 6 G N and P(x) is a polynomial of degree < b. 
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If we perform a sequence of blowups of nonsingular subvarieties tti : X\ — > X, and 
if pi G ($ o tti) - 1 (g) is such that 0Xi,pi has regular parameters (35i , #2 , 3?3 , • • • 
such that 



V = P(xi) + X h {X2 



(5) 



of the form of (Q), we will have a factorization Ai — > S\ which is a morphism in a 
neighborhood of p\ , and X\ — ► Si will be monomial at p\ . 

A strategy for monomializing a dominant morphism from a nonsingular variety X 
to a nonsingular surface S is thus to first perform a sequence of blowups of nonsingular 
subvarieties tt\ : X\ — > X so that for all points p of Xi , appropriate regular parameters 
(it, w) in O si,q where q = $ o 71"! (p) will have simple forms which we will call prepared 
(Definition |6.6| if dim(X) — 3) which include the form of (||). This is accomplished if 
dim(A) = 3 in Theorem 17. 3| . Almost the entirety of this paper is devoted to proving 



this Theorem. 

An interesting case when the existence of a global monomialization is still open is 
for birational morphisms of nonsingular, characteristic varieties of dimension > 3. 
Such birational maps are known to have a simple structure, since they can be factored 
by alternating sequences of blowups and blowdowns |6) . A local form of factorization 
along a valuation is proven in Theorem 1.6 fTlfl . 

2. Local Monomialization 
A local version of monomialization is proven in ]Tl[ |. 

Suppose that R C S is a local homomorphism of local rings essentially of finite 
type over a field k and that V is a valuation ring of the quotient field K of S, such 
that V dominates S. Then we can ask if there are sequences of monoidal transforms 
R — ► R' and S — * S' such that V dominates S", S' dominates R' , and R — * i?' is a 
monomial mapping. 

i?' -> S" C V 

T T (6) 

R -» 5 

A monoidal transform of a local ring i? is the local ring i?' of a point in the blowup 
of a nonsingular subvariety of spec(i?) such that R' dominates R. If R is a regular 
local ring, then R' is a regular local ring. 

Theorem 2.1. (Monomialization) (Theorem 1.1 [pT|j Suppose that R C 5 are regular 
local rings, essentially of finite type over a field k of characteristic zero, such that the 
quotient field K of S is a finite extension of the quotient field J of R. 

Let V be a valuation ring of K which dominates S. Then there exist sequences of 
monoidal transforms R — * R 1 and S — > S' such that V dominates S' , S' dominates R' 
and there are regular parameters (x\ x n ) in R' , (yi, ...,y n ) in S' , units 8\, .. . ,6 n G 
S' and a matrix (dij) of nonnegative integers such that Det(aij) ^ and 

= vT 1 y a n ln h 

: (7) 

2-n — Hi Vn "n- 

Thus (since char(fc) = 0) there exists an etale extension S' — > S" where 5"' has 
regular parameters y x , . . . ,y n such that x\ , . . . , x n are pure monomials in y x , . . . ,y n . 

The standard theorems on resolution of singularities allow one to easily find R' 
and S' such that (Q) holds, but, in general, we will not have the essential condition 
Det(djj) 7^ 0. The difficulty of the problem is to achieve this condition. 
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It is an interesting open problem to prove Theorem 2.1 in positive characteristic, 



even in dimension 2. Theorem 2.1 implies simultaneous resolution from above |L2|, 
which is a key step in a program of Abhyankar's for proving resolution in positive 
characteristic. This method is completely worked out by Abhyankar in dimension 2 

A quasi-complete variety over a field k is an integral finite type fc-scheme which 
satisfies the existence part of the valuative criterion for propcrness (c.f. Chapter 
|l7[ where the notion is called complete). Quasi-complete and separated is equivalent 
to proper. 

The construction of a monomialization by quasi-complete varieties follows from 



Theorem 2.1 



Theorem 2.2. (Theorem 1.2 fllll j Let k be a field of characteristic zero, $ : X — > 
Y a generically finite morphism of nonsingular proper k-varieties. Then there are 
birational morphisms of nonsingular quasi- complete k-varieties a : X\ — ► X and 
(3 : Y\ — > Y , and a locally monomial morphism ^ : X\ — > Yj such that the diagram 

X 1 t Y, 

I I 
X * Y 

commutes and a and (3 are locally products of blowups of nonsingular subvarieties. 
That is, for every z € X\, there exist affine neighborhoods Vi of z, V of x = a(z), 
such that a : V\ — ► V is a finite product of monoidal transforms, and there exist affine 
neighborhoods W\ of ^{z), W of y = a(f$>{z)), such that (3 : W\ — > W is a finite 
product of monoidal transforms. 

In this Theorem, a monoidal transform of a nonsingular fc-scheme S is the map 
T — » S induced by an open subset T of Proj(©I n ), where T is the ideal sheaf of a 
nonsingular subvariety of S. 

Theorems 1.1 and 1.2 of jll] are analogues for morphisms of the Theorems on local 
uniformization and local resolution of singularities of varieties of Zariski [M , (30] . 



3. Monomialization of Morphisms in Low Dimensions 

We will outline proofs of monomialization in the previously known cases. Suppose 
that k is an algebraically closed field of characteristic zero and $ : X -— * Y is a 
dominant morphism of nonsingular k varieties. 

Let sing($) be the closed subset of X where $ is not smooth. 

If $ is a dominant morphism from a variety to a curve, the existence of a global 
monomialization follows immediately from resolution of singularities. In fact, it is 
really a restatement of embedded resolution of hypersurface singularities. 

Theorem 3.1. Suppose that $ : X — > C is a dominant morphism from a k-variety 
to a curve. Then $ has a monomialization. 

Proof. Suppose that $ : X — > C where C is a nonsingular curve, A is a nonsingular n 
fold. $(sing($)) is a finite number of points of C, so we may fix a regular parameter 
t at a point in q S $(sing($)), and monomialize the mapping above q. 

By embedded resolution of hypersurfaces, there exists a sequence of blowups of 
nonsingular subvarieties which dominate subvarieties of ir : Xi — » X such 

that for all p £ ($ o n)^ 1 (q), there exists regular parameters (x\, . . . , x n ) at p such 
that 



t = ux^ 
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where a\ > 0, u E Ox ltP is a unit. If x± = x\u a i , we have 



t = x\ 



ai 



□ 



If $ : T — > S is a dominant morphism of surfaces, monomialization is not a direct 
corollary of resolution of singularities. One proof of monomialization in this case (over 
C) is given by Akbulut and King in 0. 

In our paper [ |i"3| with Oliver Piltant, we show that if L is a perfect field and 
$ : T — > S is a dominant morphism of L-surfaces, then <E> can be monomialized if 
$ is unramified. That is, no wild ramification occurs with respect to any divisorial 
valuation of L(T) over L(S). This condition occurs, for instance, if p jf [K : L(S)] 
where K is a Galois closure of L(T) over L(S). 

We will now outline a simple proof of monomialization for morphisms of surfaces 
(when k is algebraically closed of characteristic zero) . 

Theorem 3.2. Suppose that $ : T — > S is a dominant morphism of surfaces over k. 
Then $ has a monomialization. 

If $ is a monomial mapping, then $ comes from an expression 

u =xa A (8) 

v = x y 

where ad — be 0. 

sing($) must be contained in xy = 0. At a point p on x = we have regular 
parameters (x,y) in Ox, P such that 

x = x, y = y — a 

for some a G k. If a > and c > we have 

b tttCI 



where 



u =x a (y + a) b =x , g . 
v = x c (y + ct) d = px + x c y ^ ' 



x = x{y + a) »,y = {y + ot) » - f3 



with (3 = a d ~^ . 

If a = or c = we also obtain a form @ with respect to regular parameters 
(u!,vx) in O s ,<s>(p). 

Thus $ is monomial at a point p if and only if there exist regular parameters in 
Ox, P such that one of the forms (||) or (||) hold. 

We will say that $ is prepared at p E T if there exist regular parameters (u, v) in 
Cs.*(p)j regular parameters (x,y) in Cr,p, and a power series P such that one of the 
following forms holds at p. 

u =x<1 (10) 

v = P(x) + x c y 



or 



u = (x a y b ) m 
v = P(x a y b ) + x c y 



where (a, 6) = 1 and ad — be ^ 0. 
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We first observe that by resolution of singularities and indeterminancy, there exists 
a commutative diagram 

T X *i Si 
I i 
T % S 

where the vertical maps are products of blowups of points, sing($i) is a simple normal 
crossings (SNC) divisor, and for all p £ sing(<I>i), there exist regular parameters (u, v) 
at 3>i(p) such that u — is a local equation of sing($i) at p. 

The essential observation is that $i is now prepared. We give a simple proof that 
appears in Q. 

Lemma 3.3. $i is prepared. 

Proof. Suppose that p € Ti. With our assumptions, one of the following must hold 
at p. 

U = X ° (12) 

U X Vy - UyV X = SX S 



where S is a unit or 



u = (x a y b ) 

u x v y - u y v x = 5x e y f 



(13) 



where a, b,e, f > 0, (a, b) — 1 and S is a unit. 



Write v = J2 <iijX l y^ with G k. First suppose that (12) holds. Then 



5x e implies we have the form (10) (after making a change of parameters in Ot 1:P )- 
Now suppose that @ holds. 

u x v y - u v v x = m{aj - bi^x^+^y*" 1 ^- 1 = 6x e yf . 

Thus 

v = + ex e+1 ~ am y f+l - bm 

aj — bi—O 

where e is a unit. After making a change of parameters, multiplying x by a unit, and 
multiplying y by a unit, we get the form (O). □ 



It is now not difficult to construct a monomialization. We must blowup points 
q on S\ over which some point is not monomial, and blowup points on T\ to make 
rriqOTx principal. If we iterate this procedure, it can be shown that we construct a 
commutative diagram 



T 2 2? S 2 



i i 

such that $2 is monomial. 



Ti % Si 



4. An overview of the proof of 
Monomialization of morphisms from 3 folds to surfaces 

Suppose that k is an algebraically closed field of characteristic zero, and $ : X — ► Y 
is a dominant morphism of nonsingular fc-varieties. 
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A natural first step in monomializing a morphism $ : X — > Y is to use resolution 
of singularities and resolution of indeterminancy to construct a commutative diagram 

X x % Yi 
I I 
X $ Y 

where the vertical maps are products of blowups of nonsingular subvarieties, sing($i) 
is a simple normal crossings (SNC) divisor, and for all p £ sing($i), there exist regular 
parameters (ui, . . . ,u n ) at such that u\ = is a local equation of sing(<I>i) at 

P- 

We observed that if X and Y are surfaces, then <£>i is prepared. Unfortunately, even 
for mor phisms from a 3 fold to a surface, $i may be quite complicated (Examples 



3j,|6j) 



A key step in the local proof of monomialization, Theorem 2J, is to define a new 
invariant, which measures how far the situation is from a specific form which is close 
to being monomial. In the local valuation theoretic proof we make use of special 
products of monoidal transforms defined by Zariski called Perron transforms [f30| . 
Under appropriate application of Perron transforms our invariant does not increase, 
and we can in fact make the invariant decrease, by an appropriate algorithm. 

An essential difficulty globally is that our invariant can increase after a permissible 



monoidal transform (Example 7.2). This is a significant difference from resolution of 
singularities, where a foundational result is that the multiplicity of an ideal does not 
go up under permissible blowups. 



We will give a brief overview of the proof of Theorem 18.21 (Monomialization of 
morphisms from 3 folds to surfaces). 

Step 1. First construct a diagram 

X' £ S' 

i i 

X $ s 

where the vertical maps are products of blowups of nonsingular subvarieties such 
that X' , S' are nonsingular, there exist reduced SNCS divisors Ds> on S', Ex> = 
(&)~ 1 (Ds>)red on X' such that sing(<£>') C Ex> and components of Ex 1 on X 1 dom- 
inating distinct components of Ds> are disjoint. Such a morphism $' will be called 



weakly prepared (Definition 6.1 and Lemma 6.2). 

For all p £ X 1 there exist regular parameters (u, v) in Os>.q (q — &'(p)) and regular 
parameters (x,y,z) in Ox>,p such that u = is a local equation of Ex>, u — (or 
uv = 0) is a local equation of Ds> and exactly one of the following cases hold: 

1. 

u = x a , v — P(x) +x b F 
where x jf F, F has no terms which are monomials in x. 

2. 

u = (x a y b ) m ,v = P{x a y b ) + x c y d F 

where (a, 6) = 1, x jf F, y jf F, x c y d F has no terms which are monomials in 
x a y b . 

3. 

u = (x a y b z c ) m , v = P{x a y b z c ) + x d y e z f F 
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where (a,b,c) = 1, x jf F, y jf F, z jf F, x d y e z^F has no terms which are 
monomials in x a y b z c . 



The structure of the singularities of F can be very complicated (Examples 6.3 and 



3.4). This is in sharp contrast to the case of a morphism of surfaces (Lemma 3.5 ) 
Our main invariant is 

v[p) = mult(F). 

This invariant is independent of parameters in the forms above. 

S r {X') = { P eX'\ v(jp) > r} 



is a c onstructible (but not Zariski closed) subset of X' (Proposition p.22| and Example 



3.13|) . 



Step 2. This is the difficult step. We construct a commutative diagram 

X" 

I A \ 
X' % S' 
so that everywhere we have one of the forms: 

1. u = x a , v = P(x) + x b y, 

2. u = (x a y b ) m , v = P(x a y b ) + x c y d , 

3. u = (x a y b ) m , v = P{x a y b ) + x c y d z 7 

4. u = (x a y b z c ) m ,v = P(x a y b z c ) + x d y e Z f with 



rank 



a b c 
d e f 



We impose that further condition that 1. - 4. are compatible with the reduced 
SNC divisors D$> and Ex" = ($")~ 1 (Ds')red- u — is a local equation of Ex", 
u = (or uv = 0) are local equations of D$' in the above forms. We will say that 



is prepared (Definition 6.E). This is accomplished in Theorem 17.2. 
We use descending induction on 

r = max{£ | v{p) — t for some p S X} 

to achieve the conclusions of the Theorem. A major difficulty is that, unlike in the case 
of resolution of singularities, v(p) can go up after blowing up a point or a nonsingular 
curve (Example |7.2| ) . 

However, v{p) can go up by at most 1, and some other invariants get better, or at 
least no worse. For a local resoution, we reduce to two difficult cases (Sections [Tl] and 
|l2| ) which we settle by blowing up generic curves on Ex' through a particular point, 
and use a generalization of Abhynakar's Good Point Algorithm (Q, |2(J) to achieve 
an improvement. This depends on arithmetic information which is captured in this 
algorithm. 

Step 3. We construct a commutative diagram 

X'" ^ S" 

i I 

X" ^ s> 

such that X'" — * X" is a product of blowups of nonsingular curves, S" — > S' is a 
product of blowups of points and is monomial. This is accomplished in Theorem 
18T91 
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7r : S" — > 5" is a sequence of blowups of points. If q £ S' and qi E n then 
there exist regular parameters (u,v) in Os>, q and in Os", qi such that 

v = P(u\) + u\v\ 

or 

u = (u\v\) m 

v =P{utv\)+u c l vi 

with ad—bc^O and (a, b) = 1. 

If p G X" is a point of the form 1. of Step 2, then there exists 7f : S\ — > 5' and 
<7i G 7T _1 (9) with regular parameters (mi,«i) in Os ltqi , {x,y,z) in such that 

Mi = x a 

vi = x b (a + y). 

We have an essentially canonical procedure for achieving Step 3. We blowup on S' 
the (finitely many) images of all non monomial points of X" ', then blowup nonsingular 
curves on X" to resolve the indeterminancy of the resulting rational map. An invariant 
improves. By induction we eventually construct <&"'. 

5. Notations 

We will suppose that k is an algebraically closed field of characteristic zero. By a 
variety we will mean a separated, integral finite type fc-scheme. 

Suppose that Z is a variety and p <E Z. Then m p will denote the maximal ideal of 
Oz, P - 

Definition 5.1. A reduced divisor D on a nonsingular variety Z of dimension n is 
a simple normal crossing divisor (SNC divisor) if 

1. All components of D are nonsingular. 

2. Suppose thatp e X . Let D\,... ,D S be the components of D containing p. Then 
s < n and there exist regular parameters (xi, . . . , x n ) in Ox, P such that Xi = 
are local equations of Di at p for 1 < i < s. 

A curve is a 1 dimensional k variety. A surface is a 2 dimensional k variety. A 3 
fold is a 3 dimensional k variety. A point of a variety will mean a closed point. 

By a generic point or a generic curve on a variety Z, we will mean a point or a curve 
which satisfies a good condition which holds on an open set (in some parametrizing 
space) of points or curves. 

Suppose that Z is a variety and p € Z. the blowup of p or the quadratic transform 
of p will denote Z\ = Proj(®„>om"). If V C Z is a nonsingular subvariety then 
the blowup of V or the monodial transform of Z centered at V will denote Z\ = 
Proj(©„> X{». 

If R is a regular local ring with maximal ideal m, then a quadratic transform of R 
is Ri = R[^] mi where O^iGm and mi is a maximal ideal of R\. 

Suppose that P{x) = Y^hLo biX 1 € k[[x]] is a series. Given tgN, Pt{x) will denote 
the polynomial 

t 

p t {x) = Y. b * xl - 

j=0 

Given a series f(xi, . . . ,x n ) <G k[[x\, . . . ,x n ]] v(f), mult(J) or ord(/) will denote 
the order of /. 

If x € Q, [x] = n if n € N, n < x < n + 1. {x} — [x] — x. The greatest common 
divisor of oi, . . . , a n € N will be denoted by (a\, . . . , a n ). 
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6. The invariant v 

Definition 6.1. Suppose that <&x : X —t S is a dominant morphism from a nonsin- 
gular 3 fold X to a nonsingular surface S , with reduced SNC divisors D$ on S and 
Ex on X such that ^? x 1 (^- > s)red = Ex- Let sing{<&x) be the locus of singular points 
of$>x- 

We will say that <&x is weakly prepared if 

1. sing($x) C Ex and 

2. If p G S is a singular point of D$, C\ and C2 are the components of D$ 
containing p, T\ is a component of Ex dominating C\ and T2 is a component 
of Ex dominating C2 then T\ and T2 are disjoint. 



Lemma 6.2. Suppose that $ : X — > S is a dominant morphism from a 3 fold X to a 
surface S, Ds is a reduced Weil divisor on S such that sing(§) C ^~ 1 (Ds) ond the 
singular locus of X , sing(X) C $>~ 1 (Ds). Then there exists a commutative diagram 

X, *i Si 

X X s 

such that 7i"i and 1^2 are products of blowups of nonsingular subvarieties, and if Ds ± = 
ir 2 ~ 1 (Ds)red, Ex 1 = (<& o 7i"i ) _ 1 {D s) red, then <fii is weakly prepared. 

Proof. By resolution of singularities and resolution of indeterminancy of mappings 
|l7| , there exists 

X 5 S 

I i 

X -> s 

such that X and S are nonsingular, n^ 1 (Ds)red = ^5 and E^- = $ (D-g) re d are 
SNC divisors. 

Suppose that E\ and E2 are components of Eryr which dominate distinct compo- 
nents C\ and C2 of S. If E\ ni?2 7^ then there exists a sequence of blowups X\ — » X 
with nonsingular centers which map into C\ H C2 with induced map $1 : X\ — > 5 
such that the strict transform of E\ and £2 are disjoint on Xi, and £^ = $ 1 (-D^-)red 
is a SNC divisor. 

One way to construct this is to blow up the conductor of E\ U E2 to separate the 
strict transforms of E\ and E2 (c.f. section 2 of [H), and then resolve the singularities 
of the resulting variety. 

Iterating this procedure, we construct a weakly prepared morphism. □ 



Example 6.3. The structure of weakly prepared morphisms can be quite complicated. 
Consider the germ of maps 

u = x a ,v — x c F 

with a > 2, c > where 

F = x r z + h(x, y) 

where h is arbitrary. The singular locus of this map germ is the variety definied 
by the ideal where the jacobian has rank < 2. That is, the variety with ideal J= 
y/(x a+c - 1 F y ,x a + c - 1 F z ). Since F z = x r , we have that sjl = (x). 
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Examples of this kind can be used to construct weakly prepared projective mor- 
phisms satisfying the assumptions of $1, by resolving the indeterminancy of the in- 
duced rational map P 3 — > P 2 . A reasonably easy example to calculate is 

u = x 2 

v = y 2 + xz. 

Example 6.4. Another example of a weakly prepared morphism. 
Consider the (formal) germ of maps 

u = x a , v == x c F 

where 

- . . 

F= -ai{x)y l z 3 +x r z 

i>0,j>0 

where ai(x) are arbitrary series, a > 2, c > 0. The singular locus of this map germ is 
defined by J = x"^" 1 ^, F z ). Since F z - yF y = x r , y/j = (x). 

Throughout this section we will suppose that $x : X —* S is weakly prepared. 

We define permissible parameters (u, v) at points q e Ds by the following rules 

1. If q is a nonsingular point of Ds, then regular parameters (u,v) in Os, q are 
permissible parameters at q if u = is a local equation for Ds- Necessarily, u = is 
a local equation for Ex in Ox, P for all p e $ x x (q) . 

2. If q is a singular point of Ds, then regular parameters (u, v) in Os, q are per- 
missible parameters at q if uv = is a local equation for Ds at q. Necessarily, uv = 
is a local equation for Ex at p for all p € (?) ano ^ either u = 0oru = 0isa local 
equation of Ex at p. 

Definition 6.5. Suppose that (u,v) are permissible parameters at q G Ds, p € 
(g) and £/ia£ u = is a local equation of Ex at p. Regular parameters (x, y, z) in 
Ox. p are called permissible parameters at p for (u, v) ifu — x a y z c with a > b > c > 0. 

If(x,y,z) are permissible parameters at p for (u,v), then one of the following forms 
holds for v at p. 

1. p is a 1 point: 

u = x a 

v =P p (x)+x b F p 

where a > 0, x jfF p and x b F p has no terms which are powers of x, 

2. p is a 2 point: 

u = (x a y b ) m 

v =P p {x a y b )+x c y d F p 

where a,b > (a, b) = 1, x,y jf F p and x c y d F p has no terms which are powers 
ofx a y b , 

3. p is a 3 point: 

u = (x a y b z c ) m 

v = P p {x a y b z c ) + x d y e ?JF p 

where a,b,c> 0, (a, b, c) = 1, x, y, z ^F v and x d y e z^F p has no terms which are 
powers of x a y b z c . 
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We will say that (x, y, z) are permissible parameters at p and that the above ex- 
pression of V is the normalized form of v with respect to these parameters. We will 
also say that F p is normalized with respect to (x, y, z). 

The leading form of F p will be denoted by L p . 

With the notation of Definition |6.5|, we see that if p is a 1 point, then 



If p is a 2 point, then 

/ 7 " ~dF ~dF ~dF dF\ 



If p is a 3 point then 



2sing(<I> x ),p 



(ae — bd)zF + ayz^j — bxzS^-, 

xm a+d-l y mb+e-l z mc+f-l I _ c( f) y ^ + aZ/Z§f - 

\ \(bf- ce)xF + bxz^ - cxy^j /l6) 



Definition 6.6. We will say that permissible parameters (u,v) for <&x(p) G -Ds are 
prepared at p £ Ex if u = is a local equation of Ex at p and there exist permissible 
parameters (x, y, z) at p such that one of the following forms hold: 



with ad—bc^O 



or 



with 



u = x 

v = P(x) + x b y 



u = (x a y b ) m 

v = P{x a y b ) + x c y d 

u = (x a y b ) m 

v = P(x a y b )+x c y d z 

u = (x a y b z c ) m 

v = P(x a y b z c ) + x d y e zf 



rank ( a , ^ C P I = 2. 
d e f 



(17) 
(18) 

(19) 
(20) 



We will say that <&x is prepared with respect to D$ if for every p G Ex there exist 
permissible parameters for &x{p) which are prepared at p. 

Lemma 6.7. Suppose that p G Ex, {u, v) are permissible parameters at q = <&x{p) 
such that u — is a local equation of Ex- Then r — v{F p ) is independent of permis- 
sible parameters (x, y, z) at p for (u, v). 

If p is a 1 point then v(F(0, y, z)) is independent of permissible parameters (x, y, z) 
at p for (u,v). If p is a 1 point and 

F p = ^2 a ljk x l y J z k , 

then 

t(F p ) — max{j + k \ aijk ^ with i + j -\-k = r} 
is independent of permissible parameters (x,y,z) for (u,v) at p. 
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Ifp is a 2 point, then v(F(0, 0, z)) is independent of permissible parameters (x, y, z) 
at p for (u, v). If p is a 2 point and 

Fp S ' Oijk x ' \P Z j 

i+j+k>r 

then 

t(F p ) = max{k \ aijk ^ with i + j + k = r} 
is independent of permissible parameters (x,y, z) for (u,v) at p. 

Proof. Suppose that (u, v) are permissible parameters at q such that u — is a local 
equation of Ex at p, (x,y,z), (xi,yi,z\) are permissible parameters at p for (u, v). 
First suppose that p is a 1 point. We have a (normalized) expression 

u = x a ,v = P(x) +x b F 

Thus 

X = LUX\ 

y = y{x- l ,y\,z- l ) = b 2 \X\ + b 22 y x + b 2Z z x -\ 

z = z(xi,yi,zi) = 631X1 + 6322/1 + 633Z1 H 

where uo a — 1 and 622633 — 623632 7^ 0, and 

u = x",v = Pi(xi) + X1F1 

where 

Pi = P(wzi) + x\u b F(uxi, y(x u 0, 0), z{ Xl ,0, 0)) 

Pi = u b [F(uxi,y(xi,yi, z 1 ),z{x ll y 1 , z{)) - F(iv Xl ,y( Xl ,0,0) 7 z(x 1 ,0,0))} 
Substituting into 

F p = a l]k x l y j z k 

we get that v(F) = v{F\), v(F(0,y, z)) = v{F\(Q,y\, z\)) so that Pi is normalized 
with respect to (x\,yi,z\), and t(P) = r(Pi). 
Now suppose that p is a 2 point. Then 

u = (x a y b ) m ,v = P(x a y b ) + x c y d F. 

Set r = v{F). We have one of the following two cases, 
case 1 

x = ax\ 

y = Pm 

z = z{ Xl ,y x , zi) = aixi + a 2 y x + a 3 z 1 H 

where to — a a [3 b satisfies uj m = 1 and a 3 7^ 0, or 
case 2 

x = ay x 
V = fai 

z = z{x\,y\, zi) — a\X\ + a 2 yi + a 3 zi H 

where uu = a a (3 b satisfies u m = 1, and a 3 7^ 0. 
In case 1, set to — max{^, |}. For t > t , set 

ff — ^ dx ta ~ c dy tb ~ d ) \ x i=Vi= z i=° 

Pi = a c /3 d F- E t > t0 &t4°" Vi 6 -" ( 21 ) 

Pi =FK;/S) + E t > i0 M^)- 

Then 
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F\ is normalized with respect to (x\,y\,z\) and ^(F(0,0,z)) = v(Fi (0, 0, zi)). Set 
a(0, 0,0) = a . /3(0, 0,0) = /?o- Let L, Li be the respective leading forms of F and 
Fi. Then 

L\ = a /3 L(a xi, [3 yi, aixi + a 2 y 2 + a 3 zi) 
if there does not exist natural numbers io,jo such that (c + i )b — (d + j )a = and 
io + jo = r, 

Li = a (3 L(a xi,f3 yi,aiXi + a 2 y 2 + a 3 zi) -cx l °yf 

for some c £ k, if there exist natural numbers io, jo such that (c + i )b— (d + j )a = 
and i + jo = r. Thus v(F) = v(F 1 ) and t(F) = t{Fx). 

To verify Case 2, we now need only consider the effect of a substitution 

x = yi,y = x x . 
Finally, suppose that p is a 3 point. We have 

u = {x a y b z c ) m , v = P{x a y b z c ) + x d y e z f F 

There exists a e S 3 , and unit series a, (3, 7 with constant terms ao, Po, 7o respectively, 
such that 

x = aw a{1) , y = (3w a{ 2) , z = ^w a(3) 

where 

wi = xi,w 2 = yi,w 3 = zi, 
and if iv = a a /3 fc 7 c , then u m = 1. Set i = max{f , f , |}. For t > i , set 

°t - a^-w^a™''-/ U„(i)=^ ( 2)=^(3)=o 

<t(1) <t(2) <t(3) 

Fl = a d (3^F{aw a{l) , /3 Wa(2) , 7^(3) ) - E t>to hw^fw^w^ 

Pi = P^K { i)< ( 2)K {3) ) + Et>*„ ^<i)<2)<(3)- 1 j 

Thus 

M = (K(l) wb cr(2)K(3)) m > V = P l(<(l) W ^(2)<(3))+^(l)<(2)^( 3 ) F l( W 'T(l)' U; 'T(2)> W a(3)) 

where the leading form of F\ is 

Li = ao/ 3 o7o^("oU'<T(i),/3ow CT (2),7oU'a(3)) 
if there does not exist natural numbers i , j , k such that 

(d + i )b - (e + j )a = 0, (d + i )c - (/ + k )a = 0, and i + j + + k = r, 

Li = ao/3o7o F («ow ( r(i),/3ow (T( 2),7ow (T( 3 ) ) -cx\°y{° z\ a 
for some c e fc, if there exist natural numbers i , jo, ko such that 

(d + io)b - (e + jo) a = 0, (d + «o)c - (/ + k )a = and i + jo + k = r. 
Thus Fi is normalized with respect to (x\,y\, z\) and v{L\) = v(V). □ 

Lemma 6.8. Suppose that p G Fx, 9 = &x(p)- Then r = v{F p ) is independent of 
permissible parameters (u, v) at q such that u = is a local equation of Ex at p. 

If p is a 1 point then u(F p (0,y, z)) is independent of permissible parameters (u,v) 
at q such that u = is a local equation of Ex at p. If p is a 1 point, and 

Fp ^ ^ OijkX y^ z , 

i+j+k>r 

then 

t(F p ) = max{j + k | there exists ^ with i + j + k = r} 
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is independent of permissible parameters (x,y,z) at p for (u,v) such that u = is a 
local equation of Ex at p. 

If p is a 2 point, then v(F p (0, 0, z)) is independent of permissible parameters (u, v) 
at q such that u = is a local equation of Ex at p. If p is a 2 point, and 

F p = ^2 a^ k x l y 3 z k , 

then 

t(F p ) — max{k \ there exists a^k ^ with i + j + k = r} 

is independent of permissible parameters (x,y,z) at p for (u,v) such that u — is a 
local equation of Ex at p. 

Proof. Let m be the maximal ideal of Ox.p- Suppose that (u,v) and (u\,vi) are 
permissible parameters at q such that u = is a local equation of Ex at p and u± = 
is a local equation of Ex at p. We will show that the multiplicities of the Lemma are 
the same for these two sets of permissible parameters. 

Case 1 Suppose that p is a 1 point. Then (ui,Vi) and (it, v) are related by a 
composition of changes of parameters of the types of Cases 1.1, 1.2 and 1.3 below. It 
thus suffices to prove the Lemma in each of these 3 cases. 

Case 1.1 Suppose that v\ — u, u\ = v. We have 

u = x a ,v = P(x)+x c F 

with r — v(F) > 0. In this case we must have v = unit u in Ox,p- v = unit u is 
equivalent to p — u(x)x d where u is a unit and < d < c. Set 

x = x(u(x) + x c ~ d F) . 
Then v = x d . Set r = = ^-. Write u(x) = oq + a%x + ■ ■ ■ . 

(u(x) + x c - d F)^r = u(x) T + Tu(x) T - 1 x c - d F + ^^-u(x) T - 2 x^ c - d '> F 2 + ■■■ 
= u(x) T mod x c ~ d m r 

We thus have 

x = xu{x) T mod x c - d+1 m r . (23) 

Now suppose that Pq{x,x) is a series. By substitution of (p3|), we see that there 
exist series A\ and P\ such that 

P (x,x) = Ai(x) +xP\(x,x) mod x c ~ d+1 m r 

By iteration, we get that there is a polynomial P{x), such that P(0) = Po(0,0), 

P (x,x) ee P(x) mod x c - d+1 m r . (24) 

We get from @ that 

u(x) ee Q(x) mod x c - d+1 m r 
where Q(0) = u(0). Set u — u(0). We also see that 

x ee xQ(x) T mod x c ~ d+1 m r 

SetA = ^. 

u =x a (u(x)+x c - d F) x 

= x a [u(x) x + Xu(x) x - 1 x c - d F + ^^lu^x^-^F 2 + ■■■} 
ee x a [Q{x) x + XQ{x) x - 1+T <- c ~ d ^x c - d F + Q(x) x - 2 + 2 ^ c - d )x 2{c - d ^F 2 + ■■■} 

mod x a+c ' d+1 m r 



MONOMIALIZATION OF MORPHISMS 



FROM 3 FOLDS TO SURFACES 



17 



Thus 

V = x d 

u = P 1 (x) + x a+c - d F 1 (x, y, z) 

where v{j>i) — a, and 

F l = Xu X - 1+T{c - d) F(u x, y, z)+ A(A ~ 1} u^+^^^F (u x, y, z) 2 +- ■ ■ mod xm r . 
Thus u{F(x, y, z)) = v(F \ (x, y,z)), i/(F(0,y,z)) = i/(Fi(0,y,«)) and t(F) = t(F x ). 

Case 1.2 Suppose that u\ = au, v\ = v, where a(u,v) is a unit series. We have 

u — x a , v = p(x) + x h F 
with r = u(F) > 0. Set A = — . Define x = xa x , so that Ui —x a . Write 

a = ao(ui) + ai{u\)v + • • • 

a x = a (ui) x + Aq:o(ui) a_1 (q:i(ui)w + a 2 {ui)v 2 + • • • ) 
+ ^ T ^a a (u 1 ) x ~ 2 (a 1 (u 1 )v + a 2 ( Ul )v 2 + ■■ -) 2 + •• ■ 

ee a (ui) A + Aao(ui) A_1 (ai(ui)P(s) + a 2 (u 1 )P(x) 2 + ■■■) . . 

+ ^ T ^a a (u 1 ) x - 2 (a 1 (u 1 )P(x) + a 2 { Ul )P(x) 2 + ■ ■ ■ ) 2 + ■ ■ • mod x b m r [ ' 

We have an expression 

a x ee A (x) + xB (a x ,x) mod x b m r . (26) 
Substitute (g5|) into ( p6| ) to get 

a x ee A (x) + xAi(x) +x 2 Bi(a x 1 x) mod x b m r 
By iteration, we get that there is a series S(x) with S(0) = ao(0) A = a, such that 

a x ee S(x) mod x b m r . 

and 

x = a x x ee S(x)x mod 3 rfc+1 m r . 
w = P{x) + x b F ee P(SS(3c)) + x b S(x) b F(xS(x),y, z)] mod x f,+1 m r 

Thus 

t> = Pi{x) +x b F 1 (x,y 1 z) 

where 

Fi ee S(x) F{xS(W), y, z) mod xrrf 
ee a fc F(cEc, y, z) mod xm r 

Thus = K^i), i/(F(0,»,«)) = i/(Fi(0, !/,«)) and r(F) = r(fi). 



Case 1.3 Suppose that u\ — u, v\ — au + (3v. Write 

[1 =£/%uV 



with /?oo 7^ 0. 
We have 

u = x a ,v = P(x) +x b F 

r = v{F) > 0. 
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= £ a 4i x a ( l+1 '(P(x) + a^FF + J2 p iJ x al (P(x) + x b Fy +1 

= a tj x a{l+1 \P{ X y + jx b P{ X y- 1 F + ^f^x 2b P{ X y- 2 F 2 + ■■■ + x^F^) 

+ J2fc]X ai (P{xy +1 + (j + l)x b P{ x yF + U^igMp^y-ipa + ... + x bU+i) F 3+i) 

= Q(x)+H{x)F + x 2b F 2 G{x,y,z) 

where 

H{x) = a ljX a{l+1) jx b P(xy- 1 + PijX ai (j + l)P{x) j x b . 
We can further write 

H(x) =x b (/3 a+xtt(x)). 

vi =Q(x)+x b {l3 m + xVL{x))F + x 2b F 2 G 
= Pi(x)+x b F 1 

where P\(x) — Q(x), and 

Fi = {Poo + xn(x))F + x b F 2 G. 
Thus v{F) = K-Fi), v(F(0,y,z)) = v(F 1 (0,y,z)) and t(F) = r(Fi). 

Case 2 Suppose that p is a 2 point. It suffices to prove the Lemma in the three 
subcases 2.1, 2.2 and 2.3. 



Case 2.1 Suppose that u\ = v, v\ = u. We have an expression 
u = (x a y b ) k ,v = P(x a y b ) + x c y d F. 

Set r = v{F). If 

r = 0, c < ord(P)a and d < ord(P)6 (27) 

then the multiplicities of the Lemma are the same for the two sets of parameters, so 
suppose that (|27]) doesn't hold, v = x e yf unit (for some e, /) implies that there exists 
t > such that 

v = (x a y b ) t (u(x a y b ) + x c - at y d ~ bt F) 
where u is a unit power series. Set r = = r-, 

x = x{u(x a y b ) + x c - at y d - bt F) T . 

(u(x a y b ) + x c - at y d ~ bt F) T = u(x a y b ) T + T u{x a y b ) T - 1 x c - at y d ~ bt F 

+ l(l_}l 1I ( x a y by-2 x 2(c-at) y 2(d-bt) F 2 + . . . 

= u{x a y b ) T mod x c ~ at y d - bt m r 

x a y b = x a y b (u(x a y b )+x c ~ at y d - bt F) aT , . 

= x a y b u{x a y b ) aT mod x c - at+a y d - bt+b m r . ^ ' 



Now suppose that Po{x a y ,x a y ) is a series. By substitution of (28), we see that 

a b 77ra„.fr\ yi b\ , —a b r> / a 6 77rti. ( fe\ 7^— a t+a, d—bt+b r 



P (x a y b ,x a y b ) = A 1 (x a y b )+x a y b P 1 (x a y b ,x a y b ) mod af- ot+0 y 



By iteration, we get that there is a polynomial Q(x a y b ), such that wo = Q(0) = it(0), 

= Q{x a y b ) mod x c - Qt+Q y d - b * +b m r . (29) 

we get from ( |29| ) that 

a; ee xu(x a y b ) mod x c ~ a *+ V~ bt ™ r 
ee xQ{x a y b ) mod x c ~ Qt+1 y d - b *m r 
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Set A = 

u = (x a y b ) k = (x a y b ) k [u(x a y b ) + x c - at y d - H F] x 
= (x a y b ) k [u(x a y b ) x + \u(x a y b ) x - 1 x c - at y d ~ bt F 

+ X i X ^llu( x ayby-2 x 2{c-at) y 2(d~bt) F 2 + . . .] 

= (x a y b ) k [Q(^y b ) x + XQ(^y b ) x ~ 1+c - at x c - at y d - bt F(xQ(x a y b ),y,z) 
+M^Q(^ y l>)A-a+2(c-at) 2 a(c-at) |/ a(d-W)_ F (3 F Q( 2 o y 6) jyj 2 )2 
H ] mod x0.k+c-at+l y bk+d-U m r 

Thus 

v = (x a y b Y 

u = P 1 {x a y b ) +x ak+c - at y bk+d - bt F 1 {x,y, z) 

where 

Fx%y,z) = \Q(x a y b ) x - 1+c - at F(xQ(x a y b ),y, z) 

+ ^^Q(^y b ) x - 2+ ^ c - at ^x c - at y d - bt F(xQ(x a y b ), y, z) 2 
+ ■ ■ ■ mod xm r 

= \u x - 1+c -^F(xu ,y, z) + x ^ul- 2+2{c - at) x c - at y d - bt F{xu ,y 1 zf 
+ • ■ • mod xm r . 

Thus u{F) = v(Fi), u(Fi(0,0,z)) = v(F(0,0,z)) and t(F) = t(F x ). 

Case 2.2 Suppose that p is a 2 point and that iti = tra, i>j = u. We have an 
expression 

u = (x a y b ) k , v = P(x a y b ) + x c y d F 

Set r — v{F). Write 

a = ao(ui) + ot\{ui)v + ■ ■ ■ 
x = xa x . 

We have that 

Ul = (x a y b ) k . 

a x = a (ui) x + Aa ("i) A_1 (ai(ui)i; + a 2 (wi)v 2 + • • • ) 
+^ T ^-a Q (u 1 ) x ' 2 (a 1 (u 1 )v + a 2 ( Ul )v 2 + ■ ■ • ) 2 + • • • 
= a (ui) A + Xa (u 1 ) x - 1 {a 1 {u 1 )P(x a y b ) 
+a 2 (u 1 )P(x*y b ) 2 + •••) + ^^a ( Ul ) x - 2 
(a 1 (u 1 )P(x a y b ) + a 2 {u l )P{x a y b ) 2 + ■■■) + ■■■ mod x c y d m r 

Now suppose that Po(x a y b ,x a y b ) is a series. By substitution of the above equation, 
we see that 

P (x a y b ,x a y b ) = A 1 (x a y b ) + x a y b P 1 (x a y b ,x a y b ) mod x c y d m r 
By iteration, we get that there is a polynomial S^y* 1 ), such that uo = S(0) — u(0), 

a x = S(x a y b ) mod x c y d m r . (30) 

we get from ( pp| ) that 

x = a x x = S(x a y b )x mod x c+1 y d m r 

v = P(x a y b ) + x c y d F 

= P{x a y b S{x a y b ) a ) +x c y d S{x a y b ) c F{S{x a y b )x,y 1 z)) 
mod x c+1 y d m r 

so that 

Ul = (x a y b ) k 

v = Pi (x a y b ) + x c y d Fx (x, y, z) 
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where 

Fx = S(x a y b ) c F(xS(x a y b ), y, z) mod xm r 
= UqF(uqx, y, z) mod xm r 

Thus v{F) = v(Fx), v(F(0,0,z)) = u(Fx(0,0,z)), and t(F) = r(Fi). 



Case 2.3 Suppose that p is a 2 point and that «i = u, i>i = au + We have an 
expression 

u = (x a y h ) k , v = P{x a y h ) + x c y d F 

where r = v(F). Write 

a =Y^ ctijU l v J 

with (3 00 7^ 0. 

= Y / a lj (x a y b ) ( - l+1 ^ k (P(x a y b ) + x c y d F) j + Y J Pi J {x a y b ) lk {P{x a y b ) + x c y d Fy +1 
= J2^j(x a y ( p ( xa y Y + j{x c y d )P{x a y b y- 1 F + ■ ■ ■ + (x c y d yF j ) 

+ T,/3ij( xa y b Y k ( p ( xa y b y +1 + U + l)x c y d P(x a y b yF + ■■■ + (x c y d ) j+1 F j+1 ) 
= Q{x a y b ) + H(x, y)F + (x c y d ) 2 F 2 G(x, y, z) 

where 

H(x, y) = x c y d (Po,o + x a y b Sl(x, y)). 

Then 

u = (x a y b ) k 

v x =Q 1 (x a y b )+x c y d F 1 

where 

Fx = Po,qP mod (xyrrf + (x c y d )m 2r ) 
Thus v(F) = u(Fx), v{F{Q,y,z)) = v(Fx(0,y,z)), and t(F) = t(Fx). 



Case 3 Suppose that p is a 3 point. It suffices to prove the Lemma in the three 
subcases 3.1, 3.2 and 3.3. 



Case 3.1 Suppose that ux — v, Vx = Ux- 

u = (x a y b z c ) k , v = P{x a y b z c ) + x d y e z f F 

where r = v(F), If 

r = 0, d < oid(P)a, e < ord(P)6 and / < ord(P)c (31) 

then the multiplicities of the Lemma arc the same for the two sets of parameters, so 
suppose that (|H) doesn't hold. 

In this case we must have that v = x a y® z 1 unit, so that P(s) — s%(s) where u is 
a unit power series and 



(x a y b z c Y[u(x a y b z c ) + x d ~ ta y e ' bt z f - ct F 



Set t = — r . 

at 



x = x(u(x a y b z c ) + x d ~ ta y e - bt z f - ct F) T . 
(u(x a y b z c ) + x d-ta y e-bt z f-ct F y = ll (x a y b z c ) T + Tu(x a y b z c y- 1 x d - ta y e - bt zf- ct F 

I r(T-l) — /gyb z cy-2 x 2(d-ta)y2(e-bt) z 2( f-ct)p2 _|_ . . . 

= u(x a y b z c ) T mod x d - ta y e ~ bt z^ ct m r 

X a y b Z c = X a y b Z c (u(x a y b Z c ) + x d~ta y e-bt .J-ctpyr 

= x a y b z c u(x a y b z c ) aT mod x a+d - ta y e - bt+b zf- ct+c m r 
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Now suppose that P n (x a y b z c 7 x a y b z c ) is a series. By substitution of the above 
equation, we see that 

P {x a y b z c ,x a y b z c ) = A 1 {x a y b z c )+x a y b z c P 1 (x a y b z c 1 x a y b z c ) modx a+d - ta y e - bt+b z f - ct+c m r 

By iteration, we get that there is a polynomial Q(x a y b z c ), such that if u = u(0), 
Q(0) = u{0)=u , 

u(x a y b z c ) = Q(x a y b z c ) mod x a+d - ta y e - bt+b z f - ct+c m r 

Thus 

x = xu(x a y b z c ) T mod x d ~ ta+1 y e ~ bt z i ~ ct m r 
= xQ{x a y b z c ) T mod x d - ta+1 y e ~ bt Z f' ct m r 

Set A = 

u = {x a y b z c ) k = (x a y b z c ) k (u(x a y b z c ) + x d-ta y e-bt z f-ct F }\ 
= <^ a y b z c ) k [^x a y b z c ) x + \u(x a y b z c ) x - 1 x d - ta y e - bt zf- ct F 

I A(A ~ 1) u( x a y b z c ) x ~ 2 x 2(d ~ ta) y 2(e ~ bt) z 2( f~ ct ^F 2 -\ ] 

= (x a y b z c ) k [Q(x a y b z c ) a ) x 



+XQ(x a y b z c ) x - 1+T ^- ta ^x d - ta y e - bt z f ' ct F{xQ{x a y b z c ) T ,y, z) 

+2 

V 



^0(rj/ t zf- 2+2T ( d - ta >x 2 < d - ta »|/ 2 ( e - w )z 2 y'- d )F(iQ(i a ? / , '/) T ,)/,z) 2 

. . .1 m0 (J j: a k+d—ta+l bk+e—bt z ck+f — ct rn r 



v = (x a y b z c Y 

u = P 1 {x a y b z c )+x ak+d - ta y bk+e - bt z ck+ f- ct F 1 {x,y, z) 

where 

Fi = \Q(x a y b z c ) x - 1+T ^- ta ^F(xQ(x a y b z c ) T , y, z) 

+ ^^Q(x a y b z c ) a ) A - 2 + 2r ( d - ta )x d - ta y e - b *z/- ct F(xQ(x a y b z c ) T , y, z) 2 + ■ ■ • mod xm r 
= \u X - 1+ ^ d -^F(uT Q x, y ,z) 

+ ^ T ^u X - 2+Tid - ta) x d - ta y e - bt zf- ct F(u x 1 y,z) 2 + --- mod xrrf 
Thus v{F l ) = v{F). 

Case 3.2 Suppose that u\ = au, v\ = v. 

u = (x a y b z c ) k , v = P(x a y b z c ) + x d y e z f F 
where r = v{F). Set A = x — xa x . Thus 

ui = (x a y b z c ) k . 

Write 

a = a (ui) + ax(ui)v H 

a x = a (ui) A + Aa (wi) A_1 ( a i( u i) w + ^(u^v 2 H ) 

+ ^ T ^a (u 1 ) x - 2 (a 1 (u 1 )v + a 2 { Ul )v 2 + • • • ) 2 + • • • 

= a («i) A + \a (u 1 ) x - 1 (a 1 (u 1 )P(x a y b z c ) + a 2 (u 1 )P(x a y b z c ) 2 + ■■■) 

+ ^~^-a (u 1 ) x ~ 2 (a 1 (u 1 )P(x a y b z c ) + a 2 (u 1 )P(x a y b z c ) 2 + ■ ■ ■ ) 2 + ■ ■ ■ mod x d y e z f m r 

Thus 

a x = A (x a y b z c )+x a y b z c B (a x ,x a y b z c ) mod x d y e z f m r 
Substitute the above equation into itself and iterate to get 

a x = S(x a y b z c ) mod x d y e z f m r 
Set a = a(0). Then S(0) = a x . 

x = a x x = S(x a y b z c )x mod x d+1 y e z f m r 
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v = P{x a y b z c ) + x d y e zfF 

= P(x a y b z c S{x a y b z c ) a ) + x d y e Z f S(x a y b z c ) d F(S(x a y b z c )x,y, z) mod x d+1 y e zJm r 

Thus 

mi = (x a y b z c ) k 

v = Pi(x a y b z c ) +x d y e z^Fi(x,y,z) 

where 

Fi = S(x a y b z c ) d F(S(x a y b z c )x, y, z) mod xm r 
= a xd F(a x x, y, z) mod xm r 

Thus v(F t ) = v{F). 

Case 3.3 Suppose that u\ = u, v\ — au + (3v. We have an expression 
u = {x a y b z c ) k ,v = P{x a y b z c ) + x d y e z f F 



where r = v(F). 
Write 



a = E OLijU l v^ 
13 =£/? y W 



with /3oo 7^ 0. 

«i =E c^v+V + e % M v +1 

= E a t j{x a y b z c f l+ ^ k {P{x a y b z c ) + x d y e zJFy + E f3 l] {x a y b z c ) lk {P{x a y b z c ) + x d y e zfFy +1 
= J2^j(x a y b z c )( l+1)k (P(x a y b z c y +j(x d y e zf)P(x a y b z c ) j ~ 1 F + ■■■ + (x d y e Z fyF^) 
+ J20z 1 (x a y b z c y k (P(x a y b z c y+ 1 + (j + l)x d y e zfp(x a y b z c yF + - ■ ■ + {x d y R zJy +1 F^ +1 ) 
= Q(x a y b z c ) + HF + (x d y e z f ) 2 F 2 G 

where 

H = x d y e zf(f3 Qfi + x a y b z c n) 

Then 

u = (x a y b z c ) k 

vi = Q 1 {x a y b z c ) + x d y e zJF 1 

where 

F x = Po t oF mod (xyzm r + x d y e z s m 2r ) 
Thus u(F) = v{Fx). □ 



By Lemmas 6.7 and 5.8, we can make the following definitions, with the notation 
of Definition 



6.5. 



Definition 6.9. Suppose that p £ Ex, (u,v) are permissible parameters at $x(p), 
(x, y, z) are permissible parameters at p for (u, v) such that u — is a local equation 
of Ex at p. Thus one of the forms of Definition \6.?\ holds. Define v{p) = v(F p ). 
If p is a 1 point, define j(p) — mult(F p (0,y, z)). If p is a 2 point, define j(p) = 
mult(F p (0,0,z)). 

Suppose that p G X is a 1 point such that 

u = x a 

v = P(x a ) + x b F p 

F p = Ei+j+fc>r Q-ijk^y 3 z 

where v(p) = r. Define 

t(p) = max{j + k \ there exits aijk i= with i + j + k = r}. 
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If p is a 1 point, we have 1 < r(p) < v{p). Suppose that p S X is a 2 point such that 

u = (x a y b ) m 

v = P(x a y b ) + x c y d F p 

Fp — J2i+j+k>r a ijkX l y 3 Z 

where v{p) = r. Define 

r{p) = max{k | there exits a%jk ^ with i + j + k = r}. 

Define 

S r {X) = {peE x \v(p)>r}. 
Let S r (X) be the Zariski closure of S r (X) in X. 

Definition 6.10. A point p € Ex is resolved if the following condition holds. 

1. If p is a 1 point then f(p) < 1. 

2. If p is a 2 point then y(p) < 1. 

3. If p is a 3 point then v(p) = 0. 

Remark 6.11. If p € Ex is resolved and (u, v) are permissible parameters at $x(p) 
such that u — is a local equation of Ex at p, then (u, v) are prepared at p. 

Lemma 6.12. S r (X) C sing($>x) f or f > 2, and all 3 points are contained in 
sing((&x)- If P € Si(X) is a 2 point then p G sing{<&x)- 

Proof. The Lemma is immediate from (|T^), ( |l5| ) and (|l^). □ 

Example 6.13. S r (X) is in general not Zariski closed. Consider the 2 point p with 
local equations 

u = xy 
v = x 2 y. 

v(p) =0. At 1 points q on the surface x = there are regular parameters (x,yi,z) 
with y = yi + a for some / a £ t. Set x — x{y\ + a). There are permissible 
parameters (x, y, z) at q such that 

u = x 



v = a 1 x 2 + x 2 y. 



Thus v(q) = 1. 



Lemma 6.14. Suppose thatp G Ex is a 1 point and that I C Ox,p is a reduced ideal 
such that if x — is a local equation of Ex at p then x G I. Then the condition 
F p G I s ( with s G and the condition F p G m p I s ( with s G are independent 
of the choice of permissible parameters (u,v) at 3>x{p) such that u = is a local 
equation of Ex at p, and permissible parameters (x, y, z) for (u, v) at p. 



Proof. If I = m p Ox, P , the Lemma follows from Lemmas 6.7 and |6.8| . So we assume 
that I = (x, f) for some series f(y, z). 

If (x,y, z) and (x±,yi,zi) are permissible parameters at p for (u, v) then with the 
notation of the proof of Lemma |6.7| , 

F x = Lo b [F - F{ux x ,y{x x ,Q, 0), z(xi,0, 0))]. 

and 

x"V) | F(uxi,y( Xl (0,0), z(x 1: 0,0)] 
implies F\ G I s (or F\ G ml s ), x £ I and s < v(p) (or s < v(p) — 1). 
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Now suppose that (u, v), (u\, v±) are permissible parameters at f(p). Suppose that 



Vi = u, u\ = v. With the notation of Case 1.1 of the proof of Lemma 6.5, F G I s 
implies ( |23| ) can be modified to 

x = xu(x) T mod x c ~ d+1 I s 

and thus 

x = xQ(x) T mod x c - d+1 I s 

We thus have 

77 _\ A-l+*r(c-d) _ n.A(A-I) A-2+2T(c-d)_ c _d „/ _ x2 . A — T s 

Pi = AUq r (uox,y, z)-\ u x I(uox,y,z) +■ ■ ■ mod si 

since / = (x,f(y,z)) for some /, we have F\ G 7 s . We have a similar proof when 
F G ml s . We can replace to'' in the formulas of case 1 . 1 of Lemma |6.8| with ml s . 

In the proofs of cases 1.2 and 1.3, we can also replace m r in all the formulas with 
I s (or to/ 5 ). Again, since x G /, we get Fi G I s (or Fj G to/ 6 ). □ 

Lemma 6.15. Suppose that C is a 2 curve andp G C. T/ien i/ie condition F p G Zg. p> 
(t/wi/i s G NJ is independent of permissible parameters at &x(p) andp. 

Proof. Suppose that (u,v) are permissible parameters at <5>x{p)- We will first show 
that the condition is independent of permissible parameters for (u, v) at p. 



If p is a 2 point, this follows from the proof of Lemma 6.7, with the observation 
that, in the notation of (pil|), F G Fq p implies 

g^W) fS - f (a+ b ) + c+d 

da$>- c dy?- d C ' p 

so that £ 6 t x* Q " c y^ d G F s Cp , and thus Fi G F s Cp . 

If p is a 3 point, this also follows from the proof of Lemma 6/7. With the notation 
of (^2|), after possibly permuting the parameters j w <y{2) ■, w <r(3)) j we have Zc> = 

Kti),^)). 

If G G is a series and G G Xg, p for some a, we have that 

dG 8G fa _, 



9tw CT (i) ' 9tu CT (2) c,p 
and 

dG ^ a 
dw a(3) c ' p 

Thus 

for all t, and Fj G F s c p . 

The independence of the conditions from permissible parameters (u,v) at <&x(p) 
follows from cases 2.1 - 3.3 of Lemma 3.8, with to'' replaced by 1q v — (x,y) s in the 



formulas of these cases. □ 

Example 6.16. If p is a 2 point, the condition F p G I s where I C Ox,p is a reduced 
ideal can depend on the choice of permissible parameters at p. 



Proof. Consider 



u = xy, v = z 2 + xz 



the Jacobian is J = {xz, y(2z + x), x(2z + x)). 

x 2 = 2xz + x 2 — 2xz G J. 
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\fl = (x,yz). (x,y,z) are permissible parameters for (u,v) at p. Let / = (x, z). 

Fel 2 . 

We have other permissible parameters (x,y,z) at p, where z = z — y. Then 
/ = (z + y, x). The normalized form of v with respect to these new parameters 
is 

U = xy, v — xy + F 

where 

F = [(z + y) 2 + xz] (£I 2 . 

□ 



Lemma 6.17. Suppose that p is a 2 point, and C is a curve, making SNCs with 
the 2 curve through p. Then the condition F p S T s c with s S N is independent of 
permissible parameters (u,v) at &x(p) and permissible parameters (x,y,z) at p for 
(u,v) such that Xc,p = (x,z). 



We will call parameters as in Lemma 3.17 permissible parameters for C at p. 

Proof. Suppose that (u, v) are permissible parameters at We will first show 

that this is independent of such permissible parameters at p for (u, v). Suppose that 
(x,y, z) and {x\,yi, z\) are permissible parameters for (it, v) at p such that Ic,p = 
(x, z) — (xi, z\) and 

u = ( x a y b ) m 

v = P{x a y b ) + x c y d F 

with Felpp^li, y) s . We have 

x = axi,y = f3yi,z = z(xt,yi,zi) = wzi +7x1 

where a, f3, lo are units in Ox.p and 7 £ Cx,p- If G G Cx,p is such that G G {x\, z\) a 
then 

c'G . \o— 1 

and 

5H— G (n,zi) a . 

Thus 

dx\ a - c dyf- d K ' 
In ( ^l|) of Lemma |6.7| , we have b t = if s > (to — c), so that F\ E (x%, zi) s . 

The independence of the condition F G X s c from choice of permissible parameters 
(u, v) at $x(p) follows from cases 2.1-2.3 of Lemma 3.8, with m r replaced by XJ p = 
(x, z) s is the formulas of these cases. □ 

Let B2{X) be the (possibly not closed) curve of 2 points in X, B%(X) = {pi, . . . ,p r } 
the set of 3 points in X. Let B 2 (X) = B 2 (X)UB 3 (X) be the Zariski closure of B 2 (X) 
in X. 

Definition 6.18. Suppose that Z C Ex is a reduced closed subscheme of dimension 
< 1 and p G Ex- We will say that Z makes SNCs with B 2 (X) at p if 

1. All components of Z are nonsingular at p. 

2. If Ci, . . . ,C S are the curves of Z containing p and D±, ... , Dt are the com- 
ponents of B 2 (X) containing p, then C\, . . . ,C S , D\, ... , D t have independent 
tangent directions at p. 
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We will say that Z makes SNCs with B 2 (X) if Z makes SNCs with B 2 (X) at p 
for all p G Ex ■ 

Definition 6.19. Suppose that p G X, U is an affine neighborhood of p in X, and 
a : V — > U is an Stale cover. Then we will say that V is an Stale neighborhood of p. 
Suppose that D C X. We will write D HV to denote a^ 1 (D n U). 

Definition 6.20. (c.f. Chapter 3, Section 6 [p3|.J Suppose that V is an affine k- 
variety. Xi,... ,x„ G T(V,Oy) are uniformizing parameters on V if the natural 
morphism V — > spec(k[x±, . . . , x n ]) is Stale. 



Lemma 6.21. Suppose that (x,y,z) are permissible parameters at p for (u,v) such 
that y,z G Ox,p- Then there exists an affine neighborhood U of p and an Stale cover 
V of U such that (x,y,z) are uniformizing parameters on V. 

Proof. With the notations of Definition |6.5| , let a — a if p is a 1 point, a = ma if p is 
a 2 or 3 point. There exists a unit A G Ox, P and x G Ox. P such that x a — Xx a . There 
exists an affine neighborhood U\ of p such that x, y, z, A G B = T(Ui, Ox) and A is a 
unit in R. Set S = R[\*], V\ — spec(5). / : V\ — * U\ is an etale cover. k[x, y,z] — > S 
defines a morphism g : V\ — * A 3 . Let a be the origin of A 3 , q G g^ 1 (a) if and 
only if x,y,z G ra q which holds if and only if x,y,z G m q . Thus g^ 1 (a) = f~ 1 (p). 
Oy 1 ,q = k[[x, y,z]] = k[[x,y, z]] for all q G g _1 (a). Thus g is etale at all points of 
g~ 1 (a). Since this is an open condition, (Proposition 4.5 |L5)) there exists a closed 
set Z\ of Vi which is disjoint from f^ 1 (p) such that g | (Vj — Zi) is etale. Let J7 
be an affine neighborhood of p in U\ which is disjoint from the closed set f(Zi). 
Let V = f~ l {U). Then V is an etale cover of U on which x,y,z are uniformizing 
parameters. □ 



Proposition 6.22. S r (X)f](X - B 2 {X)) is Zariski closed in X-B 2 (X) and S r (X)f] 
B 2 (X) is Zariski closed in B 2 (X). Thus S r (X) is a constructible set. 

Proof. First suppose that p is a 1 point. Then there are regular parameters x, y, z in 
Ox,p, permissible parameters x, y, z at p, and a unit A G Ox,p such that 

u = x a = Xx a 

v = P(x) +x b F p {x,y,z). 

x,y, z are uniformizing parameters in an affine neighborhood U of p, and there exists 
an etale neighborhood a : V = spec(S') — > U of p such that (x, y, z) are uniformizing 
parameters on V, x = is a local equation of Ex H V in V. Let 



Qi+j + k v 

y dx l dyidz k 



I= ( l^ZK-rZ k \j + k>0,i+j + k<b + r-l)eS, 



Z = V(I) C V. 

Suppose that p' G E x fl V. Then if a = y{p') } /3 = z(p'), we have that 
u = x a 

and 

w-w((7(p'))=:Pp^(x)+x b Fp/. 
> r if and only if p' G V(I). Let Zi = cr(Z). 5 r (X) n f7 = Z x is closed in [/. 
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Now suppose that p is a 2 point. Then there are regular parameters x, y, z in Ox, P 
and permissible parameters x, y, z at p and a unit A in Ox, P such that 

u = (x a y b ) m = \(x a y b ) m 
v = P(x a y b ) + x c y d F p (x,y,z) 

There exists an etale neighborhood a : V = spcc(5) — > U of p such that (x, y, z) 
are uniformizing parameters on V, xy — is a local equation of Ex n V in V. Let C 
be the 2 curve in X containing p. Suppose that p' G C n V. Then if /? = z(p'), we 
have that 

u = (x a y b ) m 

v - v{a(p')) = P p , (x a y b ) + x c y d F p , . 

v = Y -7-777 " (0,0, /3)a;y (z - (3) k . 

^ i\j\k\ dx l dyidz kK ' y K ' 

Let 

I = [ Q x iQ yj g z k I > or fc = and a(d + j) -b(c + i) = and i+j+k<c+d+r-l) C S, 

p' eC and i/(p') > r if and only if p' G V(J) nC. Z = V(7) C V. Let Z 1 = a(Z). 
S r (X) nCfl U = CD Z x r\U is closed in cnu. □ 

Lemma 6.23. Suppose that p G -Ex is a 1 point or a 2 point. 

1. Suppose that (x,y,z) are permissible parameters at p, I C is a reduced 
ideal and F p G 7 r /or some r > 2. T/ien T g - x . ^ c /. 

2. Suppose that (x, y, z) are permissible parameters at p, I = (x, f(y, z)) C O x ,p is 
a reduced ideal and F p G (x) + I 2 . Then Ig 2 ^ X ) p c I- 

Proof. Suppose that F p G P for some r > 2. First assume that p is a 1 point. Since 
x £ I and r < f (p), we can make a permissible change of parameters, and renormalize 
to get that y, z G Ox, P and F p G P. 



s r (x),p V \dx i dyidz k 
F p G I r implies 



Qi+j+k p 

" 'i + j + A; < r- l,j + k > ). (32) 



ai+j+k p 

G/ 



dx l dy^dz k 

for all i + j + fc < r - 1. Thus % r(x)iP C i". 
Suppose that p is a 2 point. 

u = ( x Q y b ) m 

w = P{x a y b ) + x c y d F p 

with F p G I r and r > 2, F p G P implies 



/ / dF OF OF dF \ 

xy G Z sing($x) , p - J x ma + c-i y mb +d -i ^ {ad _ bc)Fp + ay _L _ bx _JL >y _JL, X _L j c /; 

so that x G / or y G I. Without loss of generality, x G I. 

There exist permissible parameters (x, y, z) at p such that j,z£ x a y b = x a y b 

and 

a; = ax, y = fy, z = z + h 
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for some series a,r,h € Ox, P with 

er = l mod m a , 

t = 1 mod m a 
/i = mod m a 

where m = m p Ox, P , 

a> -i-(a + 6) - (c + d). 

We have 

u = (x a f 6 ) m 

v = P(x a y b ) + x c y d [a c T d F p (ax, ty, z + h)\ 

a c T d F p (ax,Ty,z + h) = F p (x,y,z) mod m a 

Let v = Pi(x a y b )+x c y d Fi be the normalized form of v. Since F p (x,y,z) is normalized, 
we can only remove terms 

(x a y b ) t /x c y d 

with t(a + b) — (c + d) > a from <r c T d F p (ax,Ty,z + h) to construct F\. Since this 
condition implies 

at—c>r 

we have Fi G I r . We can thus assume that y, z € 0v,p- 
Set 

w - P t (zV) 

w = T~d 

x c y a 

with t > c + d + r. Thus 

w = F p + x m y m h(x,y) 
with m > r. F p e 7 r implies w <G I r which implies that 

Qi+o+k w 

dx i dy^dz k 

if z + j + k < r — 1 . 

There exists an etale neighborhood a : V — > [7 of p such that (x,y,z) are uni- 
formizing parameters on V, .xy = is a local equation of £x CiV'mV. 
Suppose that 

/ d i+j+k w \ 
qeV [ X >dxWd^ li+j + k - r - 1 ) CV 
is a 1 point in V. q has permissible parameters (x, y, z) defined by 

y = y - a,z = z- p,x = xy° (33) 

for some a, (3 e fc. Thus 



-X" 



(y + a) °. w(x,y,z) — a » t«(ia »,a, /3) 



u q( w ) > r implies g e 5 r (V). 
Suppose that 

/ d i+j+k w \ 
qeV ^dxWd^ ll+J + k - r ' 1 ) CV 
is a 2 point in V. g has permissible parameters (x,y, z) where 

z = z-/3. 
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for some /3 £ k. 

u = oV) m 

v = P t (x«y b ) + xCy d lJ2 {c+z)b _ aU+d ^ ^(?)xV 
+x c y d \w - J2(c +i )b-aU+d)=o If^H^V 
Again, v q (w) > r implies q £ S r (V). So 



v ^ cv (^^B^ {i+j+k - r - i ) cSr{v) 



implies 




x > ,., ,., /. \ i+j + k<r-l] C I. 



Qi+j+k w 

dx % dyidz k 

We now prove 2. Suppose that the assumptions of 2. hold. If p is a 1 point, then 

§ im P lies c 7 - 

If p is a 2 point, then arguing as in the proof of 1., we set 

v-P t (x a y b ) 

w = — 

x c y a 

and conclude that §|, |f € /. Suppose that g G ^) is a 1 point. Then 

there exists c S fc such that mult(u> — ca;) > 2, where the multiplicity is computed at 
q. q has permissible parameters as in (|33|). 

a; = a ^x mod m q Ox,q 

implies mult(iu — ca~ix) > 2, so that q S S^PO- We have a simpler argument if 

<9y ' dz 



q £ V(x, §^ f^) is a 2 point. Thus 



- /. dw dw. 



□ 



Lemma 6.24. Suppose that C <Z X is a curve and there exists p £ X such that 
F p £ l r Cp with r > 2. Then C C E X - 

1. Suppose that C C Ex is a curve and there exists p £ X such that F p £ T T C 
with r > 1 . Suppose that q £ C is a 1 point. Then F q £ T T C . 

2. Suppose that C is a 2 curve and there exists p £ C such that F p £ T r c p with 
r > 1 . If q £ C is a 2 point, then F q £ T r c . 

Proof. We will first show that 1 or 2 hold for all but finitely many q £ C. 

First Suppose that p is a 1 point. By Lemma 6.14, we may assume that y,z £ Ox.p- 

u = x a , v = P{x)+x b F p . 

In an etale neighborhood U of p, (a;, z) are uniformizing parameters. Let I = Tc,p- 

dy ' dz 



If F p £ F with r > 2 then 



a t -t sm g(*x),p — y dy 1 dz 



implies x £ I. 
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Now assume that F p E T T C with r > 1 so that C C E x , either by assumption if 

r = 1, or by the above argument if r > 2. Thus x G 1c, p- Set iu = v ~ Pb J, r ^ ■ 

After possibly replacing U with a smaller etale neighborhood of p, there exists a 
reduced ideal J = (x, /) C T(U, O v ) such that JO x , P = I. If q G V(J) C £/, then 
g has regular parameters (a;, y — a, z — /?) for some a,/3 E k. w G J r Ox, P implies 
i»6 J r (since J is a complete intersection implies J r has no embedded components). 
Since v(F q ) > r, we have 

Thus for all but hnitely many q E C, 1. holds. 
Now suppose that p is a 2 point. 

u = (:rV)"\ « = P(x a y b ) + x c y d F 

where F — F p . 

Suppose that F E with r > 2. Then F, §£, §|, §f G T c , v - By @, 

- [~dF~dF~dF~ » 

« G X s i ng (* x) ,p c y (F, — , — , — ) c I C , P 

implies a; G Xc,p or y E 1c, p- 

Now assume that F p E Tq p with r > 1. Then C C S^, either by assumption if 
?' = 1, or by the above argument if r > 2. Thus we have x or y E 1c, p- Suppose 
that x E 1c,p- As in the proof of Lemma |6.23 , we may assume that y, z E Ox,p- Set 
t = c + d + r, w = "~ P *c X d v ^ ■ There exists an etale neighborhood U of p such that 
u = xy = is a local equation of Ex in U, (x,y, z) are uniformizing parameters in 
U, and a reduced ideal 

J ={x,f)E\T{U,Ou) 
such that JOx,p = 1c, p- w E J r since J is a complete intersection. 

Suppose that C is not a 2 curve, so that 1c, P ^ (x,y). After possibly replacing U 
with a smaller etale neighborhood of p, we can assume that U D C (1 B2(X) = p. 

If g 7^ p, and g G V(J) C U, then g has regular parameters (x,y — a, z — (3) such 
that a^O. &x(q) has permissible parameters 

«i =u,vi = v- v(®x{q)) 
with permissible parameters (x, y, ~z) , defined by 

-b 

x = x(y + a) a ,y = y — a,z = z — (3 
(y + a) d ^^w E 1 r Cq , x E 1c,q, and 

F q = (y + a) d -^w-n(x) 

with mult(O) > r, which implies F q E Tq „. 

Now suppose that C is a 2 curve, so that Zc,p = {x,y)- If g G then (it, v — 

v(<f>x{<l))) are permissible parameters at 3>x(q), and g has permissible parameters 
(x, y, z) with z — z — a. w E 1 C , x G Ic.g and 

x c y a 

for some Q with mult(^^) > r. Thus F g G i r C q . 
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Now suppose that p is a 3 point. 

u = (x a y b z c ) m , v = P{x a y b z c ) + x d y e z f F 
We can assume that y, z £ Ox, P - F £X r Cv with r > 2 implies that 



dFp dF, dF± f 
OX oy OZ 



By ©, 



pf r ^ aF p dF f 

G ^in g( /), P C W (F, — , — , — ) c Zap 



Thus x, y or z £ ic,p- 

Now suppose that F £ X r c v with r > 1. If r = 1, then x,y or z £ Xc, p by 
assumption. If r > 2, then x,y or z £ Xc, p by the above argument. Suppose that 
.x G 2c.p- Set t = d+ e + / + r, 

v - PAx a y b z c ) 

w = d~n — • 

x a y e z J 

There exists an etale neighborhood U of p such that (x, y, z) are uniformizing param- 
eters in U , u — xyz — is a local equation of Ex in U and J = T(U,Xc) — {x, /) is 
a complete intersection, w; G J r since J is a complete intersection. 

Suppose that C is not a 2 curve. Then we can assume that U n B 2 (X) DC = p. If 
<7 G 1^(J) C {/ and q ^ p, then ^xl?) has permissible parameters 

ui = u,Vi = v - v{$ x {q)) 

with permissible parameters (x, y, z) at q, with 

— b c 

x = x(y + a)~ (z + j3)~ ~ , y = y + a, z = z + (3 

with a, j3 7^ 0. u> G X r c q ,x£ T-c.q and 

F? = (y + a) e -^(z + (3) f ~^w-n(x). 

mult(fi) > r implies F q £ Z£ . 

Suppose that C is a 2 curve, 7c,p = {x^y), q £ V(J). Then 

ui =u,vi=v- v($x(q)) 
are permissible parameters at $x(<7), with permissible parameters (x,y,z) at q, 

~z = z — a,x = x(~z + a) ~ 

u = (x a y b ) m = (x«y b r, 
with (a,b) = 1, w G 2£ ? = (x, z/) r implies 

F g = + 

with mult( n gy ) ) > r. Thus F g G X r C q . 

We conclude that 1. or 2. hold for all but finitely many q £ C . 
Suppose that q £ C is a 1 point. We have at q, 

u = x a ,v = P(x) +x b F 
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with x e Ic,q, y, z € Ox, q - There exists an etale neighborhood U of q such that 
(x,y,z) are uniformizing parameters on U, x = is a local equation of Ex, J = 
Y{U,Xc) = (x, /) is a complete intersection. 1. holds for all q ^ q' e U n £x and 

For g' e V(J) C U with g' ^ g, 

u,v 1 =v- v($ x (q')) 

are permissible parameters at <&x(q') and (x, y — a, z — /3) are permissible parameters 
for (u, vi) at q'. 

F q ,=w-P 1 {x)e±^ ql 

where 
Set 

r-l 

A = to — 



i=0 



A e Z£ , implies A e J r , so that A implies 



for i < r, and 



9* A 

^(0,0,0) = 



Now suppose that C is a 2 curve. Suppose that q £ C is a 2 point. We have at g, 

u = (x a y b ) m 

v = P( x a y b ) + x c y d F 

with Xc,q = (x,y), y, z G C?x,g- There exists an etale neighborhood U of p such that 
(x, y, z) are uniformizing parameters on U , xy — is a local equation of i?x H E7, 
J = T(U,1 C ) = (x, y). 2. holds for all 2 points q^q' eUDEx- 

For g' e V(J) C {/ with q' ^ q, there exist permissible parameters (x, y,z — (5) at g' 
for (u,v- v($x(q)))- 

_ Pi(xV) > 



x^y" 



where 



Pi(sV) = £ai(«V) i - 



i=0 

is a series. Set A = w - Z "'=° " d - € r(Z7, £>[/). A e 2£ )9 , implies A e J r , so 
that A e Z£ and 

^(o+fe)i— c— 



d x ai-cQ y b 



r(0,0,0) = 
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for (a + b)i — c — d < r, so that 

(ai - c)\{bi - d)\ dx al ~ c dy bi 



^-^ 1 g(a+b)i-c-d^ 



(a+b)i—c—d>r 

□ 

Lemma 6.25. Suppose that r > 2, C C S r (X) is a nonsingular curve, and p € C is 
a 1 point, so that there exist permissible parameters x, y,z at p such that 

u — x a 

v =P(x)+x c F 

where Ic,p = ( x , z )- Then 

F p = a r (x,y) + a r - 1 (x,y)z-\ h a x (x, y)z r ~ 1 + g(x,y,z)z r 

where 

x l | ai for 1 < i < r — 1 , 

and x r ~ x | a r . 

Proof. There exist permissible parameters (x,y,z) at p such that y,z € Ox, P and 
(x,~z) = lc,p- Then there exists a, b e Ox, P such that z — ax + bz where b is a unit. 
Assume that the conclusions of the Lemma are true for the variables (x,y,z). Then 
substituting for x,y, z we get the conclusions of the Lemma for (x,y, z), so we may 
suppose that y, z e Ox, P - 

There exists an etale neighborhood U of p such that x, y, z are uniformizing pa- 
rameters in U, x — is a local equation of Ex in U, x = z = are equations of Cn U. 
Iff/ € UtlC, and a = y(p'), then (x, y\ = y — a,z) are permissible parameters at p' . 

El Qc+i+j+k y 
1 TT-777^ , - ^ r- , (0, a, 0)x l yl Z k . 
(c + i)\j\k\dx c + l dyidz ky ' ' ; yi 

i>0,.j+fc>0 w 

^(p') > r for p' e C fl C/ implies that, if j + k > and i + j + k < r, then 

Qc+i+j+ky 



Qx c + l dyi dz k 

for infinitely many a, so that 

Qc+i+j + k y 

dx c+t dyidz k 

in [7, if j + fe > and i + j + k < r. Thus 

Qc+i+k v 

dx c+i dz k 
in [/ if i + k < r, k > 0, so that 

gc+i+j+k gj 
:(0,»,0) = 



(0,a,0) = 



(0,y,0) = 



(0,y,0)=0 



^W (0 ' y ' 0) 



dx c+l dy^dz k ' ' cto/-? 
if i + fc < r, k > and j > 0. Thus 

Qc+i+j+k y 

if k > 0, i < r - k, j > 0, 

a^ (0 ^ 0) = 
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if i < r — 1 , so that 

gc+i+] v 

if z < r — 1, j > 0, and the conclusions of the Lemma follow. □ 

Lemma 6.26. Suppose that r>l,CcXisa2 curve such that v(p) > r if p e C is 
a 2 point (C C S r (X) if r > 2), and p e C is a 2 point, so that there exist permissible 
parameters x, y,z at p such that 

u = (x a y b ) m 

v = P(x a y b ) + x c y d F 

where Ic,p — {x,y). Then there exists a series t(z) with mult t(z) > 1 such that 

T{z)x %a y^ a + ^Z i+ j >r a,ij{z)x l yi if there exist nonnegative integers (io,jo) such that 

«o + jo = r - 1 and a(d + j ) - b(c + i ) = 
J2i+j>r a v( z ) xlyj otherwise 
Proof. There exist permissible parameters (x, y, z) at p such that y,~zE Ox.p- &x = x, 
ujy = y, z = ~z + h, a a uj b = 1 with a,oj,h S Ox,p, cr,u = 1 mod nipOx.p, h = 
mod rripOx,p- Suppose that the conclusions of the Lemma hold for (x,y 7 ~z). Sub- 
stituting for (x, y, z) we get the conclusions of the Lemma for (x, y, z). We may thus 
assume that y,z e Ox, P - 

There exists an etale neighborhood U of p such that x, y, z are uniformizing pa- 
rameters in U, xy = is a local equation of U n Ex- Set 

v-P t (x a y b ) 

w = c~d 

x c y a 

where t > c + d + r. We have w € T(U, Ou, P ) and 

u = (x a y b ) m 

v = P t {x a y b ) + x c y d w. 

If p' G U n C, and a = z(p'), then (x, y, z\ = z — a) are permissible parameters at p' . 

■ „■ ^ „ ., . (0,0,aWz + V — " ^ (0,0, aW 
i\j\k\dx l dyidz kK ' ' ; y 1 ^ i\j\dx l dy^ K ' y 

fc>(Mj>0 J y a(i+c)-b(j+d)jtO J y 

v(p') > r for p' e C n U implies that for infinitely many a, we have 

Qi+o+k w 



and 



Thus 



and 



so that 



— — — -rr(0, 0, a) = if k > and i +j + k < r 

ox l oy :i oz K 

——(0, 0, a) = if a(i + c) - b(j + d) ^ and i + j < r. 

dx l dyi 

dxWd^ {0, ° ,Z) = ° ^ ^ + C) " b{j + d) * ° ^ 1 +J < r 
d l+j+1 w 



dx t dyidz 

Qi+3+k w 



(0,0, z) = if i + j + 1 < r, 
(0,0,z) = 



dx i dy^dz k 

if i +j < r — 1, k > 0. Setting z = in the above equations, we get the statement of 
the Lemma. □ 
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Lemma 6.27. Suppose that C C X is a nonsingular curve containing a 1 point, 
p G C is a 2 point such that C makes SNCs with the 2 curve through p, and (x, y, z) 
are permissible parameters at p such that x = z = are local equations of C at p. 

1. Write 

u = (x a y b ) m 

v = P(x a y b ) + x c y d F 

Then ifr>2 and C C S r (X), 

F = x r - 1 r(y)+ ^ a, jk x l y j z k 

i+k>r 

where r is a series with mult{T{y)) > 0. 

2. If there exists a 1 point q G C such that F q G T^ q with r > 1, then F p € %c,p- 

Proof. There exist permissible parameters (x, y, ~z) at p such that y , z G Ox, P , 

ax = x, toy = y, a a uj b = 1, 

with ct, w G Ox, P , a,u> = 1 mod m p Ox,p, ic,p — {x,z). Then z — ax + bz for some 
a, be O x ,p- 

Suppose that the conclusions of the Lemma hold for (x, y, z). Substituting back 
for (x,y, z), we get the conclusions of the Lemma for (x,y, z). We may thus assume 
that y, z G Ox, P 

There exists an etale neighborhood U of p such that x, y, z are uniformizing pa- 
rameters in U, xy — is a local equation of Ex C\U, C CiU = V(x, z) in U. Set 

v-P t {x a y b ) 



w = 



x c y a 



where t> r + c + d. We have w G T(U, O v ), 

u = {x a y b ) m 

v = P t (x a y b ) + x c y d w 

If p' G U n C, and a — y(p'), then (x, y — a,z) are regular parameters in Ox, P >- We 
have permissible parameters x, y, z at p' ^= p defined by 



x = x(y + a) a,y = y + a. 



At p', we have 



P t (x a ) + x c (y + a) d -^w 



(34) 



x y w 



■ x c (y + a) d °" w 



i\j\k\ dx z dyi dz k 



(0,a,0)x l (y + a)- i ay j z k 



— Ei,fc>0 Ej>0 i\j\k\ dx i dyid"z k a ' (2/ + a ) 



Hc+i) 



~x c+l z k . 



Thus 



+ E 4 



i>0 



i>0,fc>0 



: j ->o^£^(o,«,o)F](y + a) d -^ 



a X'Z 



■i ~k 



v(jp') = r implies that 



d i+j+k w 
dx i dyWz' 



:(0,a,0)=0 



(35) 
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ifi+j + k<r, k > 0, and for fixed i < r 

£ ^£^j (0 ' a ' 0)r ^ cL( ^ +a)A * modr 



(36) 



j<1 — i 



where A^ 
many a, 



b{c+i) 



-d, and the c l a £ k depend on a and i. Since ( p5[ ) holds for infinitely 

<9 I+fc ui 



dx l dz k 



(0,j/,0) = 



if i + fc < r and fc > 0. Thus 



d 1 

dx i dy 3 dz h ^^ dyi 



d l+k w 
dx l dz k 



(0,y, 0) 



(0,0,0) = 



if i + k < r, k > 0. 
If i < r — 1 we have 



and 



18% 
i\ dx 

1 

i\ dx l dy 



-(0,a,0)=c> A * 
(0,a,0) =4A i a A4 " 1 



for infinitely many a. Thus 



*W< ' a ' >=%&?( ' a ' > 
for infinitely many a, and thus for all a. Set Ji(y) = ^r(0,y,0). We have 

Xtll (y)= y —. 



There is an expansion 7,(y) = J^JLo b jV J witn & i ek - ^ = J^jLi J^jV' 

" 3=0 
y 3=0 

so that &j(Ai — j) = for all j, which implies that 7, = 0, or A; € N and 7^ = &A 4 y 
Suppose that A, G N and 7i (y) = (0,y,0) 7^ 0. Then 



<9 4+A *u; 



dx l dy Xi 



(0,0,0) = A l !6 Ai ^0. 



But 



6(c + i) - a{d + Ai) = 6(c + i) - a(-(c + i)) = 

a 



implies i > r, by our choice of t in p t and the assumption that F is normalized, a 
contradiction. Thus 

9 i+J w(0,0,0) 



dx % dy3 



= 



if i < r — 1. 
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Now suppose that there exists a 1 point q' £ C such that F q i £ i r Cql . By 1. of 
Lemma 6.24, F q £ X T C at every 1 point q £ C. With the above notation, (trivially if 
r = 1) 

F p = x r ~ 1 T(y)+ ^ a ijkX l y J z k . 

i-\-k>r 

For p =/= q £ C n U there exist permissible parameters (x, y, z) at q such that 

x = x(y + a)~~ ,y = y + a 



F a = x r ~ L A + Q 



with 



A = (y + a) 



d _i (c+T ._i) , 



(y + a)~a d -^ c+r - 1 ^T(a), 



and t £ k. But 



fl £ X r Cq . F q £ T Cq implies r = or d - |(c + r - 1 
ad — b(c + r — 1) =0 and r £ k is not possible since F is normalized. Thus r = 0. 



□ 



Lemma 6.28. Suppose that r > 1 C C X is a 2 curve, such that v{q) > r if q £ C is 
a 2 point (C C S r (X) ifr>2) and p £ C is a 3 point, so that there exist permissible 
parameters x, y, z at p such that 

u = (x a y b z c ) m 

v = P(x a y b z c ) + x d y e zfF 

where Tc tP = (x,y). Then 

T(z)x ta y : > a + J2i+j>r a ij{ z ) xl V^ if there exist (io,jo) such that 
F = i i + j = r — 1 and a(e + j ) — b(d + i a ) = 



E l+ ,>r oth 



erwise 



If there exists a 2 point q £ C such that F q £ T r c and r > 1, then F p £ X T C 

Proof. There exist permissible parameters (x,y,~z) at p such that y,z £ Ox, P , 

ax = x, Luy = y, fiz = z 

for some unit series a,u>,fi £ Ox, P - Suppose that the conclusions of the Lemma are 
true for the parameters (x,y,z). Substituting back for {x, y, z) we get the conclusions 
of the Lemma for [x, y, z). We may thus assume that y,z £ Ox, P - 

There exists an etale neighborhood U of p such that (x, y, z) are uniformizing 
parameters in U , xyz = is a local equation of Ex H U . Set 

v - PAx a y b z c ) 

w = TT1 

x a y e zJ 

where t>d + e + f + r. We have w £ T(U, Ou) and 

u = (x a y b z c ) m ,v = P t (x a y b z c ) + x d y e z f w. 

If p' £ U H C and a = z(p'), then (x,y, z — a) are regular parameters in Ox, P >- If 
a , we have permissible parameters (x, y,z) at p' where x = x(z + a)~ ,z = z — a. 
At p' we have 

u = (x a y b )"\v = P t {x a y b ) +x d y e (z + a) f ~^w. 
x d y e (z + a y-^w =x d y e (z + a)f-^ [Z iJtk > (0, 0, a)5*(z + a)^y'z k 

E„>o (E,>o^M^w(0,0,a)^) (z + ay-^x^ 



x d y e 
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Thus 



^p' — J2iJ>0 [J2k>0 i\j\k\ dx 

such that — a{j+e)— 

j/(p') = r implies 



■ J -^fe r (0,0,a)S*)C3r + a)/- st ^^ 



gi+j+k w 



: (0, 0, a) = if i + j + k < r and b(i + d) - a(j + e) ^ 



dx l dyidz k 

and if b(i + d) — a(j + e) = for fixed i,j with i + j < r, 



E 



where Ai 



k<r — i—j 
c(i+d) 



1 <9 l +^'+ fc W 

dx % dyidz k 



(0,0,a)z fe = cj?(z + a) A ' mod (r _i_i ) 



/, €E fc depend on a, i and j. 
Since (37) holds for infinitely many a, 

„ r- , 0,0, z) = 

if i + j + k < r and b(i + d) — a(j + e) 7^ 0. Thus 



d i+j+k w 
dx l dyidz 



dx l dy- 



■(0,0,2) 



(0,0,0) = 



if i + j < r, fc > and b(i + d) - a(j + e) 7^ 0. 

If b(i + d) — a(j + e) = and i + j < r — 1, we have 



and 



1 d i+J w 
dx % dy3 

1 d i+ J +1 w 



dx l dyidz 

for infinitely many a. Thus 



(0,0, a) = c^Xia^- 1 



d i+j w d l+j+1 w 
% dx % dyi ' ' dx l dy^dz ' ' 

for infinitely many a, and thus for all a. Set 



We have an expression 



with 6fe G fc. 



d i+j w 

00 



fe=0 
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implies bk{Xi — k) — for all k, so that either 7^ = 0, or Xi S N and 7y = b\ i z Xi . 
Suppose that 

Then 

^W^ (0 '°' 0) = Aj!6 ^ 

so that we have a nontrivial x d+l y e+J z^ +Xi term in x d y e z^F. Recall that Xi — £(i±^i_ 
/. By assumption, b(i + d) — a(j + e) = 0. We further have a(f + Xi) — c(d + i) = 0, 

&(/ + A0-c(e + j) =6( £ ^)-c(e + j) 

a contradiction to the assumption that F is normalized. Thus 

d i+j+k w 
dx l dyWz k ' ' 
if 6(i + d) - a(j + e) = 0, i + j < r - 1, k > 0. 

Now suppose there exists a 2 point q' £ C such that i 7 ^ £ T r c ,. By 2. of Lemma 
3.24, F q £ X r c for all 2 points q £ C. With the above notation, if F p $ X r c , we have 

F p = t(z)xV + Yi, a ij( z W 

i-\-j>r 

where i$ + jo = r — 1 and a(e + jo) — b{d + io) = 0, t(z) ^ 0. 

For p 7^ q £ C DU, there exist permissible parameters (x, y,z) at q such that 

x = x(z + a)~~ , z = z + a 

u = (x a y b ) m = (oV)™ 
v = P q {x*y l ) + x d y e F q 

with (a, 6) = 1 . 

F q =x 2o y jo A + n 

with f2 G Tq q and 

A = (z + a) J « t(z + a) — cr « r(aj. 

implies r = 0, or / — C ( rf + Ifl ) = and t £ k. f — c ( d +'°) = and r € fc is not possible 
since f is normalized. 

□ 

Lemma 6.29. Suppose that r > 2, fi, ■ ■ ■ , fn—l * s a regular sequence in a n dimen- 
sional regular local ring A. Let I = (/i, . . . , / n _i). Then 

depth A/(I r + (Af- 1 ) = 1 

for all r > 2. 

Proof. Let m be the maximal ideal of A There is an exact sequence of A modules 

o -> r-Vtr + (Ay- 1 ) -» + {hy- 1 ) -» A/r- 1 -> o 

I''~ 1 /(7 r + (/i) r_1 ) is a free A// module, since , / n -i is quasi regular by 

Theorem 27, @. depth A/P = 1 for all t > 1 by Proposition 16.F, 0. Thus 
Hom A (A/m, A/f- 1 ) = and Hom A (A/m, 1 /(/ r +(/i) r_1 )) = 0, so that Rom A {A/m, A/(I r 
(hf- 1 )) = and depth(A/(r + (/i) 1 "" 1 )) = 1. □ 
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Lemma 6.30. Suppose that r > 2, p G X is a 2 point and (x, y, z) are permissible 
parameters at p such that y,z S Ox.p, 

u = (x a y b ) m 

v = P(x a y b ) + x c y d F p 

p G C C S r (X) is a curve such that x G 2"c,p ond C contains a 1 point q. Then there 
exists a polynomial g such that one of the following cases hold 

Case 1): y ad ~ bc F p — g(xy b ) G (z£ iP + (xT" 1 ) k[[x, y, z}] ifad-bc>0. 

Case 2): F p - g(xy b )y hc ' ad G (±h, P + frT" 1 ) k[[x,V,*]] ifad-bc<0 
where y = y a . 

Proof. x,y,z are uniformizing parameters in an etale neighborhood U = spec(i?) of 
p and xy = is a local equation of Ex H U, C is a complete intersection in {/. For 
t > c + d + r, 

«'=^[«--P*^V)]GA 

If g € CnJ/isal point, such that C is nonsingular at q, then q has permissible 
parameters yi, Zi) where a; = £1(2/1 + a)~» , y = Vi + a, z = Z\ + (3 for some 
a, /3 G fc with a^O. 

m = x" m 

V = P Q ( Xl ) + XfFg 

where 

ad-bc 

F q = (yi + a) « w - g(xi) 
for some series g. F q G T T C + (xi) r_1 (by Lemma |6.25| ) implies 



,9 

bc-ad 



w-(y 1 +a) « g(xi) G Z£r i9 + (xi) r x . 

Let y — y a ^ S — R[y], A : V = spcc(S') — > spec(i?). Suppose that g' G A _1 (q). Let 
/i(xi) = g r (xi). 

Suppose that ad~ bc> 0. Then 

T^w-Hxy^eih^ + ixy- 1 . 



I = T(V,Ic) is a complete intersection in V, so that (by Lemma 6.29) 

yad-bc w _ h ^b^ g (jr + (a-jr-l)^ 



and 



implies 



r^ 6 ^ - ft(^) G (i£ iP + (^r 1 ) k[[x,y,z}}. 

yad-bc w _ h ( X ybj = y"d-bcp p _ h ( x ^ mod ^rj 



The case when ad — be < is similar. □ 



Lemma 6.31. Suppose that p G X is a 1 or 2 point, D is a generic curve through p 
on a component of Ex containing p. Then F q g" for q G D (if F q is computed 
with respect to permissible parameters (x,y,z) at q such that x — z — are local 
equations of D at q). 
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Proof. By Lemma 3.24 and Lemma 6.27, we need only check this at p. When p is a 
1 point this follows from Lemma 6.14. 

Suppose that p is a 2 point, (x, y, z) are permissible parameters at p such that 
x G Id,p- Then 

u = (x a y b ) m 

v = P(x a y b ) + x c y d F p 

There exists a series 

oc 
i=l 

with a,Gfc such that Id,p = {x,~z). Let 

v = P(x a y b ) + x c y d F p 
be the normalized form of v with respect to the permissible parameters (x, y, ~z). Then 

with bi G k and 

a(d+bi) - b(c + a,i) = 
for all i. Suppose that F p G Td.p- 

F p = h(y, z) + xfl 

with h 0. We either have 

z | h(y,z + ^ony 1 ) 
or there exists c <E k, d <E N such that a(d + d) — be = and 

Thus either J2 a k y k ) = or h(y, &ky k ) = cy d . 

Since D is generic, we can suppose that Qi, «2 are independent generic points of k. 
Let e = z/(/i). Write h = J2i+j> e a ijV lz3 ■ 

Hv, E a kV k ) = H l+j =e i" J.'/"' + i« J r 1 a2y i+1 ) + Ei+i= e +i "...//'• : "i.</: ' + y e+2fi 

= (E l+J=e OtfOi) 2/ e + (E l+J=e jaijai _1 a2 + Ei +i =e+i a H°i) + ^ +2fi 

We must have E a ky k ) = cy d and e — d since Ei+j^e a u a i 7^ as ai is a generic 
point of k. Since F p is normalized, we must have a e0 = 0, and v(h) = e implies there 
exists a io j =^ such that i + j Q = e and jo > 0. 
We must have 

jaija 3 " 1 \a 2 + I ^ a i3 a{ = 0. 

\i+j=e J \i+j=e+l ) 

which is a contradiction to the assumption that ol\ , ct2 are independent generic points 
of ft. □ 

Definition 6.32. Suppose that $x : X — > S is weakly prepared. 

A monoidal transform 7r : Y — ► X is called weakly permissible if ir is the blowup 
of a point p on Ex , or a nonsingular curve C on Ex such that C makes SNCs with 
B 2 (X). 

Suppose that $x : X — > S is weakly prepared, and tt . Y — > X is a weakly permis- 
sible monoidal transform. Define <£>y = $x o ir : Y — > S, Ey = 7r^ 1 (Ex)red- is 
weakly prepared. 
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7. The invariant v under quadratic transforms 
Throughout this section we will suppose that &x ■ X — > S is weakly prepared. 
Theorem 7.1. Suppose that u{p) = r, n : Xi — > X is i/ie blowup of p, q G 7r _1 (p) 

Suppose that p is a 1 point. Then 

1. If q is a 1 point then r\ < r. 

2. If q is a 2 point then r\ <r. n = r implies r(q) > 0. 
Suppose that p is a 2 point. Then 

1. If q is a 1 point then r\<r + l.r\=r + l implies j(q) = r + 1. 

2. If q is a 2 point then r\ < r. 

3. If q is a 3 point then n < r. 
Suppose that p is a 3 point. Then 

1. If q is a 1 point then n < r + 1. r\ = r + 1 implies -f(q) = r + 1. 

2. If q is a 2 point then r\ < r + 1. r\ = r + 1 implies r(q) > 0. Furthermore there 
are permissible parameters (xi,yi, z\) at q such that 

u = {xly\) m 

v = P{xly\) + xlyfFi 

and the leading form of F\ is 

Li = cy\z r 1 +1 - t + Xl Q 

where < t < r, cb — (d + t)a = 0. In this case, the leading form of F is 

L = y t { b ikX l z k ) 

i-]-k—r — t 

where all b^ ^ 0, and there are regular parameters (xi,y 1 ,zi) in Ox x , q such 
that 

x = xi,y = x 1 y 1 ,z = x x ^z\ + (3) 

for some ^ [3 G k. 

3. If q is a 3 point then r i <r. Ifr\ =r, and (x\, y\, z\) are permissible parameters 
at q with 

x = X!,y = X!yi,z = x\Z\, 
then the leading form of F is 

L = L(yi,zi). 
Proof. Suppose that p is a 1 point 

u — x k 

v = P(x)+x c F 

Write F = J2 i+1 +k> r a t]k x l yiz k . 

Suppose that q G ■n^ 1 (p) is a 1 point. Then there are permissible parameters 
{xi,yi,zi) at q such that 

x = Xi 

V =x 1 (yi+a) 
z =xi(z-t+p) 

u = x\ 

v =P(x 1 )+x c + r £ i 
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§:= 53 ^ k ( yi + a y ( Zl + f3) k + Xl n (39) 

1 j+k<r 

where aj k = a r _i_jj t k- Suppose that v(q) > v(j>). Then 

53 a jk ( yi + a) j ( Zl + /3) k =7 e k. 

j+k<r 

and the leading form of F is 

l=x k 53 + a y( zi +p) k ) = 7*i = 7* r 

a contradiction to the assumption that F is normalized. Thus < v(p). 

Now suppose that q € 7r _1 (p) is a 2 point. Then, after possibly interchanging y 
and z, there are permissible parameters [x\, yi,zi) at q such that 

x =xiyi 

y =yi 

z = y 1 {z\+a) 

b b 

u = x\y\ 



v = P(x 1 y 1 )+x c 1 y c + r ^ 

— = 53 a ik x\( Zl + af + yi n 
Vi 



i+k<r 

where ciib — a-i.r-i-k.k- Suppose that v{q) > v(p). Then 

53 a ik x\ ( Zl + a) k = 53 HxV 

i+k<r 

with a,i + c = c + r for all i. ai = r is the only solution to this equation, so that if L 
is the leading form of F, 

x c L = - f x r 1 +c y[ +c = ~fx r+c 

a contradiction to the assumption that F is normalized. Thus v(q) < v(p). 

Suppose that v(q) — r. After making a permissible change of parameters, we may 
assume that a = 0. We have 

F q = 53 a lk x\z k + yi T, (40) 

i+k<r 

Thus a ik = if i + k < r, and since L is normalized, we must have a,i k 7^ for some 
k > 0. Thus r(q) > 0. 

Suppose that p is a 2 point 

u = (a;V) fe 

v = P{x a y b ) + x c y d F 

Write F = T,i+j+k>r ai ] kx i y 3 z k . 

Suppose that q G 7r _1 (p) is a 1 point. Then there are regular parameters (xi,yi,zi) 
in Ox uq such that 

x = X\ 

V =x 1 (y 1 + a) 
z =x 1 (z 1 +p) 

with a 7^ 0. 

U = 4 a+h)fc (y 1+C bfc =Si a+b)fe 
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where x\ = xi(yi + a) a + b . 



F 



v = P(x^°) + x c l +a+r {y 1 +a) x - 

x\ 



where A = d — b ( c+d + r '> 

a+b 



F 



= 53 a jk ( yi + a) 3 { Zl + f3) k + Xl n 

j+k<r 



r+2 



where ajk — a r -i-j,j,k- Suppose that 

(yi+a) x i J2 a jk ( yi + ay ( Zl + P) k j =7 mod 

\3+*<r / 

for some 7 £ k. Then 

53 a jk(yi + a) j {zi + [3) k = 7 (yi + a)~ x mod {y 1 ,z 1 ) r+2 



j-\-k<r 



Set 



f(y 1 ) = (y 1 + a)- x = J2a i y i 1 



where ao = a x and 



i=0 



-A(-A-l)---(-A-i + l) _ x _ t 
r. ol 



for i > 1. ( |42| ) implies a r+ i = 0, so that —A £ {0, 1, . . . , r}, and 

53 a ifc (yi+a) i (^i+/3) fe =7(yi + a)- A 



j+fe<r 



Thus 



53 a l3 7=a;Uyi+a) i (2i+/?) fc =7^i +A a;i A (yi+a) _ 

which implies that the leading form of F is 

L = 53 ^jkX l y J z k = jx r+x y- x 

i-\-j-\-k—r 

x c y d L = jx r+c+x y d - x 
a(d- A) - b(r + c + A) =a 



' b(c+d+r)~ 


-b 


a+b 





(41) 



(42) 



= 



Thus x r+c+x y d ~ x is a power of x a y b , a contradiction to the assumption that F is 
normalized. We conclude that v(q) < v(p) + 1. 
If v(q) = v{jp) + 1, we must then have that 

F 1 = ( yi + a) A 53 a jfe (y 1 +a) J (z 1 +/3) fe -7 + XiS 

yj+fc<r y 

with -f — a x X)j+fc<r a jkCt-' fi k ■ There is a nonzero degree r + 1 term in ^1(0, yi, Zi), 
so that 7(g) = r + 1. 

Now suppose that q £ Tr^ 1 (p) is a 2 point. Then after possibly interchanging x 
and y, there are permissible parameters (xi, yi,Zi) at q such that 

x = X\ 

V = XiVi 

z = x\{z\ + (3) 
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with (3^0. 

u = (x a + b y b ) k 

v = P(x a 1 +b y b 1 ) + x'i +d+r yf£ 



l< = a jk y{{ Zl + (3) k + Xl n (43) 



« 1 

1 j+k<r 



with ajk = a r -j-k.j,k- Suppose that 

a jk y((z 1 +P) k = J2^i 

j+k<r 

with 7j G k, (c + d + r)b — (a + b)(d + £j) = for all i. There is at most one natural 
number t = t j which is a solution to this equation, which simplifies to 

a{d + t) -b(c + r -t) = 0. (44) 



We have 



so that 



a jk y((z 1 +P) k = ^y\ 

j-\-k<r 



i+j+k—r 

Thus L = jx r ~ t y t . But by (Q) x c+r ~ t y d+t is a power of x a y b , a contradiction to the 
assumption that F is normalized. Thus v{q) < r. 

Now suppose that q G tt^ 1 (p) is a 3 point. Then there are regular parameters 
(xi,yi,Zi) at Q such that 

x = x\Z\ 

y = yizi 

Z = Z\ 

We have 

u = (x<ty b z a + h ) k 

v = P(x^y b 1 z1 +b )+x c 1 yfz1 +d+r ^ {W) 

F q = so that v(q) = z/(£) < r. 
Suppose that p is a 3 point 

u = (x a y b z c ) k 

v = P(x a y b z c ) + x d y e z f F 

Write F = Ei+7+fc 

> r a-ijkX l y J z . Suppose that q G ir (p) is a 1 point. Then there 
are regular parameters (x±, J/i, Zi) in Ox x ,q such that 

x = X\ 

y =x 1 (y 1 +a) 
z = Xi(zi + (3) 

with a, j3 ^ 0. 

u = i[ a4 * fc)fc (yi + a) bk ( Zl + (3) ck = x { a + h +^ k . 
where x\ is defined by 

x\ = xi{yi + a)~^+^{zi + (3)~^+^. 

v = P{x a + b+c ) + x d+e+f+r ( Vl + af{ Zl + (3)f% 
= P(x a + b+c ) + xi +e+f+r ( yi + a) x > {zi + /?) A ^ 
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where 



Ai = e — 
A 2 =.f- 



b{d+e+f+r) 

a+b+c 
c(d+e+f+r) 

a+b+c 



F 



— = a i k (y 1 + ®y ( zi + P) k + * ifl 



(46) 



j-\-k<r 



where a^k = a r -j-kj,k- Suppose that 



(t/i+a) Al (2!+/3) A2 a 3k (y 1 + a y(z 1 +(3) k \ = 7 mod (y uZl y+ 2 

\j+k<r J 

for some 7 £ fc. We first observe that we cannot have 7 = 0, for 7 = implies 
Y ajk{yi +a) j ( Zl +f3) k = mod { yi , Zl ) r+2 

j+k<r 

which implies 

Y a jk(yi + ay Oi + [3) k = 0, 

a contradiction. Thus 7^0. 

Y a 3k ( yi +ay(z 1+ f3) k = 1 {y 1 + a)-^{z 1 +(3)- x - mod Zl ) r + 2 

j+k<r (47) 



Set = (yi +a)-^{ Zl +p)-^, 



1 



y ~ ,-1 1! 



V-f.dy\dz{ 



(0,0) 



Then 



(2/ 1 + a )- Al (^i+/3)" A2 = 5>0»i^- 

' ^ -A 1 (-A 1 -l)--(-A 1 -i + l) a - Al - i ^ ^ -A 2 (-A 2 -l)^.(-A 2 - J - + l) / g-A 2 -^ jf * J > Q 



Ai f -A 2 (-A 2 -l)---(-A 2 -j+l) a-Xa-j 



-Ai(-Ai-l)---(-Ai-i+l) Q: _A 1 -i\ p-\ 2 
-Xi P—X2 



if i = 0, j > 

if j = 0, i > 
if i = j = 



Thus ay = for i + j = r + 1 by @, and -A x e {0, 1, . . . , r}, -A 2 G {0, 1, . . . , r} 
and — Ai — A 2 < r. Thus 

^ «ifc(ltt + + /5) fc = 7(yi + ")~ Al (*i + I3)- X2 

j-\-k<r 



so that 

Ei +J -+ fe=r WiG/i + + /?)* = ix\{y x + a)~^(«i + P)~ x - 

= 1X [ +Xl+X2 \x^ Xl { yi +a)- x A \xi Xs (z 1 + f3)- X2 

and the leading form of F is 

L= a ijkX i V j Z k = 7 a;''+ Al + A2 y- Al z- A2 

x d y e z f L = lx d+r+Xl+X2 y e ~ Xl Z f - X2 
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Set 

n — A ^ „ ^ c, — Ml . _ 

a+b+c ~ ■> a+b+c 



a =d + r + e- ^±£+Z±l) + / _ <d+e+i+r) 



Set t = d+e Xl +r - 

a+b+c 



_ (d+e+f+r)(a+b+c)-b(d+e+f+r)-c(d+e+f+r) _ 
& - a+b+c — aT 

b = br 

C = CT 

ba — ab = (ba — ab)r = 

ac — ca = (ac — ca)r = 

cb — bc = (cb — bc)r = 

thus 7 = since F is normalized. This contradiction shows that v{q) < r + 1. 
We have shown that 

Fi = (yi + a) Al (^+/3) A2 £ a jk ( yi + a) j { Zl + 0) k J- 7 + a?i£ 

\j+fe<r / 

with 

7 = a Al /3 A2 ^ a jfc a>'/3 fc . 

Thus n = r + 1 implies there is a nonzero degree r + 1 term in F\(0,yi, z\) so that 
j(q) = r + l. 

Now suppose that g G 7r _1 (p) is a 2 point. Then after possibly interchanging x, y, z, 
there are regular parameters (xi,yi, z\) at g such that 

a; = 

2/ = xiyi 

z =x\{z\+ff) 



with (3 + 0. 
Set 



u = 4 a+h+c)fe ^ fe (z 1+ /3) cfc 

iEl = (zi 

u = (x? +b+c y 1 ) fc 

w = P(x? +b+c y?) + x{ +e+f+r yt{ Zl + 

= P(x a + b+c y b i) + xi +e+f+r yf(zi + /?) Al £ 



where 



e(d + e + / + r ) 
a + b + c 

— = J2 ajkV{(zi+0) k +x 1 n (49) 

X-i 

j-\-k<r 

where ajk = a r -i-jj^- There is at most one natural number t such that 

(d + e + / + r)b - (e + t)(a + 6 + c) = 0. (50) 
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If u(q) > r + 1 there exists a t satisfying (^(J), and 7^ 7 G k such that 
(z! + /3) Al ( £ o ifc ^(zi + /3) fe I = 72/1 mod ( Vl , Zl ) r+2 . 



\j+k<r 



Thus 



Set 



a JkVi{zi + /3) k = 7 (zi + /3) Al y{ modCi/i,^; 



r+2 



,7 + A' < r 



_ -A 1 (-A 1 -l)---(-A 1 -j + l) 
j! ^ 

OO 

53 a^jOi + /3) fc = 7i^(J] 7j-«J) mod {yi,z x ) 



r+2 



j+/c<r 



J=0 



implies 



-Ait-Ai -!)■■■ (-Ai - r + t) a-A!-(r+i-t) 
(r + l-t)! 



= T r+ l_ t 

so that -Ai € {0, 1, . . . , r - t} and * < r. Thus 

£ a^ 1 (z 1 +/3) fe = 7 (^i+/3)- Al ^ 

j+k<r 

= 7xr t+Al [x\y{] [x7 Al (^i + /5)- Al 

x d y e z f L = 7 a;'- t+Al+ V +e ^ / ^ Al 
where L is the leading form of F. Set 

a =r — t + Xi+d 
b =t + e 
c =/-Ai 

We have the relations @ and @. @ implies 

t _ (d + e + / + r)b - e(a + b + c) 
a + & + c 

a = d + r - t + A! = a ( d +l+f+r) 

— 1 a+b+c 
b =t + e= (d±e+£±r)b 

— ' a+b+c 
_ c(d+e+f+r) 



a+b+c 

= ba — ab = ca — ac = cb — be 



Thus 



^r-t+Ai+Y+V^ 1 = {x a y b z c ) m 
for some m € N, a contradiction, since F is normalized. Thus v(q) < r + 1. 



Suppose that 1/(9) = r + 1. 



J] % fe (2l+«) fc+Al 
fc<r-j 



y{ - 72/1 + x i s 



with t < r, 7 € k implies ajk = if j ^ t. Thus 



k<r-t 
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implies 

L q = cy\z[ +1 ~ t + x x n 

where ^ c G k. 

Now suppose that q € ir^ 1 {p) is a 3 point. After possibly permuting x,y,z, there 
are permissible parameters (xx,yi, z\) at q such that 

x = x\ 
V = xiVi 

Z = X\Z\ 

u 

v 

%) = K§) < r. 

Example 7.2. v(j>) can go up by 1 after a quadratic transform. We can construct 
the example as follows. 

u = xy, v — x 2 y 

has F = 1. blowup p and consider the point p\ above p with regular parameters 
(si, 2/1, zi) defined by x = x%,y = x%(yx + a), a^O, z = xxZx- Set x\ = xx{yi + a) 3 , 
Vi = {ill + a ) ~^ — ce~2 . Then 

u = xf, v = a~ix\ + xfy 1: 

so that Fx =y~x- 

Theorem 7.3. Suppose that v(p) = r, ir : X\ — > X is the blowup of p, g £ it~ l {p) 
with r\ — v{q). 

If p is a 1 point then 

1. If q is a 1 point, then rx < r if r(p) < r, and if rx — r then r(q) = r. 

2. If q is a 1 point, then 7(9) < r. 

3. If q is a 2 point, and rx = r then r(p) < r(q). 

4. If q is a 2 point and 7(2?) = r, then 7(g) < r. 
7/p is a 2 point and 1 < t(j)) then 

1. //q is a J point then r\ < r and 7(g) < r. 

2. If q is a 2 point and rx = r, f/ierc r(p) < r(q). 

3. If q is a 2 point and 7(75) = r, £/ien 7(g) < r. 

4. Zf q is a 3 point then r\ < r — r(p) 

Proof. Suppose that p is a 1 point with j(p) = r. Suppose that q € 7r _1 (p) is a 
f point, and r\ = r. After making a permissible change of parameters we can assume 
that x = Xx,y = Xxyxi z — x\Zx- We than have, with the notation of (|39|). 

Fx = ar-j-k,j,ky{zx + xifl. 

j+k<r 

Now suppose that q € 7r _1 (p) is a 2 point, and ri = r. After making a permissible 
change of parameters we can assume that x = Xxyx, y = 2/1 > z = yx%x- We than have, 
with the notation of ( ffp| ) 

f i = ^ ai.r-i-fc.fc^l^i + 2/1 S 

i+fc<r 



-f^l^l 2/l z lJ+ x l Ul z X x<: 



□ 
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Suppose that p is a 2 point and 1 < r(p). Suppose that q S 7r _1 (p) is a 1 point. 
After making a permissible change of parameters, we have x = x%, y = xi (yi + a), z — 
x\Z\ with a^O. We then have, with the notation of (|4l|), 

fit = a r -j-k,j,k(yi + a ) j (yi + a ) Xz i - 1 + 

There exists a^-fc with i + j + k = r and fc = r(p) > 1 such that aijk 7^ 0. Thus r\ < r 
and 7(9) < r. 

Now suppose that q € 7r _1 (p) is a 2 point. After making a permissible change of 
parameters, we have x = x±, y = x\y\, z — X\Z\ We then have, with the notation of 
©, 

F\= y j a r - 3 -k,j,ky{zi + xiCl. 

j+k<r 

and there exist k such that i + j + k = r and a^k =/= with k = t(j>). Thus if 
7'i = r, we have r(p) < r(q). If j(p) — r, we have 7(0) < r. 

Now suppose that q 6 7r _1 (p) is a 3 point. Then x = x\Z\,y — y\Z\,z — z\ We 
then have, with the notation of (p5|) , 

F\ = ai t j ir ^jx\y{ + zxtt. 

i-\-j<r 

There exists a^fe with i + j + fc — r and fc = r(p) > 1 such that ay ft 7^ 0. Thus 
ri < r — r(p). □ 

Lemma 7.4. Suppose that r > 2 and p £ X is a 1 point. Suppose that (x, y, z) 
are permissible parameters at p and C C S r (X) is a curve such that p € C . Then 
F p ei r c . P + (* r ~ 1 )- 



Proof, x € Ic,p by Lemma 3.12 . There exist permissible parameters (x,y,z) at p 
such that y, z £ Ox,p, y~ = y + h\,~z = z + h?, with h\,hi € m r . 

Suppose that the conclusions of the Lemma are true for the parameters (x,y,~z). 

u = x a 

v = P(x)+x b F(x,y,z) 

and F(x,y,z) is normalized with respect to the permissible parameters (x,y,z). We 
have an expression 

u = x a 

v = P(x) + x b F(x,y,z) 
where F(x, y, z) is normalized with respect to the permissible parameters (x, y, z). 

F{x,y,z) = F{x,y,z) + n 

with ft a series in x. Since F{x 1 y, z) is normalized, v(F) = v{F) — r and only powers 
of x of order > r can be removed from F(x,y,z) to normalize to obtain F(x,y,z). 
Thus the conclusions of the Lemma hold for (x, y, z) 
We may thus assume that y,z £ Ox, P - 

There exists an etale neighborhood U of p such that (x, y, z) are uniformizing 
parameters in U, x = is a local equation of Ex f)U, C H U is a complete intersection. 
Let R = T{U,O v ), I c = V(U,T C ). Set 

v-P t {x) 

w = : 

x b 

where t > b + r. Thus 

w e (y, z,x r )Ou, p (51) 
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and 

w - F e {x r )Ox, P . (52) 
Let q be a smooth point of C(lU. Then there exists a, (3 £ k such that (x, y — a, z — (3) 



are permissible parameters at q. Lemma 6.25 implies 



F q el^ q + (x r - 1 ). 

i=0 

Set 

A = -- E 

i < t — 1 

A e {l r C a + implies by Theorem |7T], Chapter VIII, section 4 Q and 

Lemma 6.29, 

A e (T c . q + (x^ 1 )) nR=(I r c + (x^R. 
v(jr>) = r and t > b + r implies v{w) > r and §jr(0, a, 0) = if i < r — 1, so that 
to G Z£ jp + (aj 1 - 1 ) which implies that F p G Z£ p + (a; 1 "- 1 ). □ 

Lemma 7.5. Suppose that p £ X is a 1 point and v(p) = 7(73) = r > 2. Then there 
exists at most one curve C in S r {X) containing p. If C exists then it is nonsingular 
at p. 

Proof. Suppose that (x, y, z) are permissible parameters at p. Write Tc,p = (%■> f(y, z)). 

yi — i"i 



By Lemma [7-4 F p S 2£ + (a; r_1 ). / r | F p (0,y,z) and 7(2?) = r implies = 1 
and C is nonsingular at p. 

Suppose that D C <SV(X) is another curve containing p. Then D is nonsingular 



at p. Lemma 6.25 implies there exist permissible parameters (x, y, z) at p such that 
F-c,p — {x, z), there exist series a, bij such that 

F p — x r ~ 1 a + bijX l z 3 . 

i+j=r 

bor is a unit implies 

where ^ is a unit. Since F p G X£, + (x r_1 ), we have 

which implies z G so that C = D. □ 

Lemma 7.6. Suppose that r > 2, p is a 2 point and C C S r (X) is an irreducible 
curve containing a 1 point, such that p € C. Then v{p) > r — 1. If r(p) > 0, £/ien 
z/(p) > r. 

Proof. First suppose that C is nonsingular at p and is transversal at p to the 2 curve 



through p. Then the result follows from Lemma 6.27. Now suppose that C does not 
make SNCs with the 2 curve through p. Let s — v(p). There exists a sequence of 
quadratic transforms 7r : X\ — > X centered at 2 and 3 points such that the strict 
transform C of C makes SNCs with B 2 {X{) at a 2 point p\ — C n tt^ 1 (p). We have 



Si = f(pi) < s + 1, by Theorems 7.1 and [7731 s\ = s + 1 implies r(px) > and 



r(p) = 0. r(p) > implies s% < s and if we further have s% — s, then r(pi) > 0. 
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First supppose that r(p) > 0. If s% = s then r(pi) > so that r < si — s. If 
Si < s then s > si > r — 1, which implies s > r. 

Now suppose that r(p) = 0. If si < s then s > si > r — 1. If si = s + 1 then 
s + 1 = si > r since r(pi) > 0, so that s > r — 1. □ 

Lemma 7.7. Suppose that r > 2, p is a 3 point and C C S r (X) is an irreducible 
curve containing a 1 point such that p G C. Then v(p) > V — 1. 

Proof. Let s = f(p). There exists a sequence of quadratic transforms n : Xi — > X 
centered at 2 and 3 points such that the strict transform C of C makes SNCs with 
ffgpfi) at the 2 point pi = C fl 7r _1 (p). We have si = v{p\) < s + 1 by Theorems 



7.1 and 7.3 



If si = s + 1 then r(pi) > 0, so that si > r by Lemma 7.6, so that s > r — 1. If 



si < s, then s > si > r — 1 by Lemma 7.6. □ 



Theorem 7.8. Suppose that pel /ias = r > 1, and (a;, y, z) are permissible 
parameters at p, ir : X\ — > X is the blow up of p. 
Suppose that p is a 3 point 

1. Suppose that the leading form L p = L(x,y,z) depends on x, y and z. Then 
there are no curves C in ir~ 1 (p) (~l S r +i(Xi). No 2 curves C of ir^ 1 (p) satisfy 
F q e T C q for qeC. 

2. Suppose that L p = L(x 1 y) depends on x and y. Then the curves in 7r _1 (p) n 
S r +\(Xi) are a finite union of lines passing through a single 3 point of -n:^ 1 {p). 
No 2 curves C of ir^ 1 (p) satisfy F q G T r c q for q € C . 

3. Suppose that L p = L(x) depends on x. Then there are no 1 points in ir~ 1 (p) n 
S r +i(X\) and there is at most one curve C in 7r _1 (p) fl S r +i_(X{). It is the 2 
curve D which is the intersection of the strict transform of x — with Tr^ 1 (p). 
D is the only 2 curve C in ir" 1 ^) such that F q £ T r c for q € C . 

Suppose that p is a 2 point. Then the curves in tt^ 1 (p) D S r +i(Xi) are a finite 
union of lines passing through the 3 point. There are no 2 curves in ir^ 1 (p)(~)S r +i(Xi) . 

Proof. First suppose that p is a 3 point and L p = L(x,y,z) depends on x,y and z. 



There are no 3 points in tt (p) fl S r +i(Xi) by Lemma 7.7 and Lemma 6.28 since (by 
direct calculation) v(q) < r — 1 at all 3 points in 7r _1 (p). There are no 2 curves in 
7r -1 (p) fl S r +i(Xi) and there are no 2 curves in tt^ 1 (p) such that F q G Xq q for q 6 C 
by Lemma |6.28 . We will now show that there are no curves in S r +i(Xi) n ir~' 1 (p). 



Suppose that there is a curve C in S r +\(Xi) On 1 {p) containing a 1 point. C must 



contain a 2 point q. v(q) = r or r + 1 by Lemma |7.6| and Theorem 7.1 



First suppose that v(q) = r + 1. Then by Theorem 7.1, there exist permissible 
parameters (x, y, z) at p such that 

L^y t f{x,z) (53) 
for some t with < t < r, (since L depends on x, y, and z). Write 

i+k=r-t 

At a 1 point of C we have (with the notation of (]46])) permissible parameters (xi, y%, z\) 
such that x — xi,y — Xi(yi + a), z — x\(z\ + (3) with a, (3 ^ 
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(y 1 +a) Al (z 1 +^) ; 



i-\-j-\-k—r 



c a ^ mod (yi,2i) 



r+l 



(54) 



for some 7^ c a ^ G k. Substituting (|53|), we have 

(j/i + a) Al ( Zl + [{yi + af E t+ k=r-t hk(zi + Pf] = c« !/3 mod (y u Zl ) r+1 
(yi + «) t+Al [£ i+fc=r _ t hk(zi + P) k {zi + P) X2 ] = c aJ j mod (y 1 ,z 1 y+ 1 

If t 7^ — Ai this is a contradiction, since there is then a nonzero y\z\ term for some 
< s < r - t. Thus -Ai = i G {1, . . . , r - 1}. But 

K J! M^i+/^i+/?) A2 -Ca,/3)<r-i+l<r 

z+fc— r — £ 

which is contradiction. 



Now suppose that v(q) = r. We have from ( |49| ) (in the proof of Theorem |7.l| ) that 
there exist permissible parameters (xi, yi, zi) at g such that 

x = xi,y = xiyi,z = xi(zi 



^ ar-j-k,j,kyi(zi + f3) h 

j+k<r 



(55) 



if there exists a natural number t such that (d + e + / + r)6 — (e + t)(<x + b + c) = 0, 
and 



F„ 



^ a r -j^ k ,j,kyi(zi + (3f 

j-\-k<r 



(zi +/3) Al +^if2 



(56) 



otherwise. Since i/(q) = r, For fixed j 7^ i, we have 

z/( ^ a r -j- k ,j,k{z\ + P) k ) >r-j 

k<r—j 

Thus (for fixed j ^ t) 

X] <Zr-j-fc,j,fe(zi + /3) fc = 7j<~ J 

fe<r-j 

for some 7^ G k and (for fixed j 7^ t) 



E l+ fc=r-i a^V** = T,k<r-j a-r-j-k,j,k[ x l( z l + PfVl 

Y.k<r-i a r-J-k,jA z l +P) h 



k]r-j-k 



y J %i 



r — 7 r— 7 rj 

ij x i z i y 



For j = t, we have 



Thus we either have 



= 7 ^- j (i-_/3) r V 

= Tj^ - l3x) r 3 y 3 



i Or-t-M,fc(*i + 0) fc+Al - 7) > r - * 

fe<r-t 
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where (d + e + f + r)b — (e + t)(a + b + c) = 0, and / is homogeneous of degree r — t, 



L p = ^2^y :l (z - (3x) 



r—3 



Thus 



or 



&t 

for some jt £ fc- If some -fj ^ with j ^ r, r(g) > 0, so that v{q) > r + 1 by Lemma 
7.6, a contradiction. 
The remaining case is 

L p = lr y r +y t f(x,z), (57) 
with / ^ 0, t < r and 7 r ^ if t = 0, since -Lp depends on x, y and z. 

f = h ^x l z k 

i-\-k=r—t 

At a 1 point of C we have (with the notation of (|46|)) regular parameters (xi,yi,Zi) 
such that x = x\,y = x\{y\ + a) , z = Xi(zi + (3) with a, (3 ^ 



( yi + a) Al (*i+/?) ; 



^ a^(yi+a) J (2i+/3) i 

z+j+fc— r 



c ai/3 mod (yi,zi) 



r+1 



(58) 



for some c a ,p € A:. Substituting (p7|), we have 

(yi + a) Al (21 + /3) A2 [ 7r (yi + a) r + ( yi + af Ei+ fe =r-t M*i + /3) fc ] = Ca,p mod (yi, z x ) 
7r(tfi +a) r ~ t + J2 b l k{ Zl+ l3) k = {y 1 + a)-^- t {z 1 +l3)-^c a ^ mod (yi,^) r+1 

i+k=r-t 

The LHS of the last equation has no y\Z\ term which implies Aj = — t or — A2 = 0. 
Ai = —t implies 7,. = and t > 0, 

K M^i+/3)' £ -c Q ,/30zi+/3r A2 ) <r-t + l <r 

i+k—r — t 

which is contradiction. A2 = implies / = 0, a contradiction. 

Now suppose that p is a 3 point and L p = L(x, y). Suppose that q € ir^ 1 (p) is a 1 
point and v{q) = r + 1. Ox x> q has regular parameters si, yi, Zi such that 



r+1 



2/ =x 1 (y 1 +a) 
z = xi{zi + /3) 

where a,f3 ^ 0. Write 

L{x,y) = ^ ayaV- 

(with the notation of (|46|)) 

( yi + a) Al (z! + /3) A2 ( yi + ay 

which implies 

aij{yi + a) 3 ' = (yi + a)- Xl ( Zl + f3y X2 c a . p mod (yi,zi) r+1 

i-\-j=r 



(59) 



= c Q:/3 mod (yi,zi) 



r+1 



(60) 
(61) 
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so that A2 = 0, and 

OijiVl + a) 3 = {Vi + a)- Al c Q mod { Vl ) r+l (62) 

i+j—r 

We will now show that there exist at most finitely many values of a such that an 
equation J62] ) holds. Set 

g(t) = J2 a i ti 

i<r 

where a t — a r —i t i- 

Suppose there are infinitely many values of a such that ( |62| ) holds for some q € 
tt^ 1 (p) with value (5 and regular parameters £1,2/1, 21 in Ox x q as in (|59|). Define g a 

by 

y 

9a{Vi) = g(yi+a) = g(-). 

x 

Set A = \\. By assumption, 

9a(yi) = ^ ai ^ Vl + ^ = Ca ^ Vl + a ^ X mod ( 63 ^ 

i<r 

We can expand the RHS of ( |63| ) as 

c a (yi+a)~ X = c a a~ x + c a (-\)a~ x - 1 y 1 

+c a - A( - A - 1) a -^ + - 
+Ca _ A( _ A _i ); . ( _ A _ r+ i ) Q _ A _ r ^ + 

We can expand the LHS of (^3|) as 

5.(2/1) = 9a (0) + ^ ((%! + \ d ^f{0)vl + ■■■ + kfy-m 

= 9(a) + %(a) Vl + {a)y\ + ■■■ + ^{a)y\ 



We get that 



g(a) = c a (-A)(-A - 1) • • • (-A - r + l) a - A - r 



which implies that 



At 



a (-\)(-\-l)---(-\-r + l)a- x - r 
/(a) =c a a- x - X 



(-A)(-A-l)---(-A-r+l)a- 



(-A)(-A-l)-(-A-r+l) 

Since this holds for infinitely many a, and c/(i) is a polynomial, 

m r\a r t r 

m -A(-A-l)---(-A-r + l)' 

Thus 

E i r\a r t r 
, ttr ~" ~ -A(-A-l)---(-A-r + l) 

i<r 

so that a r —i,i — if i < r. Thus L p — ao r y r , a contradiction to the assumption that 
L depends on two variables. 

Thus the only curves in «SV+i(Aa)n7r _1 (p) which contain a 1 point are on the strict 
transforms of y — ax — for a finite number of nonzero a. These lines contain the 3 
point of X which has permissible parameters (x%, y\,Z\) defined by x — x\Z\,y — y\Z\, 

z = Z\. 

Since L p = L{x,y), there is at most one 3 point q in tt^ 1 (p) with v(q) = r. Thus 
there are no 2 curves in S r +i(Xi) n 7r _1 (p) by Lemma 6.28| . 
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Now suppose that p is a 3 point and L p = L(x). Suppose that q G it (p) is a 1 
point and v(q) = r + 1. Cxi,g has regular parameters x\, y\, z\ such that 

x = X\ 

V =x 1 (y 1 +a) 
z =Xt(zi+0) 

where a, j3 ^ 0. 

= ax r 

With the notation of we have 

(l/i + a) Al (*i + /5) A2 « = Cc,,/} mod (yi, Zi) r+1 

for some c Qj( 3 € fc, which implies Ai = A2 = 0. 
From equation ( |46| ) we have 

b(d+e+/+r) 
a+6+c 
j. _ c(d+e+f+r) 
J a+b+c 

where u = x a y b z c and x d y e z^L p = ax d+r y e z^ . Thus ec — /& = 0, ae — b(d + r) = 
and af — c(d + r) = 0. It follows that F p is not normalized, a contradiction. 

The fact that there is at most one curve C in tt~ 1 (p) D 5V+i(^i), which is the 2 
curve which i s the intersection of the strict transform of x = with ■n^ 1 (p) 1 follows 
from Lemma |6.28 , since at the 3 point q with permissible parameters (xi,yi, z\) 
defined by x = xi,y = xiyi, z — x\z\, u(q) = 0. 

Suppose that p is a 2 point. By Theorem [7j|, there are no 2 curves in S r+ i(Xi) n 
7r _1 (p). Suppose that SV + i(ATi) n 7r _1 (p) contains a 1 point. Then r(p) — by 
Theorem 7.3. The leading form of F p has an expression 

L p = S ' aijX y^ . 

i-\-j=r 

After possibly interchanging a; and y, we may assume that L ^ ao r y r . 

Suppose that there exist infinitely many distinct values of a G k such that there 
exists a 1 point q 6 SV+i(Aa) n 7r _1 (p) with regular parameters (x\,yi, zi) in Ox x ,q 
defined by 

x =xi,y = xi(yi + a), z = xi{z x + (3) 
for some a, (3 G k with a 7^ 0, such that ^(g) = r + 1. 

With the notation of (|l|) of Theor em |7.l| , there exist c a G k such that 

^ a>ij{yi + a) 3 = c a (yi + a)~ A mod y[ +1 

i-\-j~r 

Set g(t) = J2i+j= r a v t3 - 9( a ) = c " a 



— A 



r\a 0r = ^f(a) = c a (-A)(-A - 1) • • • (-A - r + l)of 



implies 

ff(a) = FAK-A-l)...(-A-r + l) 
for infinitely many a, so that 

T r\a 0r r 

^-(-A)(-A-l)---(-A-r + l) y 

a contradiction. Thus 1 curves in 7r _1 (p) n S f r+ i(AT 1 ) must be the intersection of the 
strict transform of y — ax = and 7r _1 (j>) for a finite number of ^ a £ t These 
lines intersect in the 3 point of 7r _1 (p). 
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□ 

Lemma 7.9. Suppose that r > 2 and p G X is such that 

1- v {p) < r if p is a 1 point or a 2 point. 

2. If p is a 2 point and v{p) — r, then r(p) > 0. 

3- < r — 1 if p is a 3 point 

and 7T : Y — > X is the blowup of a point p G X. Then C is a line for every curve C 
in S r (Y) n 7r _1 (p) containing a 1 point. Thus C intersects a 2 curve in at most one 
point, and this intersection must be transversal. 

If p is a 1 or 2 point with v{p) = r then there is at most one curve C in S r (Y) n 
n~ 1 (p) containing a 1 point. 

Proof. Suppose that p is a 1 point. Suppose that q G ir^ 1 (p) is a 1 point with v(q) = 
r. After a permissible change of parameters at p, we have permissible parameters 
xi,yi,zi at q defined by 

x = xi,y = xiyi,z = x\Z\. 

Write 

F p = ^ a l]k x t y j z k . 

i+j+k>r 

F p has leading form 

i+j+k=r 

Thus L p = L(y, z) depends only on y and z. 

Suppose that q' G 7r _1 (p) is another 1 point with v{q') = r, with permissible 
parameters (xi,yi,z\) defined by 

x = x\,y = x\(yi + a),z = x\(zi + (3) 

for some a, [3 G k. Then there exists a form L\ such that 

Lp = L\{y — ax, z — fix) + cx r 

for some eel:. There exist on, (3i,ji, Si G k such that 

r 

L P (y,z) = Y[(aiy - fyz) 
i=i 

r 

Li(y,z) = JJ(7ij/ - Siz) 

i=l 

We can also assume that ctiftj — ctj/3i — implies cti = ctj and /3j = f3j. 

r r 

Y[( a iV ~ Pi Z ) = - ax ) - 5 t( Z - P X )) + CxT ■ 

i=l j=l 

Set x — to get that, after reindexing the (-fi, Si), there exist ^ ej G k such that 

(ai,Pi) = e l (j l ,S l ) 

for all i, and J\i=i e « = 1- Thus 

r r 
i=l i=l 
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First suppose that there exists (a,, ft), (ay, ft) such that ai(3j — ajfy ^ 0. Suppose 
that on ^ 0. There exist t < r distinct values of (a k ,(3 k ) such that ai(3 k — QtjPk = 0. 
Set y = ff to get 

= (ft/? - oiiofx 1 JJ ( ( — ft - ft J z + (/3ft - aa 3 ) x j + cx r 

We conclude that /3ft — qq, = 0. If ft 7^ 0, we can set z = ^f-y to again conclude that 

/3ft — act; — 0. Thus /3ft — aa.i — for all i, and the 1 points q' £ tt~ 1 (p) fl S r (X) 
must thus lie on the lines 7; which are the intersection of the strict transform of 
ftz — aiy — and 7r _1 (p). 

Thus q' must be in the intersection <~)-fi C ir" 1 ^) = P 2 , and there is at most one 
point q G TT^ 1 (p) such that v{q) = r. 

Now suppose that a^ft — a.,-ft — for all i,j. Then after a permissible change of 
parameters at p, we have L p = z r . 

L p — (z — (3x) r + cx r and r > 2 implies (3 = c = 0, so q' is on the line 7 C 7r _1 (9) C 
P 2 which is the intersection of the strict transform of z = and ir~ (q). 

Suppose that p is a 2 point such that = r and r(p) > 0. Write 

F p = a ljk x l y 3 z k . 

i-\-j+k~>r 

Suppose there exists a 1 point q € 7r _1 (p) such that v{q) = r. After a permissible 
change of parameters at p, q has permissible parameters (5Jj.,$/i, at g such that, 
with the notation of (^Tj) of Theorem 7. 1 , 



2: = x\, y = xx(yt + a), z = X1Z1 
x% = xi(yi + a)~^ 
F q = Yl a t3k (y 1 +ay +x z'l - ^ a io0 a i+x +xitt. 

i-\-j-\-k—r i-\-j—r 

Let 

L p = Y a i]k x l y : >z k 

i+j+k—r 

be the leading form of F p . 

F i = 12( Z ^k{yi+ay)(yi+a) x z k +{ ^ a ij0 {yi+a) j+x - ^ a^+^+x^. 

k>0 i+j—r — k i+j—r i+j—r 

v(q) = r implies, for fixed k > 0, 

^ arjkx l y 3 =c k (y- ax) r ~ k 

for some c k G k, thus 

£ p = Z Ck (y - ax Y~ kzk + G(x, v)- 

k>0 

r{p) > implies some c k 7^ 0. 

Suppose that there exists another 1 point q 1 E 7r _1 (p) with v{q') — r. Oy A ' has 
regular parameters {x\,yx, z{) such that 

x =xi,y = xi(yi +a),z = xi(zi + /3) 

with a^0. Then 

L P = Y z k{y -ux) r ~ k {z -~fix) k + G{x,y). 

fc>0 
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Thus 

£ c k (y - ax) r - k z k = Y^MV ~ ax) r - k (z - 0x) k + H(x, y). (64) 

fe>0 fc>0 

Set x = in ( pi| ) to get c k = 5fc for all fc. Let 

fco = max{fc | ca; 7^ 0} = r(p). 

By assumption, fco > 0. 

c fco (y - ra r fc °/» = c fco (y - ax) r ~ k ° z k ° , 

and if fco > lj 

c lo _ 1 ( r a I )- fc « +1 >- 1 = Cto (j/-a I ) r - t «(-^ i)^ " 1 +^-i(r^) r ^» +1 Z t "- 1 . 

If feo < r, then a = a implies all 1 points in S r (Xi) n 7r _1 (p) are contained in the 
line which is the intersection of the strict transform of y — ax = and ir~ 1 (p). This 
line contains the 3 point of 7r _1 (p). 

If k =r (> 2), 

c r -i(y — ax) = —c. r f3rx + c r _i(y — ax) 

so that 

—ac r ^i = —c r (3r — ac r -i 

which implies that all 1 points in S r (Xi) PI 7r _1 (p) are contained in the line which is 
the intersection of the strict transform of 

c r rz + c r _iy — ac r -ix = 

and 7r~ ij)) . 

Suppose that p is a 2 point or a 3 point, with z/(p) = r — 1. Then by Theorem 7.8 , 
the conclusions of the Theorem hold. □ 

8. Permissible Monoidal Transforms Centered at Curves 

Throughout this section we will assume that $x : X — > 5 is weakly prepared. 

Lemma 8.1. Suppose that C <Z X is a 2 curve. Then either F p £ Tc,p for all p £ C 
or F p ^ p /or all p £ C. 

Suppose that r > 2 , C C S r (X) is a 2 curve. Then either F p £ Z£„ /or all p £ C 
or F p £ F p £ 2£ p /or allpeC 



Proof. This follows from Lemmas 6.24, 6.26, 6.28. □ 



Lemma 8.2. Suppose that r > 2 and C C S r (X) is a nonsingular curve such that 
C contains a 1 point and C makes SNCs with P>2(X). Then either F p £ Tq p with 
respect to permissible parameters for C at p for all p £ C , or F p £ T^ p , F p $ T r G p 
with respect to permissible parameters for C at p for all p £ C . 



Proof. This follows from Lemmas 6.24, 6.25, 6.27. □ 

Definition 8.3. Suppose that r > 2, p £ X, C C S r (X) is a curve which contains 
p and makes SNCs with E>2{X) at p and C <£_ S r +i{X). C is r big at p if F p £ T r c 
with respect to permissible parameters for C at p. C is r small at p if C is not r big 
at p. 

Suppose that C is a 2 curve, v(q) > 1 if q £ C is a 2 point, C <f_ Si(X) and p £ C. 
Then C is 1 big at p if F p £ 2"c>- F p is 1 small at p if C is not 1 big at p. 
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Suppose that r > 2, C C S r (X) is a curve which makes SNCs with B2(X). We 
will say that C is r big if C is r big at p for all p G C . We will say that C is r small 
if C is r small at p for all p G C . 

Suppose that C is a 2 curve, v(q) > 1 if q G C is a 2 point, C <f_ SiiX). We will 
say that C is 1 big if C is 1 big for all p G C . We will say that C is 1 small if C is 1 
small at p for all p G C . 

Lemma 8.4. Suppose that C is a 2 curve on X , p G C is a 2 point, D\ and Di are 
curves in Ex containing p such that D\ U D% makes SNCs with C at p. Then there 
are regular parameters (x, y, z) in Ox,p such that 

Tc,p = {x,y),T Duv = (x,z),I D2 . p = (y,z) 

Proof. There exist regular parameters (x,y,z) in Ox, P , and 4> S Ox,p such that 

Zc,p = {x,v),Id up = {x,z),l D2 . p = (y,4>) 

and 4> = ax + cz mod m^, with a, c € k, c ^ 0. In Ox.p, there exist series h, g such 
that 

<f> = h(x,y,z)y + g(x,z) 
g = u(z - ip(x)) 

where u is a unit, ip is a series. 

z - tp(x) G l DltP nlD 2 , P = (1d up (Md 2 , p )Ox,p, 

where the last equality is by Corollary 2 to Theorem 11 of Chapter VIII, section 4 
|3l| ). Suppose that 

Td 1 ,p 01d 2 ,p = (/i, ■ ■ ■ , f n ). 
z - ip(x) = ^Xifi 
implies there exists / G Id x> p C^^d 2 ,p such that 

f = ax + cz mod to^ 

where a. c G k, c ^ 0. Since / G (x,z), we have f = Xx + tz where r is a unit. 
Thus [x, z) = (x, f). Since / G (y, 0), we have / = ay + (3(j> where is a unit. Thus 
(y, 4>) = (y, f). (x, y, f) are the desired regular parameters. □ 

Lemma 8.5. Suppose that p G X is a 1 point or a 2 point with j(p) — r > 2, and 
(u,v) are permissible parameters at &x(p), such that u = is a local equation of 
Ex at p. Then there exist regular parameters (x, y, z) in R = Ox.p and permissible 
parameters (x, y, z) at p with x = jx, z = az for some series 7, a G Ox.p such that if 
p is a 1 point, 

v = P(x) + x c F ( 65 ) 

with F = rz r + 531=2 a i( x i y) zT ~ l > T a unit and some ai 7^ 0. 

Further suppose that S r (X) U B>2(X) makes SNCs at p. Then there is at most one 
curve D in S r (X) through p. If D exists, we can choose (x, y, z) so that x = 0, z = 
are local equations of D at p. 

If p is a 2 point, 

v = P(x a y b ) + x c y d F 1 ' 

with F = tz t + Yli—o a i( x > y) zT ~ t j r a unit, and some a.i 7^ 0. 
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Further suppose that S r (X) U B2(X) makes SNCs at p. Then there are at most 2 
curves D\ and D2 in S r (X) through p. If D\ exists (or if Di and D2 exist) then we 
can choose (x, y, z) so that x = 0, z = are local equations of D\ at p (x = 0, z = 
are local equations of D\ at p and y = 0, z = are local equations of D2 at p). 

Proof. There exist regular parameters x, y, z in R, and permissible parameters (x — 
jx, y, z) at p such that u = x a or u — (x a y b ) m in R, and u(F(0, 0, z)) = r. 

If p i s a 1 point, then there exists at most one curve D in S r {X) containing p by 



Lemma 7,5 . If D exists, we may assume that x = 0, z = are local equations of D 
at p. If p is a 2 point, then there exist at most 2 curves D\ and D2 in S r (X). If Di 
(or D\ and D2 exist) we may assume that x — 0, z — are local equations of D\ at 
p (or x = 0, z = are local equations of D\ at p and y = 0, z = are local equations 



of £>2 at p by Lemma 3.4). 
Set 

ffr- l_p 

az r 1 

where w is a unit by the formal implicit function theorem. Set z\ = z — <f>(x,y), 
G(x,y,zi) = F(x,y,z). _ 

Suppose that p is a 1 point and there exists a curve D C S r (X) containing p, so 
that D has local equations x = 0, z — 0. Then F p 6 2J, + (x r_1 ) by Lemma 3.25, so 
that 

and x I </>(x, y). Thus x = 0, zi = are local equations of D at p. 

Suppose that p is a 2 point and there exist curves -Di, D2 C SV^X) containing p, 
so that Di has local equations x = 0, z — and Z?2 has local equations y — 0, z = 0. 



F p e ^.p + (* r-1 ) and ^p e X L 2 , P + (2/ r_1 ) b y Lemma Q Thus 

5 

at p and y = 0, 21 = are local equations of D2 at p. 



d r ~ x F - 

and §|f=t G 2"d 2 ,pj so that a;?/ | 0(a;, y), and a; = 0, zi = are local equations of D\ 



G = G(x, y, 0)+|^(s, y, 0)zi+- • ■+ 1 ^ r „^ (x, y, 0)z[ ^l^fo y, 0)z[+- ■ ■ 
az\ (r — lj! dz\ r\ oz{ 

d r - 1 G ( 9^F 

8 r G d r F 
-g-p-{x,y,0) = —{x,y,cl){x,y)) 

is a unit. Thus with the regular parameters (i, y,~z) in R and permissible parameters 
(x, y, zi) at p, F has the desired form. 



We cannot have at = for all i, since r > 2 and a; or xy S y 2sing($ x ),p- '— ' 

Lemma 8.6. Suppose that r > 2, C C X is a 2 curve such that C is r — 1 big or r 
small, 7r : X\ — > X is i/ie blowup of C. 

1. (a) If q £ C is a 2 point with v(q) = r — 1 tm<i G tt - (g), i/ien 

(i) 7/<7i is a 1 point then v(q\) < r anrf 7(^1) < r. 

(ii) 7/<7i is a 2 point then v(q\) < r — 1. 

(b) If q <E C is a 2 point with v(q) = r, r(q) > and gi G 7r _1 (g), i/ien 
(i) //gi is a 1 point then v(qi) < r. ^(gi) = r implies 7(51) = r. 
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(ii) If qi is a 2 point then v{q\) < r. v(q\) — r implies r(q\) > 0. 
(c) If q G C is a 3 point with v{q) = r — 1 and q\ G n^ 1 (q) then 

(i) qi a 2 point implies v(qi) < r and j{qi) < r. 

(ii) q\ a 3 point implies v{qi) < r — 1. 

2. Suppose that C C S r (X) ( so that C is r small). If q G C is a 2 point with 
v{q) = r, r(q) > and qi G ir^ 1 (q), then 

(a) If <7i is a 1 point then q x is resolved. 

(b) If qi is a 2 point then v(qi) < r. f(qi) = r implies r(q) > 0. 

Proof. Suppose that q G C is a 2 point with u(q) = r — 1, and q has permissible 
parameters (x, y, z) with 

u = oV) m 

u = P(x a y b ) + x c y d F q 

L q =T, i+j =r-l a i3 xi y j 

Suppose that qi G 7r _1 (g) and Oy 1 . qi has regular parameters (#1,2/1,2) such that 

x = xi,y = xi(yi +a) 

with a^O. Set 

zi = x\{yi + ay — 

x = d _b(c + d + r-l) 
a + b 

Thus ^(<7i) < r and 7(91) < r. 

Suppose that q\ G 7r _1 (g) and q\ has permissible parameters (#1,2/1, z) such that 

a; = x\,y = x\y\. 

Then 



u = {x a + h y\r 



v = P(x a 1 +b y b 1 )+x c 1 +d+r - 1 F gi 
implies that ^(</i) < r — 1. 

A similar argument holds at the point q\ G 7r — 1 (g) with permissible parameters 
(#1,2/1,2) such that x = x 1 y 1 ,y = y 1 . 

Suppose that q G C is a 2 point with ^((/) = r and r(q) > 0. Then (7 has permissible 
parameters (#, y, z) with 

u = (x a y b ) m 

v = P( x a y b ) + x c y d F q 

L 1 = Z (J2i+ 3 =r-l a i0l xl y 3 ) + T,i+ 3 =r a yO#V 

with some a^i 7^ 0. 

Suppose that q\ G 7r _1 (g) and Oy 1 , qi has regular parameters (#1,2/1,2) such that 
x = Xi, y = Xi (yi + a) with a^O. Set 

xi = #1(2/1 + a)~^. 

u =x[ a+b)m 

v =P qi {x 1 )+x c + d+r - 1 F qi 
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with 

F qt =z{E l+3 =r~l a i3l(yi+ a y)(yi+ a ) X +Xin + Z 2 G, (68) 

b{c + d + r - 1) 

A — d — . 

a + b 

Thus v(q\) < r and v{qi) = r implies 7(91 ) = r. 

Suppose that qi G n^ 1 (q) and q\ has permissible parameters {x\,yi,z) such that 

x = xi,y = xiyi. 

Then 

u = {x a + b y b ) m 

v = P(x a + b y b ) + x c + d+r -ViF qi 

F qi = Si+j= r -i za viyi + x i^> + z2 G 
implies v{qi) < r and f(qi) = r implies r(qi) > 0. 

A similar analysis holds at the point qi G 7r _1 (g) with permissible parameters 
(xi,yi,z) such that x = xiyx,y = y t . 

Suppose that q G C is a 3 point with = r — 1, 

li = (x a y b z c ) m 

v = P( x a y b z c ) + x d y e z^F q 

Fq = J2i+j>r-l,k>0 a ijkX l y J z 

some ayo 7^ with i + j = r — 1. 

Suppose that 51 G 7r — 1 (g) is a 2 point. 

x = xi,y = xi(y\ +a) 



with a^O. 



with 



Xi = xi(yi + a) •+<> 
u = (x1 +b z c ) m = {xfzt)™ 
v =P qi (xfz-)+xi +r - 1+e zfF qi 



b(d + r-l + e) 

— 7 > (a, c) = 1 



a F q g{xtzc) 

_d +r - 1+ e zf 



^ = {yx + af^- J^: + i t (69) 



Thus 



or 



F 9i = a w(vi + a ) j+x + zG + sin, 

■i-\-j—r—l 



Fqi = a m(yi + a ) j+X - a yoa J+A + zG + xifl, 

i+j=r— 1 

implies v{q\) < r, and 7(91) < r. 

Suppose that q G C is a 2 point with ^(g) = r and r(g) > and C C S r (X). By 
Lemma 6.26, q has permissible parameters (x,y,z) with 

u = ( x a y b ) m 

v = P(x a y b ) + x c y d F q (70) 

Fq — Y^,i+j>r,k>0 Cijk^V 3 ' z +CZX t °y : > 

where i + jo = r — 1, (c + i )b - a(d + j ) = 0, c 7^ 0. 

Suppose that qi G 7r _1 (g), and Oy xm has regular parameters z) such that 

x = xi,y = xi(yi +a) 
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with a/0. Set x± = x~i(yi + a)~~ . Then 

(a-\-b)m 

U = x\ 

v =P qi (x 1 )+x c + d+r - 1 F qi 
F qi = cz( yi + a) x+ i a + xiQ 

where A = d — b ^ c+ ^^~ 1 ^ ■ Thus q\ is resolved. 

Suppose that q\ S tt - 1 (q) , and Oy 1 , qi has regular parameters (x±,yi,z) such that 

x = xi,y = xiyi. 

Then 

u = {x a + b y<l) m 

v =P(x a + b y b 1 )+xl +d+r - 1 yfF qi 

F qi =-^ T =czy( +x 1 Q 

qi satisfies the conclusions of the Theorem since jo < r — 1 . 

Suppose that qi G 7r _1 (g), and Oy 1:qi has regular parameters (x±,yi,z) such that 

x = xiyi,y = yi. 

Then an argument similar to the above case shows that q\ satisfies the conclusions of 
the Theorem (since «o < r ~ !)■ 

□ 

Lemma 8.7. Suppose that r > 2, C C X is a 2 curve such that C is r-1 big and 

1. p G C a 2 point implies v(p) < r, and if v{p) = r then r{p) > 0. 

2. p £ C a 3 point implies v(p) < r — 1. 
Suppose that it : X\ — > X is the blowup ofC. Then 



7r- 1 (C)nS' r (X 1 ) 

contains at most one curve. If D C 7T (C) (~1 SV(ATi) is a curve, then D is a section 
over C , and D contains a 1 point. 

Suppose that D C 7r -1 (C) n 5 r (X x ) is a curve (which is necessarily a section over 
C ). Supppose that q € C is a 2 point such that v{q) = r — 1. TTien 7r — 1 (g) D D is a 1 
point. 

Proof. Suppose that g e C is a 2 point with ^(q) = r — 1. Suppose, with the notation 
of ( |67| ) of Lemma |8.6| , that there exists <7i G 7r _1 (g) with ^((ft) = r. Then there exist 
regular parameters (x%, y\, z) in Ox 1 ,q 1 such that 

£ = x lt y = x x (yi +a) 

with a 7^ 0, and ^y a £ k such that 

X! a y (yi + a) J = 7a(yi + ")~ A mod y[. 

i+j= r — 1 

—A ^ {0, . . . , r — 1} since -F g is normalized. 
Set ff (t) = £ 

l + J =r-i We have 



i\ dt 

for i < r — 1. Thus 



1 ^ = ^ /-A(-A-l)-(-A-i + l)\ a _ A 
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air-a+fV-ljaor-i" 



(r-2)! dt 



r-2 



(a) = la [ A(-A-l)..-(-A-r + 3r ) ^ x _ r+2 



(r-2)! 



a\ r -i 



7a 



-A(-A-l)---(-A-r+3)-(-A)(-A-l)---(- A-r + 2) 
(r-2)! 



^ A(-A-l)-(-A-r+3)(-A-r+l) ^ Q ,-A-r+2 



-A-r+2 



(r-2)! 

-A(-A- !)••• (-A-r + 2) 



^0 



and 



(r-1)! 

A(-A - 1) • • • (-A - r + 3)(-A - r + 1) 



^0 



(r-2)! 
since —A ^ {0, . . . , r — 1}. 

If 92 G 7r -1 (9) has v(q2) = r, and (72 7^ <7i, then there exist a ^ (3 £ k such that 



-A(-A-l)---(-A-r + 2)\ , 

«0,r-l = 7/3 I " 7Z TV, ~ ) P 



A-r+1 



= 70 



(r-1)! 

-A(-A - 1) • • • (-A - r + 3) - (-A)(-A - 1) • • • (-A - r + 2) 



which implies that 



and 



(r-2)! 



7/3 = la{-5) 
P 



-A-r+2 



, -A-r+2 



so that a = (3. 

Thus there is at most one point q\ G 7r _1 (q) with v(qi) = r. q±, if it exists, is a 1 
point. 

Suppose that q G C is 2 po int with i/(g) = r and r(g) > 0. Suppose, with 
the notation of ( |68|) of Lemma 3J3, that there exists a 1 point qi € 7r _1 (g) with 
j^(qi) = r. Then there exist regular parameters (x\,yi,z) in Oxi.gi such that x = 
xi,y = xi(yi + a). 

Set g(t) = J2t+j= r -i a m tj - % 

v{ ^2 a ui(yi + a ) j ) = r - !■ 

i+j=r— 1 

which implies g(t + a) = ao, r —i,it r which implies g(t) — <2o,r-i,i(£ — 
Thus there is at most one 1 point q\ G n^ 1 (q) with v{q\) = r. 
Suppose that q G C is a 3 point. Suppose that, with the notation of (|69|), of Lemma 

B. 6 , that there exists a 2 point 51 G it~ l {q) with i'(gi) = r. Then there exist regular 
parameters (xi,yi,z) in Qx x ,qi such that 

x = xi,y = xi(yi +a) 
with and 7 Q G k such that 

X] a ijo{Vi + a)' J = 7a(yi + a)~ X mod y\. 

i+j—i — 1 

As in the argument for the case when q is a 2 point with v{q) = r — 1, we can conclude 
that there is at most one point q\ G TT~ 1 (q) with v(qi) — r. q\, if it exists, is a 2 
point. 

Suppose that D c 7T _1 (C) n S r [X\) is a curve, which is necessarily a section over 

C, and q G C is a 2 point such that i/(g) = r — 1. Suppose there exists a 2 point 
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U 

I) 



q' G 7r 1 (q) such that q' G D. Then v{q') = r — 1 by Lemma 7.6, so that (by the 
proof of Lemma 3.6), there exist permissible parameters (x,y,z) at q' such that 

(x a y b ) m 

P(x a y b ) + x c y d F q , 

Fg> = y r ~ l + xSl + zG 

and there exists an irreducible serie s f(y, z) such that 1o,q' = (x, f(y, z)). 

Case 1 or Case 2 of Lemma |6.30 must hold. Suppose that Case 1 holds. Set x — 
in the formula of Case 1 to get that there exists a series h(y, z) such that 

F"(y (r ~ 1)a + zG(o,r, *)) = hf(y a , z) r 

V i ' f{T-,z) implies 

o(r-l)>i/(/(r,0) r )>ar 

a contradiction. 



Now suppose that Case 2 of Lemma 6.30 holds. a(r — 1) ^= be — ad since F q i is 
normalized. Set x = in the formula of Case 2 to get that there exists a series h(y, z) 
such that 

r {r - X) + zG(0,T, z) - g(0)y bc ~ ad = hf(y a , zf 
* T {r ~ 1] - 9(0)y bc - ad = h(y, 0)/(r , 0) r 

Thus 

o(r - 1) > ^(r ( ^ 1} ~ 9(0)rf c - ad ) > r V {f{TM > ra 
which is a contradiction. 

□ 



Lemma 8.8. Suppose that r > 2 and C C S r {X) is a curve containing a 1 point 
such that C is r big. let it : X\ — > X be the blowup of C . 

1. Suppose that p G C is a 1 point with v{p) — j{p) — r, and q G ir^ 1 (p). Then 

(a) If q is a 1 point then j(q) < r. There is at most one 1 point q G 7r _1 (p) 
such that j(q) > r — 1. 

(b) If q is a 2 point then v{q) — 0. 

2. Suppose that p G C is a 1 point with v(p) = r, j(p) ^ r, and q G n~ 1 (p). Then 

(a) If q is a 1 point then 7(g) < r, 

(b) If q G n~ 1 (p) is a 2 point then v{q) < r — 1. 

3. Suppose that p G C is a 2 point such that j(p) = v(p) = r, and q G 7r _1 (p). 
Then 

(a) If q is a 2 point then v(q) < r and 7(g) < r. 

(b) There is at most one 2 point q G ir^ 1 (p) such that 7(0) > r — 1. 

(c) If q is a 3 point then v(q) = 0. 

4. Suppose that p G C is a 2 point with v(p) = r and r(p) > 0, and q G 7r _1 (p). 
Then 

(a) If q is a 2 point then 7(5) < r. 

(b) 7/<7 «s tte 5 point then v(q) < r — r(p). 



Proof. First suppose that p G C is a 1 point such that z/(p) = 7(2?) = 
permissible parameters (x, y, z) at p such that Tc,p — (%> z ), 



u 
v 



P{x) + x b F p 



We have 



(71) 



f p = rz r + YH=2 a i( x > v) 



where r is a unit by Lemma 8.5 
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Suppose that q G ir 1 (p) and q is a 1 point. Then q has permissible parame- 
ters (xi,y,zi) such that x = x\, z = x\(z\ + a). Then ^(^(0,0,^1)) < r and 
v(F g (0,0,zi)) < r if a ^ 0. 

If q G 7r _1 (p) is the 2 point then g has permissible parameters (xx, y, Zi) such that 
x = x\Z\, z = z\. Then F q — — r is a unit. 

Now suppose that p G C is a 1 point with i/(p) = r and 7(p) ^ r. Suppose that 
q G 7r (p) is a 1 point. Then there exist permissible parameters (x,y,z) at p such 
that x = z = are local equations of C at p, and permissible parameters (x\,y, Zx) 
at q such that a; = Xx, z = XxZx- 

F p = a ij (y)x i z :l 

i-\-j>r 

where a r0 (0) = 0, ao r (0) = 0, and Oy(0) ^ for some i,j with i + j = r. 

F i = J = £ ««(0)*i I + *i n + f G 

1 \i+j=r J 

implies ^(^(Q, 0, zx)) < r - 1. 

At the 2 point g G 7r _1 (p), there exist permissible parameters (x,y,z) as above, 
and permissible parameters (xi, y, Zi) at q such that a; = XxZx, z = zx, 

F i = ^T = Y, aa(0)x\ + z x n + yG 

Z-i 

where Oy(0) ^ for some z < r — 1. 

Now suppose that p G C is a 2 point such that z/(p) = r and 7(p) = r. 

u = (xV) m 

u = P{x a y b ) + x c y d F 



^c,p = (^j z )- After a permissible change of parameters, we have by Lemma 8.5 

F = rz r + a 2 (x,y)z r - 2 ^ \-a r (x,y) (72) 

where r is a unit and x l \ a.i for all i. 

If pi G 7r _1 (p) has permissible parameters (xx,y, Zx) with 

x = XxZx, z = zx 

then 

Fl = T + Xxfl 

so that pi is resolved. Suppose that pi G 7r _1 (p) has regular parameters 

x = Xx,z = £1(21 + a) 

F f , \r , a 2(x,y), , r _ 2 , , a r (x,y) 
— =T{z 1 +a) H j — (zi+aj H 1 — 

Thus v(Fx(0,0,zx)) < r and v{Fx{0, 0, zi)) <r-lifa^0. 

Suppose that p G C is a 2 point such that i/(p) = r and r(p) > 0. 

u = (x a y b ) m 

v = P(x a y b ) + x c y d F 



where F G X r c = (x, z) 



F = X] a rjkx l y j z k . 



i+k>r 
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Suppose that q E ir ^p) is a 2 point. After a permissible change of parameters, 
replacing z with z — ax, q\ has permissible parameters (xi, y\,z\) such that 



X — X\, Z = X\Z\ 

u = {xly b ) r 



v =P{xly\)+x c + r y d F q 



1 i+k>r 

Fq = a i0 feZi + XiQi + yG 

Thus 7(g) < r. 

Now suppose that q E tt^ 1 (p) has permissible parameters 



so that q is a 3 point. 



x = X1Z1, z = z\ 

u = [x\y h z1) m 

v = P{xly b zl) + x c iy d z^ +r F q 

1 i+k>r 

F 1 = E a iOk x l +yG + ZiSl 
i-\-k—r 

o-r—k,o,k 7^ if k — t(j?) which implies that v(q) < r — t(j>). □ 

Lemma 8.9. Suppose that r > 2, C C S r (X) is a curve containing a 1 point such 
that C is r small. 

1. Let n : Y — > X be the monodial transform centered at C. 

(a) Suppose that p E C is a generic point. If q € 7r -1 (p) is a 1 point then 
v(q) = 1. If q £ TT~ 1 (p) is the 2 point then v(q) < r and u(q) = r implies 
r(q) > 0. 

(b) Suppose that p E C is a 2 point such that v(q) = r — 1. If q E 7r _1 (p) is a 
I? point then v(q) = 0. If q E ir^ 1 (p) is a 3 point then v(q) < r — 1. 

2. Suppose that p E C is a 1 point such that v{p) = r or a 2 point such that v(p) = 
r and r(p) > 0. TTien t/iere exists a finite sequence of quadratic transforms 
a : Z —> X centered at points over p such that if q E a~ 1 (p) is a 1 point then 
v {q) < r - v {q) = r implies 7(g) = r. If q E cr^ 1 {p) is a 2 point then v(q) < r. 
v{q) — r implies r(q) > 0. If q E a^ 1 (p) is a 3 point then vicf) < r — 1. The 
strict transform of C intersects cr _1 (p) in a 2 point p' such that v(p') = r — 1 



Proof. Suppose that p E C is a 2 point. By Lemma p.27| , there are permissible 
parameters (x, y, z) at p with %c,p — (x, z) such that 

u = (xV) m 

v = P( x a y b ) + x c y d F p (73) 
F p = x r ~ 1 y n + E i+ fe>r a l]k x l y j z k 

with n > 0. Suppose that v{p) — r and r(p) > 0. Then n > and a^ofe 7^ for 
some i, k with i + k = r and k > 0. Let 7r' : X' — > X be the blowup of p. Perform n 
quadratic transforms, m : Xi — > X, centered at the 2 point which is the intersection 



of the strict transform of C and the exceptional divisor. Then by Theorem 7.2 
1. All 1 points q in n^ 1 (p) with v(q) = r have 7(9) = r. 
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2. All 2 points q £ it with v(q) = r have r(q) > 0. 

3. All 3 points q £ ir^ 1 (p) have v(q) < r — 1. 

If C\ is the strict transform of C , and q is the exceptional point on C\ , then there 
are permissible parameters (x\,y\, z\) at q such that 

x = xivx, v = yi,z = z iVi 

u = (4y" a+b ) m 

rp _ T—X i v - ^ i n(i+k—r)+j v'^J 

where Ici,q = (xi,z{). Thus ^(q) = j — 1. 

Suppose that p e C is a 1 point with ^(p) = r. Then by Lemma 6.25 there are 
regular parameters (a;, y, z) in Ox,p such that Tq v — (x, z), 

with n > 1. There are only finitely many 1 points in C such that n > 1. 

Suppose that n > 1. Then ^ for some aiofc with i + k = r and k > 0, so that 
r(p) > 0. Let A : Z — » A 2 be the sequence of n quadratic transforms centered first at 
p, and then at the intersection of the strict transform of C and the exceptional fiber. 

Let C be the strict transform of C on 2. Let q 1 be the exceptional point of A on 
C . By Theorems [7j] and 7.2 , the conclusions of 2. of the Theorem hold at all points 



above p, except possibly at q' . q' has permissible parameters {x\, yi, z±) such that 

x = x x y™,y =y u z= Ziy™. 



F q ' — „",. — X 1 + J2i+k>r a ijkX\y 1 



z 



Thus v(g') = 1 — 1 and C" has the form ( |73| ) with n = at g'. 

Let 7r : Y — > X be the blowup of C . Suppose that p £ C, and p is a 2 point such 



that z^(p) = r — 1 so that (73) with n = holds at p. Suppose that q £ ir 1 (p), and q 



has permissible parameters (xi, yi,zi) such that 

x — x\, z — Xi(z\ + a) 

After making a permissible change of variables, replacing z with z — ax, we may 
assume that a = 0. Then i 7 ^ = -f=t, so that = 0. 

Suppose that q £ tt (p), and q has permissible parameters (x\,y, Z\) such that 



x\Z\, z = Zi 



-^9 — — X l + Si+fe>r a ijkX\y J Z 1 

z l — 

so that z^(g) < r — 1. 

Now suppose that p g C is a generic point, so that (|75| ) holds with n = 1 at p. 
Suppose that q £ 7r (p), and q has permissible parameters (#1,2/, Z\) such that 

£ = Xi, z = £1(^1 + a) 

After making a permissible change of variables, replacing z with z — ax, we may 
assume that a = 0. Then _F g = — f=t, so that = 1. 

Suppose that g 6 i" (p)) and g has permissible parameters (x\,y, z\) such that 



X = X\Z\, z = Z\ 
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U = {xiz^ - 
so that v(q) < r, v(q) = r implies r(q) > 0. 

□ 

Lemma 8.10. Suppose that r > 2, C C S r (X) is a curve containing a 1 point such 
that C is r small and "f(q) = r for q G C . 

1. Let n : Y X be the monoidal transform centered at C . 

(a) Suppose that p £ C is a generic point. Then v(q) < 1 if q S 7r _1 (p). 

(b) Suppose that p € C is a 2 point such that v{p) = r — 1. Suppose that 
q € 7r _1 (p). TTiera z/(g) = if q is a 2 point, and v(q) < 1 if q is a 3 point. 

2. Suppose that p € C . Then there exists a finite sequence of quadratic transforms 
a : Z —t X centered at points over p such that v(q) < r, and 7(g) < r if 
q € cr _1 (p) is a 1 or 2 point. v{q) = if q is a 3 point, and the strict transform 
of C intersects a~ 1 (p) in a 2 point p' such that v(p') = r — 1 and j(p') = r. 



Proof. Suppose that p € C is a 2 point. By Lemma 6.27, there exist permissible 



parameters [x, y, z) at p such that 2 = z = arc local equations of C at p 



u = P(x a y b ) + x c y d F p 

"ljl:- r "" 

i-\-k>r 

with r' a unit, n > 0, and aoor 7^ 0. 

Suppose that 7/(p) = r — 1. Then n = and r(p) = 0. Let 7r : F — > X be the 
monoidal transform centered at C. 

If g G ir^ 1 (p) is a 2 point, then after a permissible change of parameters at p, we 
have that q has permissible parameters {x\, y, z\) such that x — x\, z — x\Z\. 

F q = -^ I ^r'{y)+x 1 n 

x x 

so that u{q) = 0. 

If q G 7r _1 (p) is the 3 point, there exist permissible parameters (x\, y, z\) at q such 
that x = x\Z\, z = z\. 

F q = 4 L T=r'(y)x r - 1 + J2 a ijkX yz\ +k -^ 
Z l i+k>r 

aoor 7^ implies v(q) < 1. 

Suppose that p is a 2 point and v(p) — r. Let <r : Y —> X be the quadratic 
transform with center p. Suppose that q £ cr -1 ^) is a 1 point or a 2 point. Then by 



Theorem 7.3, v{q) < r and 7(g) < r. If (7 is a 3 point then = 0. At the 2 point 
q on the strict transform of C, we have permissible parameters {x\,y\, z±) such that 
x = Xiyi, y = y%, z = xiy±. x\ = z\ — arc local equations of the strict transform of 
C at g. 

F q = r'(y)x[- 1 yr 1 + £ Wi?^^! 

i+fc>r 

of the form of ( |76| ) with n decreased by 1. 

By induction on n, we achieve the conclusion of 2. after a finite sequence of 
quadratic transforms. 
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Suppose that p£ C is a 1 point. By Lemma 6.25, there exist permissible parameters 



(x, y, z) at p such that x — z — are local equations of C at p, 
u = x a 

v = P{x) + x c F p (77) 
F p = x r - 1 T'{y)y n + J2 l+k > r a l0k x^z k 

with t' a unit, n > 1, aoor 7^ 0. 

Suppose that p £ C is a generic point so that ri = 1. Let 7r : Y — > X be the 
monoidal transform centered at C. If g € rr" 1 ^) is a 1 point, then after making a 
permissible change of parameters at p, there arc permissible parameters (x±, y, z\) at 
q such that x — x%,z = X\Z\. 

implies v(q) = 1. If q G ir~ 1 (p) is the 2 point, then there are permissible parameters 
(xi,y, z\) at q such that x = x\Z\ 1 z = z%. 

F q = ^T=x[-W(y)y+ £ a^z^-^ 

Z ! i+fc>r 

which implies that v{q) < 1 since aoor 7^ 0. 

Suppose that n > 2 in (|77|). Let er : F — > X be the quadratic transform with center 

P- 

Suppose that q G (7 _1 (p). Then q is a 1 or 2 point, and < r, 7(9) < r by 



Theorem 7.3 



At the 2 point q G 7r which is contained in the strict transform of C, there 
are permissible parameters y 1; Z\) at q such that x = Xxy%, y — yx, z — y\Z\. 

u = {xiyi) a 

F q = ff = aT'l/rVfoi) + E l+k > r ankx\y\ +j+k - r zl 

The strict transform of C has local equations x\ = Z\ = at q. We are thus at a 
point of the form of ( f76| ) with n decreased by 1. 

We thus achieve the conclusions of 2. after a finite number of quadratic transforms. 

□ 



Lemma 8.11. Suppose that r = 2 in Lemma 8. I|CC S 2 {X) is a curve containing 



a 1 point such that C is 2 small, j(p) — 2 if p G C, v{p) = 1 if p G C is a 2 point 
and p is a generic point of C (n = 1 in fifty) if p G C is a 1 point. Let ir : Y — > X be 
the monodial transform centered at C . Suppose that there exists a 2 point p G C such 
that v(p) = r — 1 = 1, and q G ir^ 1 (p) is a 3 point such that v(q) = 1, or p G C is 
a generic point of C (n = 1 m and q G 7r _1 (p) is a 2 point such that v(q) = 1. 

Lei C 6e i/ie I? curve through q which is a section over C. Then F q > G /or aZ/ 

g'eC. 

Suppose that there does exist a 2 curve C which is a section over C such that 
F q ' G X-q , for q' G C. Let 7Ti : Z — > Y be the blowup of C. Then 

1. Suppose that q G C is a 2 point such that q G ir^ 1 {p) where p is a generic point 
ofC(n = lin^) : andq'<=,TT^ 1 {q). 

(a) If q' is a 1 point then v{q') = 1. 

(b) If q' G Tr^ 1 (q) is a 2 point then j(q') < 1. 

2. Suppose that q G C is a 3 point such that q G 7r _1 (p) where p G C is a 2 point 
such that v(p) = 1 and 0/ G 7r _1 (q). 
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(a) If q' is a 2 point then 7(9') < 1. 

(b) If q' is a 3 point then v{q') = 0. 

Proof. If p G C is a 2 point with j/(p) = 1 (and 7(p) = 2), then there exist permissible 
parameters (x, y, z) at p such that 

u = (x a y b ) m 

v = P{x a y b ) + x c y d F p 



where x = z = are local equations of C at p. There exist permissible parameters 
(xi,y,z\) at the 3 point q G n^ 1 (p) such that x = x\Z\,z = z\. 

u = (x1y b zt) m 

v = P{xly b zf) + xly d zl +1 F q (78) 

Fg =X% + Zl 

and Xi = z% = are local equations of C at q. We have F q € T-^ which implies 



F q i e ? , if q' G C by Lemma I8J 



If p € C is a generic point, then p is a 1 point and there exist permissible parameters 
(x, y, z) at p such that 

i+k>2 



F p = xy + ^ a ljk x'ir 



with aoo2 7^ and x = z = are local equations of C at p. There exist permissible 
parameters (xi, z±, y) at the 2 point q S Tr -1 ^) such that x = XiZi, 2 = z\. 

and xi = zi — are local equations of C at q. Since (Z002 7^ 0, there exist permissible 
parameters (xi,zi,j/i) at g such that 

F g = xiyi+Ii (79) 

and Xi = Z\ = are local equations of C at g. 

We have F q G 2^ implies F q > G 2"^ , for all q' € C by Lemma [B.l| 
1. follows from 

Suppose that g € C is a 3 point, with permissible parameters (xi,y, Zi) such that 
( frS[ ) holds at <?. Suppose that g' € 7rf x (g). If g' is a 3 point, then v(q') = 0. Suppose 
that q' is a 2 point. Then there exist regular parameters (x%, y, Z2) in Oz, q > such that 

Xi = x 2 ,zi = x 2 {z 2 + a) 

with a^O. 

u = (a^Vfei + a) a ) m = (x 2 2 a y b ) m = (xf/)™ 
where x 2 = X2(^2 + a) - 2 , (a, 6) = 1. 

v = P q , (xf/) + xf C+ V (1 + a + z 2 ) 
Thus 7(3') < 1 and 2. follows. 

□ 
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9. Power series in 2 variables 

Lemma 9.1. Suppose that R = k[[x,y]] is a power series ring in two variables and 
u(x,y),v(x,y) £ R are series. Suppose that R — ► R' is a quadratic transform. Set 
Ri = R' . Then (u,v) are analytically independent in Ri if and only if u and v are 
analytically independent in R. 

Proof. By Zariski's Subspace Theorem (Theorem 10.6 ||), R — > R\ is an inclusion, 
and the Lemma follows. □ 

Lemma 9.2. Suppose that R — k[[x,y\] is a power series ring in two variables over 
an algebraically closed field k of characteristic and u(x,y),v(x,y) £ R are series 
such that either 



u = (x a y b ) m 

with (a, b) = 1. Then u and v are analytically dependent if and only if there exists a 
series p(t) such that v — p(x) in the first case and v = p{x a y b ) in the second case. 

Proof. First suppose that u — x a and v — p(x) is a series. Let u be a primitive a-th 
root of unity. 

a-l 

= Y[(v-p(uj l x)) € k[[u,v}} 

i=0 

implies u and v are analytically dependent. 

Now suppose that u — x a and u, v are analytically dependent. Suppose that v is 
not a series in x. Write 

v = q(x) + x F 

where q{x) is a polynomial, x j/ F and F(0,y) is a nonzero series with no constant 
term. 

F(0,y) = y r Kv) 

for some r > where fi(y) is a unit series, x and x b F are thus analytically dependent, 
and x and F are analytically dependent. There exists an irreducible series 

p(s,t) = ^2ajjsH J 

such that 

which implies that 

o = a ^F(o, y y = a 0j y rj ^y) j , 

a contradiction, since p(s,t) irreducible implies some a^j ^ 0. Thus v is a series in x. 

Now suppose that u — (x a y h ) m and v = p(x a y b ) is a series in x a y b . Let w be a 
primitive m-th root of unity. 

m— 1 

0= \{{v-p{uj l x a y b ))&k[[u,v\] 

i=0 

implies that u,v are analytically dependent. 
Suppose that 

u = (x a y b ) m 

and u,v are analytically dependent. Consider the quadratic transform 

R^ Ri = R[xi,yi]( Xl , Vl ) 
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where x = x\,y = x\{y\ + 1). R\ has regular parameters {x\,y{) where 

x\ = xi(yi + 

Thus in R\, u = xj a+f> ' m . Since u,v must be analytically dependent in R\, there 
exists a series q(x\) such that v — q(x\), by the first part of the proof. 

Suppose that v is not a series in x a y b . Write v = J2 o-ijX l y J ■ There exists a smallest 
r such that there exists «o, jo such that io + jo = r, bio — a jo 7^ and ai j 7^ 0. 

i-\-j<r,aj — bi— i+j—r 



implies 



so that 



Thus 



^ <Hj (yi + a) 3 € k 

i-\-j=r 

(j/i + a)^+b ( ^2 a ij {y 1 +ay) = cek 

i+j=r 

^ ai]{yi + a )' J = c ivi + ■ 

i-\-j=r 

br 

€{0, r} 



a + b 

and jo — This implies that ajo — bio = 0, a contradiction. Thus v is a series in 
x a y b . □ 

Lemma 9.3. Suppose that R = k[[x,y]] is a power series in two variables over an 
algebraically closed field k of characteristic 0, u — x a or u = (x a y b ) m , and (u,v) are 
analytically independent, let n : X — » spec(R) be the blowup of m — (x,y). Then for 
all but finitely many points q € n (m) there exist regular parameters (x,y) in Ox.q 
such that there is an expansion 

v = P(x)+x b y (80) 

Proof. First suppose that u — x a . Write v = P(x) + x b F where x jf F and F has no 
terms which are powers of x. Write 

F = a v xi y j 

where r = v{F). There exists jo > such that io + jo = r and di j 7^ 0. For all but 
one point q S 7r _1 (m) there are regular parameters {x\,y\) in Ox,q such that 

x = xi,y = xi(y 1 +a) 

with a € k. 



u = x\ 

v = P{x x ) = x b+r (j: i+J=r a r] { yi + a y + Xl Sl) 



(81) 

v has an expansion ( |30D if and only if 

4S^i+i=T "iiiyi + 1^=0= V r r J"r .,J ' + 0. (82) 

Since 

i-j-j=r 
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has at most finitely many roots, all but finitely many q G ir (m) have an expansion 
©■ 

Now suppose that u = (x a y b ) m . Write 

v = P(x a y b ) + x c y d F 
where x, y jf ' F and x c y d F has no terms which are powers of x a y h . Write 

where r = v{F). 

For all but two points q G n (m) there are regular parameters (xi,yi) in Ox,q 
such that 

x = xi,y = xi(yi +a) 

with a^O. There are regular parameters (xi,yi) in Ox,q such that 

xi = Xi(yt + a)-^Tb. 
u =x[ a+b)m 

v =P(x i f +b)m )+x c 1 +d+r (y 1 +a)^ 

where 

b(c + d + r) 



A = d- 



a + b 



(yi+a) X — = d l3 {yi+ay +x +x^. 

x i-\-j—r 

v does not have an expression ( |80| ) at q if and only if there exists c a G k such that 

r 

}^a r -jj(yi +a) J = c a (yx + a)~ A mod (yi) 2 . 

3=0 

Set aj — a r -j^. Suppose that q does not have a form (|S0|). Then 



ajop = c a a x 



3=0 



and 



implies 



y } j jcijCtP 1 = — c a Xa x 1 

3=0 



(-X)J2^ = J2^i aj - (83) 

3=0 3=0 

If there are infinitely many values of a satisfying (|83|), then (—A — j)aj = for 
< J < r, which implies that —A G {0, ... ,r} and the leading form of F is 

L = a^x'y 3 = a r+x ,-\x r+x y~ x . 

i-\-j=r 

Thus x c y d F has a nonzero x c+r+x y d ~ x term. 

a(d — A) — 6(c + r + A) = ad - b(c + r) - (a + b)X 

= ad-b(c + r)-(a + b)(d- b -^l) 

= ad - b(c + r) - (a + b)d + b(c + d + r) = 



76 



STEVEN DALE CUTKOSKY 



which is impossible since F is normalized (contains no terms which are powers of 
x a y b ). Thus there are at most a finite number of points q £ 7r -1 (m) where the form 
1(1 does not hold. □ 



Theorem 9.4. Suppose that k is an algebraically closed field of characteristic zero, 
B is a powerseries ring in 2 variables over k. Suppose that u,v £ B are analytically 
independent, and there exist regular parameters (x, y) in B such that u = x a or 
u = x a y b . Let A = spec(B). Then there exists a sequence of quadratic transforms 
7r : X — > A such that for all points q G X, there exist regular parameters (x,y) in 
Ox.q such that either 

u =x a . . 

v = P{x)+x b y c [ ' 

or 

v = P{x a y b ) + x c y d { ' 

where (a, b) — 1 and ad — be 0. 

Throughout this section, we will use 



Theorem B. 4 will follow from Theorem 9.15 



the notations of the statement of Theorem 9.4 



If A — > spec(fc[[u, v]]) is weakly prepared, then a stronger result than the conclu- 
sions of Theorem ^4| are true in B. 

Remark 9.5. With the assumptions of Theorem \9.A, further suppose that 



I dudv du dv 
dx dy dy dx 



Then there exist regular parameters (x, y) in B , and a power series P in B such that 
one of the following forms holds. 

v =P(x)+x c y (86) 
v =P(x) + x c y d 1 ' 

where (a, b) = 1 and ad — be =/= 0. 

Proof. (7.4 0) With our assumptions, one of the following must hold. 

= f e (88) 

U x Vy - UyV X = 0X C 

where 8 is a unit or 

u = (x a y b ) r 

u x v y - u y v x = 8x e y 1 

where a, b, e, / > 0, (a, b) — 1 and 8 is a unit. 

Write v = Yl a H xi V^ ■ First suppose tha t (|8§| ) holds. Then ax a ~ 1 v y = Sx e implies 
we have the form (^6|). Now suppose that (|89[) holds. 

u x v v - u y v x = ™{aj - bi)a lJ x am+ ^ 1 y bm+ ^ 1 = 5x e yl '. 

Thus 

v= ^2 aijx'y 3 +ex c y d 

aj — bi—0 



= 5x<yf ^ 
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where e is a unit. After making a change of variables, multiplying x by a unit, and 
multiplying y by a unit, we get the form (|87|). □ 

Definition 9.6. Suppose that $ : X — > A is a product of quadratic transforms, p is a 
point of X . We will say that (u,v) are 1-resolved at p if there exist regular parameters 
(x, y) in Ox,p such that one of the forms ^82 ) or M^ j hold at p. 

For the rest of this section, we will assume that 

$ : X -> A 

is a sequence of quadratic transforms. 

Suppose that p € X is a point. Then there are regular parameters (x,y) of Ox,p 
such that u — x a y h , and a > 0, b > 0. 

Suppose that b > 0. Let m = (a,b), let a = — , & = — . There are power series 
P(t) and F(x,y) such that a; does not divide F, y does not divide F, x c y d F has no 
nonzero terms which are powers of x a y b and (in Ox,p) 

u = (x»y b r rqo x 
v = P{x a y b ) + x c y d F(x,y) v 7 

In this case, we will say that p is a 2 point. 

If 6 = 0, there are power series P(t) and F(x, y) such that x does not divide F, F 
has no nonzero terms which are powers of x and (in Ox, P ) 

(91) 

v = P(x)+x c F(x,y) { ' 

In this case we will say that p is a 1 point. 

Suppose that p € X, and (x, y) are regular parameters in Ox,p such that (u,v) 
have one of the forms ( |90| ) or Set 

_/ % J mult(_F) — 1 if p is a 1 point 
[ mult(-F) if pis a 2 point 

Lemma 9.7. I'(p) is independent of the choice of regular parameters (x,y) in 
or M). 



Proof. First suppose that p is a 2 point. To express m and u in the form (90) we can 
only make a permissible change of variables in x and y, where a permissible change 
of variables is one of the following two forms: 

x = u x x, y = uj v y where w™ a w™ fc = 1 (92) 

or 

y = uj y x, x = uj x y where w™ a w™ fc = 1 (93) 

where u> x , are unit series. V{p) does not change after a change of variables of one 
of these forms. 

Now suppose p is a 1 point. To preserve the form (|9l]) we can only make a permis- 
sible change of variables, where a permissible change of variables is of the form: 

x = uj x x, y = (f>(x,y) where mult(0(O, y)) = 1. (94) 

and u) x € k is an o-th root of unity. Then 

where is a unit. Write 

ip(x) =^biX l . 
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(95) 



u = x 

v = P(x) + x c F(x, y) 
where 

F = u x (F(u x x, 4>{x,y)) - F(w x x, </>(x, 0))) 
P(x) = P(uj x x) + x c lj c x F{u x x, <f>(x, 0)) 
Suppose that the leading form of F is 

L = ^2 atjx'y . 

i+j=r 

The leading form L of F is then 

W S( ^2 a ij u> x x l (e(y - hx)) 3 - ^ a i:j u} x x l (-ebix) 3 ) 

i+j=r i+j=r 

where e = 4>(0, 0). L is nonzero since ^ for some j > 0. □ 

(u, v) are 1-resolved at a 2 point p if and only if F is a unit, (u, v) are 1-resolved 
at a 1 point p if and only if F(x,y) — g(x,y) d + h(x) for some series g(x,y) with 
mult(g(0,y)) = 1, and positive integer d. 

Theorem 9.8. Suppose that g : X\ — > X is a quadratic transform, centered at a 
point p of X, and p\ e X\ is a point such that g(pi) = p. Then 

HPi) < v{p). 

If (u,v) are 1-resolved at p then (u,v) are 1-resolved atp\. 
Proof. First suppose that p is a 2 point. Write 

in where r = mult(F) = F(p). Suppose that Ox llPl has regular parameters 

(xi, yi) such that x = x\,y = X\(y\ + a) with a^O. Define x\ by 

-b 

xi = xi(yi +a)*+ b . 
Then (x\ , y\ ) are regular parameters in Ox x , P1 ■ 

u = x™ {a+h) ( Vl +a) mb = xl l{a+b) . 

F 



v = P(^+ b ) + x' i +d+r \y l + a)\-) 



where A = rf- fc(c+ f+ r) . 



F = ^ o ij a;I(»i+a) J '+a:; +1 n. 

i+j=r 

F 

where aj = a r -j,j- We have 



U =^" (a+b) 

« = P(Si)+^+ d +''F(S 1 ,y 1 ) 

where 

p = p(frv^(a) f ( ^y^ fi) ) 



(96) 
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F=(yi+a) ( — ^- )-(pt) ( ) 

(j/i + a) °-+bx\ a a + b x\ 

Set 



/? = (£• 
3=0 

Suppose that V{p\) > v{p) = r, so that 

mult(F) > mult(F) + 2 = r + 2. 

Then 

r 

Gfr + a) x (J2 a i^i + - /? = mod ( yi ) r+2 . 
/3 7^ since Y?j=o a j (^i + a ) J ' ^ 0- We have 

r 

J2 a M + a ) j = 0(w + *r x mod (yi) r+2 (97) 

3=0 

First suppose that — A G {0, 1, . . . , r}. Then 

r 

Y,aj(yi+ay = (3( yi +a)- x 
3=0 

where < = — A < r. Thus the leading form of F is 

= I3x r+X y- X 

= /fe'-y 

So the leading form of F is [3x r ~ t y t . Thus (3x c+r ^ t y d+t is a nonzero term of x c y d F. 
Since 

^ 6(c + rf + r) 

1 = 7T d ' 

a + b 

we have 

6(c + r - t) - a(d + t) = 

so that x c+r ~ f y d+t is a power of a; a y b , a contradiction. 

We must then have — A ^ {0, 1 . . . , r}. But then the coefficient of f3(yi + a)~ x 
is non zero, a contradiction to (|97|). 

Now suppose that p is a 2 point and 0Xi,pi has regular parameters (xi,yi) such 
that a; = x%,y = x%yi. Write 

F = J2 a iJ xi V j - 

£+j>r 

Then 

,, _ _"»(<»+&) ,.*n& 

« = P(x? + ^)+zf d+ V^i,yi) 1 ' 

where P = P, F = 4- We need only check that ^ has no nonzero x" j/f terms with 
6(c + d + r + a) = (a + 6)(cZ + f3). We have that a tj = if 6(c + i) - a(d + j) = 0. 

* \ A i-\-j — r j 

~F ~ / , a ij x l Vl' 
x 1 



so 



STEVEN DALE CUTKOSKY 



Suppose that b(c + d + r + a) = (a + b)(d + (3). Set % = a - (3 + r, j = (3. Then 
b(c + i) — a(d + j) = 0, and a,j = 0. But this is the coefficient of xfy± in -pr. We have 

mult(F) < mult(F). 

The above argument also works, by interchanging the variables x and y, in the 
case where p is a 2 point and Ox ltPl has regular parameters (xi,yi) such that x = 

xiyi,y = vi- 

Now suppose that p is a 1 point and C?Xi,pi has regular parameters (xi,yi) such 
that x = X\yi, y = y\. Write 

F = a a xi y j - 

i-\-j>r 

Then 

M= - W 4.- (99) 

where P = P, F — We must show that _F has no nonzero terms yf terms with 

a = r + (3. But this is impossible since F has no nonzero x l terms, with i > 0. 
The leading form of .F is 

r-i 

i=0 

since a r o = 0, where some a,j ^ with i+j = r, j > 0. Thus mult(F) < mult(F) — 1. 

Now suppose that p is a 1 point and 0jti,pi nas regular parameters (xi,yi) such 
that x = Xi, y = Xi(yi + a). By making if necessary a permissible change of variables 
at p, replacing y with y — ax, we may assume that x = X\,y = X\y\. Write 

/' X! "<•/•'''•'/''• 

i-\-j>r 

where = for all i. 

v = P(x 1 )+xl +r F(x 1 ,y 1 ) 

where P = P. F = F has no nonzero terms which are powers of x\. Thus 

x i 

mult(F) < mult(F). 

□ 

Suppose that p £ X. Set 

if p is a 1 point and mult(F) = mult(F(0, y)) 
a (p) = { | if p is a 2 point 

1 if p is a 1 point and mult(F) < mult(F(0, y)) 

Lemma 9.9. cr(p) is independent of the choice of permissible parameters (x,y) at p. 



Proof. The proof of Lemma 3.7 shows that mult(F(0, y)) is independent of the choice 



of permissible parameters at a 1 point. □ 

Lemma 9.10. Suppose that g : X\ — > X is a quadratic transform, centered at a point 
p of X , and p\ G X\ is a point such that g(pi) = p. Further suppose that p is a 2 
point, p\ is a 1 point and v(p\) — v(p). Then a(p\) = 0. 
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Proof. Oxt,pt has regular parameters (£1,3/1) such that x = X\,y — £1(3/1 + a) with 
a^O. Let r = mult(.F ). mult^i) = mult(F) + 1 = r + 1. Let 

F = J2 

As in the analysis leading to (|97|), 

F l = ( Vl + a) x + - P mod (x 1: y r + 1 ) (100) 

for some j3 £ k. If Fj = mod (xx, Ui +1 ), then (3 ^ and —A ^ {0, 1, . . . , r}, as in 
the proof of Theorem 9.S . Then 

Fx = (y 1 + a)* (- r^-\ r 1 l 1 ]t X - r) a- x - r - 1 )y r 1 +1 mod ( Xl ,y{ +2 ) 

= - r H - X -^l X - r) a-^y{ +1 mod ( Xl ,y^) (101) 

Thus mult(Fi(0,yi, Zx)) = r + 1. □ 

Lemma 9.11. Suppose that g : Xx — > X is a quadratic transform, centered at a 1 
point p of X and p\ is a point above p such that g{p\) = p. 

If Pi is a 1 point andv(px) = V(p), then o(px) = 0. If o(p) = and pi is a 2 point 
then v(pi) = 0. 

Proof. First suppose that a(p) — and p\ is a 2 point. Then 0Xi,pi has regular 
parameters (xx,yx) such that x = £13/1,3/ — y%. 

F = J2 a v x% V j 

with aor =/= 0. 

r-l 

Ji = ^ a it r-ix\ + yxfl. 

i=0 

is then a unit. 

Now suppose that pi is a 1 point and ^(pi) = ^(p)- After appropriate choice of 
permissible variables (x,y) at p, Ox^pi has regular parameters (xi,j/i) such that 
x = xi, y = aiij/i. Set r = mult(F) = mult(Fi). Then Fx = and 
mult(Fi(0,3/i)) = r. □ 

Theorem 9.12. Suppose that g : X\ — > X is a quadratic transform, centered at a 
point p of X, and p\ is a closed point such that g(pi) = p. IfV(pi) = V(p), then 
o-(pi) < o-(p). 



Proof. This is immediate from Lemmas 9.1C and 9.11. □ 
Suppose that 

T ~ 'Hj- 



F= ^ a ijX % y j 



i+j>r 

has multiplicity r. Define 

5{F\ x, y) = min( : | j < r, a io ^ 0). 

r-j 

8{F;x 1 y) — oo if and only if F = y r u>, where to is a unit. If S(F;x,y) < oo, then 
5(F;x,y)e XN. 



82 



STEVEN DALE CUTKOSKY 



Suppose that pel. If (x, y) are permissible parameters at p with one of the forms 
© or ©, set 

8(p;x,y) = 8(F;x,y). 

Then set 

5(p) = sup(6(p;x,y)) 

where the sup is over all permissible parameters at p. Note that if p is a 2 point, then 

5(p) = m&x(8(p;x,y),8(p;y,x)) 

if (x, y) are a particular choice of permissible parameters at p. 

If p is a 2 point and v{p) > 0, then 8{p) < oo. If p is a 1 point and <r(p) = 1, then 
<5(p) = 1, since 8{p;x,y) = 1 for all permissible parameters (x,y). 

Lemma 9.13. Suppose that p is a 1 point, <j(p) = and [x, y) are fixed permissible 
parameters at p. Then there exists a power series t(x) such that 

8{p) = S(p;x,y- t(x)). 

If 8{p) < oo, then t(x) is a polynomial. 

5(p) > 8 = 8(p; x, y) if and only if 8 € N and 

OijX l y3 = r(y — cx S ) r + Xx rS 

i+8j—rS 

for some t,c, X € k with c =/= (so that A = — r(— c) r ). 

Proof. Suppose that (x,y) are also permisible parameters at p. Then x — Xx, with 
X a = 1 and y = 4>(y — t(x)) for some unit series <fi and series t(x). 

5(p;x,y) = 8{p;x,y~t(x)) 

Thus 

S(p) — sup((5(p; x, y — t{x) \ t{x) is a polynomial of positive order). 

(102) 

Let 8 = 6(p;x,y), 

L= ^2 a ij xl y 3 ■ 

i+8j—r8 

so that 

F = L+ OijX i y j - 

i-\-5j>r5 

Suppose that 

L = r(y- cx s ) r + Xx rS 

for some r, c, A € k with ^ c. Set yi = y — cx s . Then 6 € N and 8{p;x,y\) > 
8{p; x, y) since 

where 

v = P 1 {x) + xlF 1 

is the normalized form of v with respect to (x, y\). We can repeat this process, with 
y replaced by y — cx s . The process will either produce a polynomial t(x) such that if 
yi = y — t(x), and Si — 8(p; x,y\), then 8\ ^ N, or 8\ € N and 

•'•'.'/,' ^ t( W - cx 51 ) r + Ax^ 1 (103) 

i-\-Sij—rSi 
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for any r, c, A S k with ^ c, or we will produce a series t(x) such that if y\ = y — t(x), 
then x, yi) = 5(p) = oo, so that Fi = y[0, where is a unit series. 

Su ppose that we have produced y\ such that d(p; x,y\) ^ N or S(p; x, y%) G N and 
( 103) ho lds. We will show that 5(p) = S(p; x, y\). Suppose that 5\ = S(p; x, y\) < 5{p). 
By ( 102) ) , there is a polynomial 

t(x) = eiX 1 

such that if y% = y% — t(x), then 8(p;x,y 2 ) > 5(p;x,yi). Substitute y\ — y 2 + t(x) 
into 

Fx = aij x% y{ + a i:j x l y{, 

and normalize with respect to the permissible parameters to get 

v = P 2 (x)+x c F 2 {x,y 2 ). 

Let d = ord (t(x)). xhj{ = x l {y 2 + t(x)) J has nonzero x l+md y 3 2 ~ m terms with < 
m < 3i and may have other nonzero x l+md+1 y 3 2 ~ m terms with < m < j, 7 > 0. 

Suppose that e? < 5j = S(p;x, yi). The expansion of y\ has a nontrivial x d y[~ 1 
term. Suppose that x % y\ is such that its expansion has a nontrivial x d y r i ~ 1 term. 
Then d = i + md + 7, r — 1 = j — m with < to < j, i, 7 > 0. d(l — to) = i + 7 > 
implies m = or 1. m = implies j ' = r — 1, i < d. ciij = in this case since 

i + <5ij <d + 8i(r - 1) < <5i7\ 

to = 1 implies i = 0, j = r. Thus there exists a nontrivial x d y\~ 1 term in F 2 {x,y\) 
which implies that 6 2 < Si, & contradiction. Thus d > 81. 

We then see that if i + 8ij > rSi, then all terms x a yP in the expansion of x % y\ = 
x l (y 2 + t(x)) 3 satisfy a + 8i(3 > r5\. Since S 2 < 81, we see that 

V- - „i/„ , _ / + terms with i + Sij > rSi if 5i £ N, 

2^ (HjX W2 t- nijj S cy r + forSi + terms with { + Sl j > rSl if 5l e N _ 

i+Sij—rSi 

Thus mult(t) = <5i and 

Y a tj x l y{ = c(yi - e Sl x Sl ) r + dx rSl 

i+Sij—rSi 

a contradiction. □ 



Lemma 9.14. Suppose that g : X\ — > X is a quadratic transform, centered at a point 
p of X , and pi G Xi is a closed point above p such that g{pi) — p and V(pi) — v{jp). 

Suppose that p and pi are both 2 points. Then S(pi) — 5(p) — 1. 

Suppose that p and p\ are both 1 points, a(p) — and S(p) < 00. Then 8{pi) = 

S(p) -i- 

Proof. Suppose that r = mult(_F). 

First suppose that p and pi are both 2 points. Then p has permissible parameters 
(x,y) and Ox 1>P1 has permissible parameters (xi,yi) such that x = xi,y = xiyi. 
Since F\ — ^r, 8{vi;x\,y\) = 8{p;x,y) — 1. Since v(pi) = v(p), we have F = 

^2 oiijX l y 3 with dij = if i+j < r and j < r. Thus ao r ^ 0, so that 5{p; y, x) = 1 and 
5{p;x,y) > 1. Thus 5{p) = S(p;x,y). Since mult(Fi) = r and mult(Fi(0, yi)) = r, 
S(pi;yi,Xi) = 1 and S(pi;xi,yi) > 1. Then S(pi) = S(pi;xi,yi) = S(p) - 1. 

Now suppose that p and p\ are both 1 points, a{p) = and 8(p) < 00. Wc 
can suppose that we have permissible coordinates (x, y) at p such that S = 8{p) = 
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S(F;x,y) and mult(F(0, y)) = mult(F). p\ has permissible parameters (x\,yi) such 
that x = Xt, y = x±(yi + 7) for some 7 G k. 
First suppose that 7 7^ 0. 



where 



i+j— r 

mult(-Fi) = mult(F) implies 



Thus 



i-\-j=r 



aijX L y 1 = aor(y - jx) r + ax r . 



This is a contradiction to the assumption that 5(p; x, y) = 6(p) by Lemma |9.13[ 
Now suppose that 7 = 0. Then F 1 = and 5(pi;xi,yi) — S(p;x,y) — 1. If 

X l r- 1 

S(jpi;xi,yi) < 5{p\), then we must also have 5(p;x,y) < S(p) By Lemma p. 13 . Thus 



6(pi) = S(p) - 1. □ 

If p G X is a 2 point, then («, u) are 1-resolved at p precisely when v(p) = 0. If 
p G 1 is a 1 point then (u,v) are 1-resolved at p precisely when S(p) = 00. Thus 
(u, v) are not 1-resolved at p G X if and only if F(p) > and 5(p) < 00. 

We can define an invariant 

Inv(p) = (F(p),o-(p),<y(p)) 

for pel 

Theorem 9.15. Suppose that g : X\ —> X is a quadratic transform, centered at a 
point p of X , and pi G X\ is such that g(pi) = p. Suppose that V(p) > and 
5(p) < 00. Then 

Inv(pi) < Inv(p) 

in the lexicographic ordering. 



Proof. The Theorem follows from Theorem 9.8, Lemmas 9.10, 9.11, 9.14. □ 



The proof of Theorem 3.4 is immediate from Theorem 9.15 



Lemma 9.16. Suppose that f(x,y) G To = MI 2 -^]] * s a series. Suppose that we have 
an infinite sequence of quadratic transforms 

T -» Ti -» ► T n -> ■ • • 

Then there exists hq such that n > no implies there exist regular parameters (x n ,y n ) 
in T n , a n , (3 n G N and a unit u n G T n swc/i that f = x" n y^ n u n . 

Proof. This follows directly from Zariski's proof of resolution of surface singularities 
along a valuation (p9j), or can be deduced easily after blowing up enough to make 
/ = a SNC divisor. □ 
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Lemma 9.17. Suppose that ctj + (3j > j, x otj y l3i G To = k[x, y]/ x ,y) f or 2 < j < r (or 
1 < j < r ^ . Suppose that we have a sequence of quadratic transforms 

To — > Ti — > ► T n -» • • • 

where each T n has regular parameters (x n ,y n ) such that either x n _i — x n , y n -i — 
XnVni or %n—x = x nUn, Vn—i — Vn- There are natural numbers OL n ,i, Pn,i such that 



Define 



I 3 J \ 1 3 



Then 

2- S ni i t j < implies S n+1 , UJ - 6 n! i t j > -z. 

Proof. We will first verify 1. Suppose that x n = x n -\-iy n +\, y n = y n +i- The proof 
when x n = x n+ \, y n = x n+ \y n+ i is the same. 1. is immediate from 

V * 3 ) 

Now suppose that S n .i,j < 0. Then (^-j 1 — —f 2 -^ and {^f- — are nonzero. We 

can suppose that x n = x n+ iy n+ i, y n = y n+1 . 

_ ( jar l ,i-ia n ,j \ 2 ^ 1 

since i,j <r implies (ij) 2 < r A . □ 

Corollary 9.18. Suppose that ctj + /3j > j and x aj y^ j S T = k[x, y]( x ,y) for 2 < 
j < r (or 1 < j < r) and 

T -> Ti -» ► T„ -» • • • 



zs a sequence of quadratic transformations as in the statement of Lemma 9.17. Then 

1. There exists uq and i such that n > hq implies 

— - < — — and — - < — — 

i 3 i 3 

for 2 < j < r (or 1 < j < r). 

2. There exists an n\ > no such that 



< i 



Proof. By Lemma 9.17, there exists no such that n > uq implies 5 n i t j > for all 
Let Ai = min f^j^"- Let A2 = min {^—f- such that ^j 2 - = Xi^j . Choose i such that 
= Ai , = At. Then 



e%n,i ^ ^n,j Pn,i ^ 



for 2 < j < r (or 1 < j < r). 
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Now we will prove 2. Suppose that n > hq. Then 
Suppose that 

Without loss of generality, 

X n = X n +iy n +l,y n = Vn+l- 

Then 

{■^—) • { — } { — \ ' ' { — } ' 

<m+{¥} 

Thus there exists n\ > no such that 2. holds. □ 

Remark 9.19. The conditions cti+ fti > i and {^} + {4^} ^ ^ m P^y either oti>i 
or Pi > i. 

Lemmas 9.2C and |9.21 are used in Abhyankar's Good Point proof of resolution of 
singularities (|, |20| . 

Lemma 9.20. Suppose that ctj + [3j > j, (ctj ,/3j ) are nonnegative integers for 
1 < j < r - Suppose that we have pairs of nonnegative integers (a nt j,/3 n j) for all 
positive n and 1 < j < r such that either 

(a n +l,j , Pn+l,j) = + Pn,j -j,Pn,j) 

or 



Define 

Q~n .i.j 

* I J J \ * J 

Then 

2- Sn^j < implies S n+1 , UJ - 6 ni i t j > pr- 

Lemma 9.21. Suppose that the assumptions are as in Lemma 9.20\ 

Suppose that ctj + f3j > j, x° lj y l3j G To = k[x, y]( x , y ) f or 1 < j ' < r - Suppose that 
we have a possibly infinite sequence of quadratic transforms 

T -» Tj -» ► T n -» • • • 

where each T n has regular parameters (x n ,y n ) such that either £E n _i — x n ,y n -i = 
x n yn or x n -i = x n y n ,y n -i — y n and (a n ,(3 n ) are defined by the respective rules of 
Lemma 9. 21. Then 

1. There exists hq and i such that n > hq implies 

— - < — — and — - < — — 

i 3 i j 

for 1 < j < r. 

2. There exists n\ > no such that 



< i 
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10. A r (X) 

Throughout this section we will assume that <I>x '■ X — > S is weakly prepared. 
Definition 10.1. Suppose that r > 2. A r (X) holds if 
1- v {p) <rifp(zXisal point or a 2 point. 

2. If p £ X is a 1 point and v{p) — r, then 7(2?) = r. 

3. If p £ X is a 2 point and v{p) — r, then r{p) > 0. 
4- v{p) < r — 1 if p £ X is a 3 point 

Definition 10.2. Suppose that r > 2. A r (X) holds if 

1. A r (X) holds. 

2. S r (X) is a union of nonsingular curves and isolated points. 

3. S r (X) n (X - B 2 (X)) is smooth. 

4. S r (X) makes SNCs with B2(X) on the open set X — B^{X). 

5. The curves in S r {X) passing through a 3 point q £ X have distinct tangent 
directions at q. (They are however, allowed to be tangent to a 2 curve). 

Definition 10.3. Suppose that A r (X) holds. A weakly permissible monoidal trans- 
form 7r : X\ — > X is called permissible if n is the blowup of a point, a 2 curve or a 
curve C containing a 1 point such that C U S r (X) makes SNCs with B2(X) at all 
points of C. 

Remark 10.4. 1. // A r (X) holds and it : X\ — > X is a permissible monodial 
transform, then the strict transform of S r (X) on X± makes SNCs with B2{X\) 
at 1 and 2 points, and has distinct tangent directions at 3 points. 

2. If it : X\ — > X is a quadratic transform centered at a point p £ X with v(jf) = r 
and A r (X) holds, then A r (X\) holds. 

3. If A r (X) holds and all 3 points q of X satisfy v{q) < r — 2, then S r (X) makes 
SNCs withB 2 {X). 



The Remark follows from Lemmas |7.9| and [7/7], and the observation that the strict 
transforms of nonsingular curves with distinct tangent directions at a point p intersect 
the exceptional fiber of the blowup of p transversally in distinct points. 

11. Reduction of v in a special case 
Throughout this section we will assume that <&x '■ X — > S is weakly prepared. 

Lemma 11.1. Suppose that r > 2 and A r (X) holds, p £ X is a 1 point or a 2 
point with v{p) = j(p) = v. Let R — Ox. P - Suppose that (x,y,z) are permissible 
parameters at p as in Lemma |&4 Then there exists a finite sequence of permissible 
monodial transforms ir : Y — > Spec(R) centered at sections over C = V(x,y), such 
that for q £ 7r _1 (p), there exist permissible parameters (x,y, z) at q such that F q has 
one of the following forms. 

v =P(x)+x c F q (104) 



or 



u = (x a f) 
v = P{x a y b ) + I^F, 



M , ( 105 ) 



with 



F q = rz r + ^a l {x,y)x a 'y^ z r - % + ex^y 13 '' 

=.2 



8,x 
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with t a unit, ai a unit (or zero), oti + Pi > i for all i, and e = or 1. 



Proof. We have one of the forms ( pq ) or (|66j) of Lemma S.5 at p. By Lemma 9.2 and 
Theorem 9.4 applied to 

u = x a ,v = P(x) + x c F p (x,y,0) 



or 



u = (x a y b ) m ,v = P(x a y b ) + x c y d F p {x, y, 0) 

there exists a sequence of permissible blowups of sections over C such that for all q 
over p, there are permissible parameters (x,y, z) at q such that 



a 
v 



= P(x) + x c (rz r + a t {x,y)z r - 1 + ex e °y fo ) 



with t a unit, e = or 1 and fo > 0, or 

/— a— b\rn 



U 
V 



P(x a y b ) + x c y d {rz r + YliZl ^(x^y 



ex e °y h ) 



(106) 



(107) 



with r a unit, e = or 1 and a(d + Jo) — b(c + eo) 7^ 0. 

By further permissible blowing up (of sections over C) we can make 



U Yl Oi 

2<i<r-l,a i7 t0 







a SNC divisor, while preserving the forms (106) and (107). At points q over p satis- 
fying (107) we have then achieved the conclusions of the Lemma. 

Suppose that q is a point over p satisfying (106) such that the conclusions of the 
Lemma do not hold. We then have e = 1, fo > and 

2<i<r,a,i^0 

is not a SNC divisor. Since 

u Yl ai — 

2<i<r-l,a i7 t0 

is a SNC divisor, there exists a nonzero, nonunit series g(x) such that 

a^a^x^x^iy-gix))^ (108) 

for 2 < i < r — 1, where the are units (or 0), and some /3.; > with Hi ^ 0. If 
fo = 1, we can set y = y — g(x) and renormalize with respect to (x, y,z) to get in the 
form of the conclusions of the Lemma. 

Otherwise fo > 1. Let t — is(g(x)), so that 

g(x) = ax* + higher order terms 

for some ^ a. Now blow up V(x,y). under x = xiyi, y — yi, we have 



u 
v 



„a a 
x lVl 



P{xm) +x\yl(Tz r +X)[=2 a i( x i,yi) x Tyi 



Z 



in the form of the conclusions of the Lemma. Under x — x\, y 
(3 ^ 0, we have 



x?y? +f0 ) 
■ xi{yi + (3), with 



= P{ Xl ) + x\(tz- + YZl w? +Pi (yi +P~ ^) ft z M + xT +f0 ( yi + 0)*>) 



P{xi) +pf°x c 1 



c+eo+fo 



"4(rz r + EI=2 W? +Pi {{Vi +P fo )^ ~ S^^z^ + xt^y,) 
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where y 1 = (y\ + j3)^° — 0^°. If we are not in the form of the conclusions of the 
Lemma, then 

(Vi + P f °)^ - 9 -^- = a(x 1 ,y 1 )(y 1 - <f>{ Xl )) 

Xi 

where v{4>) > 1. We can make a change of variable in y 1 , replacing^i with^ — (p(x±), 
and renormalize, to get in the form of the conclusions of the Lemma. 
Under x = x\, y = X\y\, we have 

u = ij 

v = p(xi) + xKtz* + E 7 i=2M^y>T +Pl (vi - ^) ft z M + x? +fo yh 

the coefhcients of z % are in the form of ( |l08| ), but we have a reduction v { ^^^ ^ = t—1. 

If v ( j^^ J = we are in the form of the conclusions of the Lemma. Thus after t 
blowups, centered at the intersection of the strict transform of the surface y = with 
the exceptional divisor, we achieve the conclusions of the Lemma. □ 



Theorem 11.2. Suppose that r > 2 and A r (X) holds, p £ X is a 1 point or a 2 point 
with v(p) — 7(p) = r. Let R — Ox,p- Suppose that (x, y, z) are permissible parameters 
at p as in Lemma 8.1 , where z — az for some z € R and unit a G R. Then there 
exists a finite sequence of permissible monodial transforms n : Y — > Spec(R) centered 
at sections over C = V(x,y), such that for q G tt^ 1 (p), q has permissible parameters 
(x,y, z) such that F q has one of the following forms: 
1. 

u = x a 

v = P(x) + x c F q with (109) 
F q = tz t + X)<=2 «i (x, V)x a ' z r ~ % + ex° T y 

where r is a unit, on > i for 2 < i < r — 1, ot r > r — 1, e = or 1, and Hi are 
units (or 0), or 



2. 



u = (x a y b ^ 



v = P(x a tf>) + x c y d F q with (110) 
F q = rz r + Y^jZl a 3 (x, y)x a ^ z r ~i + ex^y^ 

where r is a unit, ctj + f3j > j and aj are units or for all j , e — or 1, there 
exists an i such that a,ij^0,2<i<r and 

Q4 < Oj_ A < 0J_ 
i ~ 3 ' i ~ 3 
for 2 < j < r. We further have 



< i 



3. 



u = x 



= P(x)+x b F q with (HI) 
F q = rz r + J2 T jZl «j {x, y)x a ^y^ z r -i + e^yPr 

where r is a unit, ctj + j3j > j and aj are units or for all j, e — or 1, there 
exists an i such that ai^=0,2<i<r and 

Oj_ oj_ A (3j_ 

i ~ 3 ' i ~ 3 
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for 2 < j < r. We further have 



{tMt} 



< 1. 



Proof. We can first construct a sequence of monoidal transforms it : Y — > Spec(_R) 



satisfying the conclusions of Lemma 11.1. (109) holds at all but finitely many points 
q G 7r -1 (p). 



Suppose that q G 7r _1 (p) and (104) holds at q, with e = 1, but F q is not in the 
form of ( Jl 09| ) or (111). Perform a monoidal transform tt' : Y' — > F centered at the 
section over C through q with local equations x = y = in (104). Suppose that 
q' G (7r') _1 ((7). Suppose that there are permissible parameters (xi,yi,z) at g' such 
that x = xi, y — Xx(yx + a) where a ^ 0. Then 

r-l 



Set yi = (yi + a)' 9 '' - a' 3 '' . Then 



r-l 



F q ' = TZ 1 



'^a i {xi,yi)x^z T 



in the form of ( |109[ ). Thus the only points q 1 G (tt 7 ) - 1 (g) which might not satisfy the 
conclusions of Theorem 11.2 are the points q' which have regular parameters (x%, y%, z) 
such that x = x\, y = X\y\ or x — x\y\, y = y\. 

The analysis of the case when (104) holds at q, with e = 0, is simpler. We again 
conclude that the only points in the blow up of the curve with local equations x = 
y = above q which may not satisfy the conclusions of Theorem 11.2 are the points 
which have regular parameters {x\,y\,z) such that x = xx, y = x±y\ or x = xij/i, 

y = yi- 

Supp ose that q G 7r _1 (p) and (|l05| ) holds at q, with e = 1, but F q is not in the form 
of ( |llO| ). Perform a monoidal transform tt' : Y' — > Y centered at the section over C 
through q with local equations x — y — 0. Suppose that q' G (tt') — 1 (g). Suppose that 
there are regular parameters (x\,yi, z) at q' such that x = x\, y = xi(yi + a) where 
a ^ 0. Then 



u 

(2/i 



(a+fr)m 

= X 1 

a) x F q = r( yi + a)V + ET^Oid/i + <*Y 



Thus 



+xr +f3r (yi 



F„. 



a 



r-l 

^2a l (x 1 ,y 1 )x^ l z r 

i=2 



is in the form of (109), where x\ = X\(y\ + a) a + b , y 1 = (jji + a) Xl — a Xl , where 



A = d — ^jfc i ^i = A + /3 r — (a,. + /?r)^3 ^ ^ smce -Pg is normalized implies 

a(d + j3 r ) -b(c + a r ) ^ 0. 
Thus the only points q' G (7r') _1 (q) which might not satisfy the conclusions of 



Theorem 11.2 are the points which have permissible parameters {x\, y\, z) such that 
x = x 1: y - xiyi or x = x x y x , y = yi . 

The analysis of the case when ( |105| ) holds at q, with e = 0, is simpler. We again 
conclude that the only points in the blow up of the curve with local equations x = 
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y = above q which may not satisfy the conclusions of Theorem 11.2 are the points 
which have regular parameters (x±,y±,z) such that x = xi, y = Xiyi or x = xij/i, 

y = vx- 

We can construct a sequence of monoidal transforms 

Y n -» ► Y\ -» Y 

with maps iri : Yi — > Y such that Yj — » Yj_i are centered at sections Ci over C, such 



that 7r, 1 (p)nCi does not satisfy (109), (110) or (111). By the above analysis, Lemma 



9.17 and Corollary 3.1£ , we reach the conclusions of the theorem after a finite number 



of blowups. □ 



Remark 11.3. In (111) of Theorem 11. 1, we must have (3j < j for some j. 
Proof. 

by Lemma |S.12| . Thus x G T-g ^ q . 0j > j for all j implies F q S (y, z) r , so that 
s (A) q (y> z ) ^ Lemma S.23, a contradiction. □ 



Theorem 11.4. Suppose that r > 2 and A r (X) holds. Suppose that p X is a 
1 point or a 2 point with v(p) = j(p) = T. Let R = Ox.p- Suppose that n : Y — > 
Spec(R) is the sequence of monoidal transforms of sections over the curve C with local 



equations x = y = at p of Theorem 11. 1. Suppose that t > r is a positive integer. 



Then there exists a sequence of permissible monoidal transforms n : Y — > spec(R) of 
sections over C such that for all q € 7T~ 1 (p), F q is equivalent mod {x,z) 1 to a form 



(101) or (111) or F q is equivalent mod (xy,z)* to a form ( \11(\ ), where (x,y,z) are 
permissible parameters for u, v at q, and z = az for some z G R and unit a £ R. 

7f extends to a sequence of permissible monoidal transforms U — > U over an affine 
neighborhood U of p. S r (U) is the union of the curves in tt~ 1 (p) and the strict 
transforms of the curves D or D%,D2 (if they exist) in the notation of Lemma 



S r (U) makes SNCs with B 2 (U). 

Proof. Let tuq be the maximal ideal of R. We can after possibly replacing 

x with xlu, (112) 

where w is a unit in R, assume that x = 72; with 7 = 1 mod mj. We can factor 

Y = Y n ,^ ► Y 2 -> Yi -> spec(i?) = Y 

so that each map is a permissible monoidal transform. In fact, if Sq = &pec(k[x , y]) , 
there exists a sequence of quadratic transforms 

S n ' —>■••—> S 2 — > Si — > spec(fc[x, y]) = S a 

centered over (x,y) such that Yi = Si Xs Yq for all i. Set So = spec(fc[x, y]). x —> x 
induces an isomorphism So = Sq. We have then a sequence of quadratic transforms 

S n > — > • • • —>■ Si — > 00 

where Si — Si x$ So and isomorphisms Si = Si. Set Yq = spec(R). We have a 
natural map Yq — > S"o- Define a sequence of permissible monoidal transforms 

Y„/ — > • ■ ■ — > Yi — > Yo 
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by Y i = Si x-g o Yq. We have a commutative diagram 



Y n> - 


~* Y-n'-l — * 


■ -> y x - 


- ^0 


1 


1 


1 


1 


S n > 




■ Si - 


- So 


i 


i 


T 


T 


S n ' 


-> Sn'-l — * 


■ -> Si - 


- So 


T 


T 


T 


T 


Y n , - 




■ - Y t - 





The maps Si — > Si are isomorphisms, and we have maps Si x s $0 
Y i induced by the natural projections 

k[[x, y, z]] -> k[[x, y]] and , y, z]] -> k[[x, y]] 
so that the diagrams 



Si 



and 



Y, 

T 

Si xs Sq 

Yi 

T 



(113) 



Yi, SiX q So 



(114) 



S. t x^ q S 

commute. 

Suppose that g € y„< is a closed point. (113) and (114) identifies q with a closed 
point p € and closed points q € S n ', p € iS n '. We have commutative diagrams: 

T T (H5) 

induced by x — > i. This induces commutative diagrams: 

Oy„„p = 6s„„p[[ Z ]] = <%„«[[*]] = Oy, 9 ~ 

t T 

= k[[x, y, z]) = k[[x,y,z]] 

Suppose that F(x,y,z) 6 R. If (x,y) are regular parameters in Os ,,p, which are 
identified with regular parameters x, y in O-g ; - by ( jll5| ), and F(x, y, z) — G(x, y, z) G 

Oy„,,p, then F(x, y, z) = G(x, y, z) g Oy^.q- 
Since x = jx, 7 = 1 mod mj, and 

F{x, y, z) = F(jx, y, z) = F(x, y, z) mod m 

implies 

F(x, y, z) = G(x, y, z) mod m Q 6y^ r 

Let to be the maximal ideal of R. 

Suppose that p G Y n > is a 1 point, u = x a in Oy ,,p- Then (since we can assume 
that Y ^ spec(JS)) x \ x and x \ y in Oy , p implies to c (x, z) 4 , so that to* c 

(X,zYOy -. 
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Suppose that p G Y n i is a 2 point, u = (x a y b ) m in Oy n ,,p- If x = 0,y = are both 
local equations of components of the exceptional locus of Y n i — > Yq, we have xy \ x, 
xy | y which implies that m C (xy, z) 1 , so that m* C (xy, zf . 

If one of x — 0,y = is not a local equation of the exceptional locus, then we 
have regular parameters (x' , y') in Os n ,,p such that x — x'(y') b , y = y' (or x — x' , y = 
y'(x') b ). In the first case we have 



O 



Thus we have Oy n ,,p — Oy , q ^ n * ne secon d case, we also have Oy n ,,p = Oy , q 

Let W : Y = Y n > — > Yq be the morphism of the bottom row of (113). Suppose that 
Po £ Yo is a 1 point, so that in Oy , 

Suppose that p' e W~ (po). Let q be the corresponding closed point of Y = Y n i. 
Suppose that we have permissible parameters (x, y, z) in Oy, q such that 

P q (x)+x c F q (x,y,z) (116) 



u = x a , v 



of the form (JlOSj) or (|lll| ) with -, — G N, x = x* = x c o. Let be the 

corresponding regular parameters at ;/ (by the identification (|l!5| )). 

a a~a a ~7T / ~l \7T 

u = x = jx =7^ = (x„) 

where we define 

= a;*7 _ » = mod m^Oy ,. 

Thus z) are permissible parameters for (u,v) in 0^ , 

There exists a series P g (x) such that 

F po (x,y,z) = F q (x,y,z) + P q (x). 



Thus 



implies 



F Po (x,y,z) = F q (x*,y*,z) + P q (x*) mod m O Fp , 
= F q (x'*,y*,z) + P q {x' if ) mod m^dy^, 

P q (x) =P Pa (x^)+x c Pq(x) 

v = p pa(x) + x CQ F PQ (x,y,z) 

= Pp ((x:)t) + (x>J c F po (x,y,z) 
= P q (x:) + (xiy(F q (x:,y*,z) + h) 



with h G TOqCf p > 



The case when po £ Fo is a 1 point and (110) holds in Oy iq is a combination of the 
case whenpo is a 1 point and the form (109) or (111) holds in CV i9 , and the following 
case. 



Suppose that pq G Yq is a 2 point so that in Oy 



u 

V 



(x a y h ) mo 

P po (x a y b )+x c °y d °F PQ 



Suppose that p' G tt (po)- Let q be the corresponding closed point in Y = Y n 
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Suppose that we have permissible parameters (x, y, z) at q such that 

u = (#/ )" 11 

v =P q (x«t)+x c y d F q (x,y,z) 



of the form of (110). We have 



x = x ai y bl ~n{x,y) 
V =x°" 2 y b2 l2(x,y) 



where 71, 72 are units in Oy, q , such that 

(aai + ba,2)mo = ami, (abi + bb2)mo = bm\ 

where too | mi, cqo,\ + do a 2 = c, C0&1 + do^2 = d. 
We have 

and 

x Co y do =x c y d <t>(x,y) 

where <fi — 7i°72 - There exists a series P q (x a y b ) such that 



Fq(x,y, z) = 4>{x,y)F pa (x,y 1 z) 



P q {x a f) 



x y 

v = P po ( (jsV) % ) + P q (x V) + z c /F 9 (3f, y , z) 

implies 

Let (x*, y,, z) be the corresponding regular parameters at p' to (x, y, z), by the iden- 
tification of (115). Define x' t by 

= £»7 mi ~ = mod m\Oy v ,. 

x a y b = (xV)^ 

implies 

x a y h = i a i a y b = i a {iit)^ = ((Kfyl)^ 

Thus (£'„ ,y*,z) are permissible parameters for (it, v) in O-p , . x c °y d ° = x c y d (f) implies 
x c 0y do = ^o-coydo = ^xlyfyix^y.) = {i^TfA 

with 

4> = mod m\Oy pl . 

F P0 (x,y,z) = (j)(x ll: ,y*)- 1 (F q (x*,y*,z) + ^fff^) mod m 6 Fp , 

= fcZ.yJ-HF^V*,*) + Pq (ffyl' ] ) mod <®Y., V ' 

u = ((KTvlr 1 m 

« = PpoiiiKfyf)^) + (K) c (yi)4>f po (x,y,z) 

= PpoiiiKTvl)^) + P q ((K) a yt) + (KY(y d *)lF q (x-:,y*,z) + h] 
= P q ((K) a yl) + (i'J c (^)[^(i'*,y*, z) + h] 

with h S TO Op p/ . 

The case when pg S yo is a 2 point and ( |l09| ) or (11_1) holds in Oy, q is similar to 
the case when (pTOl) holds in Oy, q - 
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Suppose that p' is a generic point of C. If (x',y',z') are permissible parameters 
at p' such that x' = y' = are local equations of C at p', then v(F p i (0, 0, z')) < 1, 
so that after extending 7f to a sequence of permissible blowups U —> U over a small 
affine neighborhood U of p, ^(p*) < 1 at all points p* of W~ 1 (p'). Thus the curves in 
S r (U) must be components of 7f _1 (p), and the strict transforms of the curves D or 
Di, D2 in S r (U), (if they exist), with the notation of Lemma |8.5| . 

Thus a curve E in S r (U) must have local equations as asserted by the Theorem. □ 



Theorem 11.5. Suppose that r > 3 and A r (X) holds. Suppose that p G X is a 1 
point or a 2 point with v{p) — ^{p) = r. Let R — Ox,p- Suppose that n : Y p — ► 
Spec(R) is the sequence of monoidal transforms of sections over the curve C with 
local equations x = y = of Theorem ILL For q € 7r _1 (p), define 

{ (mifi2<K r {[f]} + 3)r 



if F q is a form ( |l09| ) or (|lll| ). 
|™?i2<Kr{[f]} + ™i2<Kr{[7]} + 3^ r if F q is a form (|li~Cfr) . 



spec(R) be the sequence of monodial transforms 
Y r 



let I = max{l q \ q £ -K^ 1 (p)}. 

Suppose that t > /. Let W : Y p 
of Theorem 11.4 - Let 

y Y n > • • • ► x\ ^ j p 

be a sequence of permissible monoidal transforms centered at curves C in S r such that 
C is r big. Then there exists Uq < oo such that 

V p = Y no ^Y p ^ spec(R) 

extends to a permissible sequence of monoidal transforms 



over an affine neighborhood U of p, in the notation of Theorem 11-4, such that S r (Ui) 
contains no curves C such that C is r big. Let 



V p extends to a 



Z p which extends 



be a permissible sequence of monoidal transforms centered at curves C in S r such that 
C is r small. Then there exists n\ < oo such that TT2 '■ Z p = Z ni 
permissible sequence of monoidal transforms 

U 2 -> U-l -> U -> U 

over an affine neighborhood U of p such that S r {U2) = 0- 

Finally, there exists a sequence of quadratic transforms : W p - 
to a permissible sequence of monoidal transforms 

u 3 -> u 2 ->■ I7i u -> u 

over an affine neighborhood U of p such that S r (U3) = 0, and if 

q G (if O 7T1 O 7T 2 o 7T3) _1 (p), 

1- < r — I if q is a 1 or 2 point. 

2. If q is a 2 point and v{q) = T — 1, then r(q) > 0. 

3- v{q) < r — 2 if q is a 3 point. 

Proof. Let Y = Y p . If q G 7f _1 (p), we have permissible parameters (x,y,z) in Oy q 
for (it, v) with forms obtained from those of (109), (110), (111) by modifying F q by 
adding an appropriate series h to F q . 
(109) is modified by changing F q to 
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F q =rz r + ^a j (x,y)x a iz r - 3 + ex a ^y + h (117) 

3=2 

with ft £ (x, z) . By assumption, there exists z £ Oy and a unit a £ Oy such that 
z = az. Then x = z — defines a germ of an algebraic curve D at q. We also assume 
that v(q) = r. 

Given a form ( |117| ) at g, suppose that 13 C is a curve such that q £ D. By 

assumption, S r (Y) makes SNCs with B 2 (Y). Since D is nonsingular at q, x £ lo.q 



and F q £ I r D + (x) r 1 by Lemma 3.25 implies 



so that z £ Xo, q and x = z = are local equations of D at q. 



( 110 ) is modified by changing F q to 



-l 



F 9 = rz r + V3j(i, y)x a iy^z r - j + ex ar / r + ft (118) 



J=2 



with ft S (xy,z) . By assumption, there exists i € and a unit <r G Oy such 

that z — az. Then x = z = and x = y = define germs of algebraic curves D\ and 
Z?2 at g. We also assume v(q) = r. 



Given a form (118) at q, suppose that D C S r (Y) is a curve such that q £ D. 



Since (by assumption) S r (Y) makes SNCs with B2(Y), either x ot y £ Tn q , and by 



Lemma 6.27, there exist di £ k such that 



implies z G F-D.q so that either x = z = 0or?/ = z = are local equations of D at q. 
(Ill) is modified by changing F q to 

r-i 

F q = rz r + ^aj(x, y)x a iy^z r - j + ex"-/- + ft (119) 

with ft G (x, z) . By assumption, there exists z £ Oy and a unit er G O-p- such that 
z = crz. Then x = z = defines a germ of an algebraic curve D at q. We also assume 
v(q) = r. 



Given a form (119) at q, suppose that D C S r (Y) is a curve such that q £ D. 



By assumption, S r (Y) makes SNCs with B 2 (Y) . As in the analysis of the case when 



(117) holds, we conclude that x = z = are local equations of D at q. 

Suppose that D C S r (Y) is a curve such that D is r big. Let tt' : Y' — > Y be the 
blowup of 13. By assumption, ir' is a permissible monodial transform. S r (Y') makes 
SNCs with B 2 (Y') by Lemma |J. 

First suppose that q £ W~ 1 (p) n -D, and that u, v have the form of flllTp . Then 
x = z — are local equations of 13 at g. F q £ (x, z) r implies a r > r if e = 1. Suppose 
that g' G (71"') (g). First suppose that q' has permissible parameters (xi, y, zi) where 
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x = x%, z = xi(zi + a) for some a^O. Substituting into F q , we get v(F q i (0, 0, zi)) < 
r— 1. Suppose that q' has regular parameters (x\,y, z\) where x = x\Z\, z = z\. Then 
F q i is a unit. The remaining case is when q' has permissible parameters (x\,y, z\) 
where x = x±, z = x\Z\. Then 

u = x\ 

z? r i v^ 1 "- 1 - ( \ a 'j r-j , £»' . , (120) 

Fq/ = rz[ + 2^ J=2 a j{ x ^y) x l z i +ex 1 1 y + hi 

where a'j = aj — j for 2 < j < r and ft-i € (si, zi) t ~ r . We either have a reduction 
in multiplicity f(g') < r, or v(q') — r and we are back in the form of (|117|) with a 



reduction in the aj by j, and a decrease of i by r. By Lemma 8.8, S r (Y') U £?2(F') 
makes SNCs in a neighborhood of (7r') — 1 (q r ). Since S r (Y') is closed in the open set of 
1 p oint s of Ey, and r > 2, by Lemma (7j[ S r (Y' ) Q ( 7r / )~ 1 (g) = or it is the point g' 



of (120), if z^(g') = r. Suppose that f(g') = r in ( |120|) . Since there exists a unit series 



er such that az G 0^ , there exists a unit series er' such that er ' z\ G Oy,q'- 

Now suppose that g S 7f _1 (p) n P/, and that u, i> have the form of (119). Then we 



have that x — z = are local equations of D at g. Since F 9 G ?) we have aj > j 
for all j. 

Suppose that g' € {ir')~ l (q). First suppose that g' has permissible parameters 
(x\,y,z\) where x = x\, z = X\(z\ + a) for some a / 0. substituting into F q , we 
get v{F q i(Q, 0, 2i)) < r — 1. Suppose that g' has regular parameters where 
a; = x\Z\, z = z\. Then F q > is a unit. The remaining case is when q' has regular 
parameters (x\, y, z\) where x = x\, z = X\Z\. Then 

u = xl 

t-i r , v->r— 1 _ / \ a 'i R. r-j , a' a , , (121) 

F q ' =Tz 1 +}^ j=2 aj{xi,y)x 1 3 y p iz 1 + ex x y Pr + hi 
where a'j = aj — j for 2 < j < r and h\ G (x\, zi) t ~ r . We either have a reduction in 



multiplicity v(q') < r, or we are back in the form of (119) with a reduction in aj by i 



and a decrease of t by r. As in the analysis of (117), we either have S r (Y')r)(Tr')^ 1 (q) 
0, or S r (Y') n (Tr')~ 1 (q) is the single point q' of (121). In this case there exists a unit 
series a' such that a' Z\ € Oyy. 

Now suppose that g G 7r _1 (p) n P, and that u,v have the form of ( |118| ). Then 
either x — z — 0ovy = z = are local equations of D at q. We may suppose that 
x = z = are local equations of D at g, so that F q G (x, z) r . 

Suppose that q' G (7r') — 1 (g). First suppose that q' nas permissible parameters 
(xi,y, Z\) where x = x%, z = X\(z\ + a) for some a^0. substituting into F q , we get 
u = (x1y h ) m and v(F q i (0,0, z\)) < r — 1. Suppose that g' has permissible parameters 
(xi, y, zi) where a; = x±Zi, z = z\. Then F q i is a unit. The remaining case is when q' 
has permissible parameters (x±,y, Zi) where x = x%, z = x±zi. Then 

u = [xly b ) m 

v =P(xty h )+xt r y d F q , ^ ^ (i 22 ) 

F q ' = tz\ + Y,jZl «i (»i 1 J y ft + exj r y^ r + h x 

where a^- = aj — j for 2 < j < r and /ii G (a;iyi, z\) t ~ T . We either have a reduction 
in multiplicity v(q') < r, or we are back in the form of ( |11§| ) with a reduction of aj 
by i and a decrease of t by r. In this case, there exists a unit series a' such that 
a'zi G Oy' ,q'- 

Suppose that q' G S r (Y') n (7r') _1 (g) is a 2 point with v(q') = r — 1, and g' lies on 



a curve F in S r (Y"). E is transversal to the 2 curve at q' by Lemma 3.8. By Lemma 
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3.27, there exist bt £ k such that 



1 



x 



c+r yd 



if x\ £ lE,q' or the series is in T7 E , + (y) r_1 if y £ 5b,?' • Then g-F=? 
Suppose that g' has permissible parameters (a?i, y, 2i) such that x — x\, z — Xi(zi+a) 
with a^O. 

r-1 



f x 2 



where A is a unit. x\ 



(or y 



di) for 1 < i < r 



1 since F a i £ X 



Then 



z\ £ T| / + (xi) which is impossible. 

Thus, by Lemma 7/7, the only possible point in S r (Y') n (7r') (g) is the point g' 
of (122). If there is a curve E C SVO") containing g', then we must have Z\ £ lE,q' 
since 

Thus E has local equations xi = z\ = or y = z\ = 0. 

After any sequence of permissible monoidal transforms, centered at r big curves 
C C S r , we eventually obtain ~k\ : V p — ► y where there are no r big curves C in 
S,.(Vp) and SV(Vp) makes SNCs with B 2 (^). 

Further, if q £ (W o 7ri) _1 (p), and either q £ S r (V P ) or on e of 1. 



3. of the 



conclusions of W p fail at q then g must satisfy one of (117), (|l lq ) or (119) (with 
v(q) = r or i/(g) = r — 1). 

Suppose that ( 118 ) holds at g £ (W o ni)^ 1 (p), a nd v (q) = r. Then we either 
have a,j > j for all j or /3j > j for all j by Remark 9. 1 9| . If ay > j for all j, then 
F g e (.x, z) T . If /3j > j for all j, then F 9 £ (y, z) r ■ Since x = z = and y = z = are 
local equations of curves on V p , in either case we have a curve -D C S r (V p ) such that 
£> is r big by Lemma 3.2, Thus (118) cannot hold on V p with v(q) = r. 

Suppose that (HE) holds at q £ (W o ni)^ 1 (p), and v(q) — r. Then we either have 
a j > j f° r ah j or /3j > j for all j by Remark 9.19. By Remark 11.3, (3j < j for some 
j. Thus F q £ (x, z) r . Since x = z = are local equations of a curve in Vp, By Lemma 



3.2 



we must have a curve D C 5V(V^) such that D is r big. Thus (11£) cannot hold 
on V p , with u(q) = r. 

The only points on (7Fo-7Ti) _1 (p) where the conclusions of the Theorem do not hold 
are at points q' over p where one of (|123|) or (124) following hold. 



x" 

P(x) 



u 
v 



F q =TZ r 



hx c F q 

Yl r jZlaj(x,y)x c 



(123) 



ex r y ■ 



h 



where v(q') — r, some aj < j, and h £ (x,z) 3r . Further, there exists a series a 
such that az £ Ov p ,q'- The o ther possiblity is that q' has permissible parameters 
(xi,yi,zi) of the form of (122), with 

= K^r 

= P(x a x y\) + xlyfF q , ? (124 ) 
F,/ = rzf + ^ J=2 ^(xi^^x/y/z! J +ex 1 r ; 
with v(q') = r — 1, 

frl G (xiyi, zi) 3r 



u 

V 



y( T + fti 
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and there exists i such that 



for 2 < j < r and 



a' a' 








i 


j 




'% 




m 











Further, there exists a series cr such that crzi € Cy p ,g'- 

Suppose that D C SV(V^) is a curve (which is necessarily r small). Let n' : Z\ — > VJ, 
be the blowup of £>. 

Suppose that g' G D D (jf o 7Ti) _1 (p). q' can only be a point of the form of (123) or 



Suppose that g' satisfies (123). Then a; = z = are local equations of D at q' , and 
by Lemma 6.25, e = 1, a r = r — 1 and Oj > j if j =/= r — 1. 

Suppose that g" S (7r') _1 (q'). Suppose that Qz lt q" has regular parameters (xi,y,zi) 
where a; = a?i, z = x\{z\ + a) for some a E k. 

u — x\ 

F q " — rx\{z\ + a) r + S£=2 07(2:1, J/)£i 3 ,5+ (21 + a) r_J ; + y - 0(2:1) + /11 

with /ii S (xi,zi) 2r for some series 0(2:1). q" is resolved, since ^(F g / (0, y, 0)) = 1. If 
q" has permissible parameters (xi,y,Zi) where x — X\Z\, z = Z\, 



11 



F ql , = tzi + X),-=2 a 3 (xiz 1 ,y)x 1 3 z 1 3 + x\ y + hi 



(125) 



with /ii € (xi,zi) . v{q") < r — 2 since i/(F g ' (0, 0, zi)) = 1 and r > 3. By Lemma 
[7.6| , (7r') _1 (g') n S r (^i) = 0, and the conclusions of 1. - 3. of the Theorem hold on 

Suppose that q' 6 (ir o iri) 1 (p) satisfies (124). Then either x\ = Zi — or 
yi = zi = Q are local equations of D at q' . Without loss of generality, assume that 
yi = zi = are local equations of D at </. Then we have /3£ > j 1 if 2 < j < r — 1 and 
e = 1, f)' r = r — 1 by Lemma 6.27. v{q') = r — 1 implies a' r = 0. 

We have 

u = {xly\) m 

v = P(xly b 1 ) + x\yfF q > where (126) 
ify =rz[ + ^ =2 a J (a;i,?/i)x 1 3 ?/ 1 J z 1 + Vl + hi 
with /3'- > j for all j, 

hi £ (xiyi, zif r 

Suppose that q" E (7r') _1 (g'), and q" has regular parameters (xi, y%, Z2) defined by 

2/i = 2/2, zi = 2/2(^2 + a) 



Then 



= P^(x? 2 / 2 b )+^ 2 / 2 d+ '- 1 F^ 



T^r = r(z 2 + a) r 2/2 + Xw=2 a i x Vy2 3 J+1 (z 2 + a) r J + 1 + /i 2 

= 1+2/2^ 



since 



^2 e (y 2 ) 2r . 

a(ci + r — 1) — be 7^ since F q i is normalized. Thus F q >i = 1 + 2/2^' is a unit. 
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Suppose that q" € (jr') ((?'), and q" has regular parameters (x±, y%, Z2) defined by 

2/1 = 2/2^2, Zi = z 2 



Then 



since 



E, F, v^r-l- at 0' } 0'j-j+l r -i , 

F 1" = if^ =TZ 2 + Lj=2 fl J 3: l Z 2 + 2/ 2 + h 2 r m } 

= TZ 2 + +2/2 + 



G (z 2 ) 2r 

Thus = 1. v{q") < r - 2 since r > 3. Thus (tt')" 1 ^) n S r (Zi) = by Lemma 

7.7, and the conclusions 1. - 3. of the Theorem hold on (7r') _1 (g'). 

We thus construct a permissible sequence of monodial transforms ir 2 : Z p — > Vp 
centered at the strict transforms of curves C C SV(V^) which are r small so that 
S r (Zp) contains no curves. Z p — > Y p extends to U 2 — + U in the notation of the 
Theorem. 

Suppose that q' G (W o tti o ir 2 ) ~ 1 (p) doe s not satisfy the conclusions of the Theorem. 
Then q must either satisfy (123) or (124). 

We cannot have that (123) holds at q' , since then v(q') — r, which implies that 
otj > j for j > 2 and > r — 1, so that 2? = z = are local equations of a curve 
D in S r (U 2 ). We further see that S r (U 2 ) = 0. 

Suppose that (124) holds at q'. Then v{q') = r — 1 and 2. of the conclusions of 
the Theorem does not hold, so that r(q') = 0. Thus a'j + (3j > j for j 7^ r and e = 1, 
a£ + # = r-l. 

First suppose that fll^ ) holds, with r(q') = 0, a; and j3' r ^ 0. Let tt" : W x -» Z p 
be the quadratic transform with center g'. Suppose that g" € (7r") _1 (g') and OiVi.ij" 
has regular parameters (2:2, y 2 , z 2 ) such that 

El = ^2,2/1 = £2(2/2 + a), z x = x 2 (z 2 + f3). 

— b 

with a/0. Set X2 — £2(y2 + ck) a+b ■ there exists 

h 2 £ (x 2 ) 2r 

such that 

= rx 2 (z 2 + Of + a^? +/3 ^' +1 (2/2 + a)^ (z 2 + /3)^' + (2/2 + + ^2 

= (y 2 + a)?'- +x 2 n 

Thus 

u = {x a + b ) m 

v =P q „(x 2 )+xl +d+r - 1 F q „ 

F q » = (2/2 + a) x+ ^ - a x+ ^ + x 2 Q' 

where A = d— b ( c+d+r — 11. Since F„/ is normalized, 

(a + b){(3' r + d)-b(c + d + r-l) = a{d + ft) - b{c + r - 1 - ft) 

= a(d + #) - b(c + a' r ) ^ 

Thus A + (3' r 0. q" is thus a resolved point. 

Suppose that q" S (7r") _1 (g') has permissible parameters (x 2 ,y 2 ,z 2 ) such that 

£1 = £2, 2/1 = x 2 y 2 ,zi = x 2 (z 2 + (3). 

There exists 

h 2 G (x 2 ) 2r 
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such that 



rx 2 (z 2 + pf + Y^=l ajx$ +f} '> (z 2 + + yf + h 2 

b(c + d + r - 1) - (a + b){d + p' r ) ^ 



y 2 r + x 2 fi 



since F q i is normalized. 
Thus 

u = (x a 2 +h y b 2 ) 
v 



= P q: >(x a 2 +b y b 2 ) + x?< l+r -^F q „ 

F q n = yf + X 2 Q' 

v{F q ») < P' r < r - 1. 

Suppose that q" G (7r") _1 (g') has regular parameters (x 2 ,y 2 ,z 2 ) such that 

x\ = x 2 y 2 ,yi = y 2 ,z x = y 2 (z 2 + P). 

Then 

u = (x^ +b r 

v =PAx a 2 y a 2 +b ) + x^ +d+ ' r - 1 F q ,, 
Fq» = x 2 r + y 2 Q' 

since F q > is normalized. v(F q 'i) < a' r < r — 1. 

The remaining point in q" G (7r") _1 (g') has regular parameters (x 2 , y 2 , z 2 ) such 
that 



x\ = x 2 z 2 ,yi = y 2 z 2 , Z\ = z 2 . 



There exists 



h 2 G (z 2 ) 2 



such that 



rp F q > , ^r-l- 0'j a'-+0'—j+l a > 

F q" = = TZ 2 + Lj=2 a 3 X 2 V% Z 2 + X l Vl 



= tz 2 mod (x 2 , J/2, z%) (128) 

Thus q" is a 3 point with v(F q >>) = 1 < r — 2, since r > 3. 

v{q") < r- 1 for q" G ( 7 r")- 1 (g / ), so that (tt")" 1 ^') H S r (Y") = 0, and the 



conclusions of 1.-3. of The orem 11.5 hold on (7r") _1 (g'). 

Now suppose that (124) holds, with r(q') = and a' r = or P' r = 0. Since the 2 
cases are symmetric, we may assume that a' r = 0. 

We thus have p' r = r — 1 (and + > j for j ^ m). Suppose that i 7^ 7-. 

Then ^ < implies a' { = and < £=i < l implies $ < i, so that r(q') > 0, a 
contradiction. We thus have i = r. 

r r ~ j 

for all j implies P'j > j — £ for 2 < j < r. Since /?'• G N, we have P'j > j, and the curve 
D with local equations y\ = #i = at 5' is such that 13 C S r (Z p ), a contradiction. 

□ 

Theorem 11.6. Suppose that r = 2 one? ^(X) holds. Suppose that p ^ X is a 1 
point or a 2 point with v(p) — "f(p) — 2. Let R — Ox.p- Suppose that tt : Y p — > 
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l g = 



10S) or fllll| ). 
11C). 



Spec(R) is the sequence of monoidal transforms of sections over the curve C with 
local equations x — y — of Theorem 11. 1. For q € 7T — (p), define 

{[<f] + 3)2 i/Fg is a/orm " 

(hrj + [if] + 3)2 i/ -Fg is a form (|l 

Zei Z = max{l q | q € 7r _1 (|7)}. 

Suppose that t > I. Let w : Y p — ► spec(R) be the sequence of monodial transforms 
of Theorem 11. 4- Let 

• >Y n — >•••—> Y x — > F p 

&e a sequence of permissible monoidal transforms centered at curves C in S2 such that 
C is 2 big. Then there exists n$ < 00 such that 



V — Y ^4 Y 



y p - *n —r * p —r spec(R) 
extends to a permissible sequence of monoidal transforms 



over an affine neighborhood U of p, in the notation of Theorem 11. 4, such that S^i/i) 
contains no curves C such that C is 2 big. Let 



Z n 



be a permissible sequence of monoidal transforms centered at curves C in S2 such that 
C is 2 small. Then there exists n\ < 00 such that 1^2 : Z p = Z ni — > V p extends to a 
permissible sequence of monoidal transforms 

U2 -> Ui -> U -> U 

over an affine neighborhood U of p such that S 2(^2) = 0- 

Finally, there exists a sequence of quadratic transforms and monodial transforms 
centered at strict transforms of 2 curves C on Z p such that C is 1 big and C is a 
section over a 2 small curve blown up in Z p — > V p , 7r3 : W p — > Z p which extends to a 
permissible sequence of monoidal transforms 

U 3 -> U 2 -> Ux -> U -> U 

over an affine neighborhood U of p such that S l 2(t r 3) = 0, and if 

q € (7Fo 7Tl O 7T2 O 7T3) _1 (p) 

then q is resolved. 



Proof. The analysis of Theorem 11.5 is valid for r = 2, except in (125), ( |127| ) and 

(IH). 



The situation of (128) cannot occur when r = 2, since this comes from the case 
when fll24|) holds, with r(q') — 0, a' r and f3' r ^ 0. Since a' r + j3' r = r — 1 = 1, this case 
cannot occur. 

Suppose that a case (125) occurs in 

(7F o 7Ti o H2) ■ Z p — > spec(i?). 

Then we have a 2 point q" £ (W o tti o ttz) {p) such that 

u = {xlz\) m 
v =P q „(xlz\) 



zi + Xiyi 



- x\z{F q „ 
hi 

with hi € (xi, zx) 4 . 

Let C be the 2 curve on Z p with local equations xi = Zi 



0. C is 1 big by Lemma 
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Let 7r' : W\ — > Z v be the blowup of C. Suppose that q S (ir') 1 (q") is a 1 point. 
Then there exist regular parameters (x 2 , Ui, z 2 ) in C^i.? such that 

x\ = X2,zi = x 2 (z 2 + a) 

with a^O. Set 

x 2 = x 2 (zi + a) »+' . 

_(a+b)m 



_ _ Hc+d+1) 



Pg" (a?2 +fc ) + x c 2 +d+ \z 2 + a) d — (z 2 + a + y x + Xl Cl) 

Thus v(Fq(0, y±, z 2 )) = 1 and q is resolved. 

Suppose that q G (7r') _1 (q , ") is the 2 point with permissible parameters 

x\ = x 2 , Z\ = x 2 z 2 . 

F 11 _ 

Then Fq — = z 2 + yi + x\fl and q is resolved. 

If q G (tt') - 1 ((7") is the 2 point with permissible parameters 

X\ = x 2 z 2 , Zl = z 2 

then 

F " 

Fg = —2- = 1 + x 2 yi + z 2 Q, 
z 2 

and is resolved. 

Suppose that a case (127) occurs in 

(7T o 7Ti o ir 2 ) : Z p — > spec(i?). 

Then we have a 3 point q" G (7F o m o ir 2 )^ 1 (p) such that 

u = (x a 2 y\zl) m 

v = P q „{x a 2 y b 2 z c 2 ) + x d 2 y e 2 z } 2 F q „ 

F q " = z 2 + y 2 + hi 

with hi G (^2) 4 - 

Let C be the 2 curve on Z p with local equations y 2 = z 2 = 0. C is 1 big by Lemma 
B.l . Let 7r' : Wi — > Z p be the blowup of C. Suppose that </ G (■K l )~ 1 (q") is a 2 point. 
Then there exist regular parameters (x 2 , 2/3, £3) in Owx.q such that 

2/2 = 2/3, Z2 = 2/3(^3 + a) 

with a^O. Set y 3 = 2/3(23 + a)~~ . 

u = P q »(x a 2 y b + C ) + x d 2 y e + f+1 (z 3 + a) / " £i£ ^(z 3 + a + 1 + yfft) 



with (a, 6) = 1. Thus v(Fq{0, 0, z 3 )) = 1 and q is resolved. 

Suppose that q G (77')^ 1 (g") is the 3 point with permissible parameters y 2 =2/3, 
z 2 = 2/323- Then 

Fq = ^ = z 3 + 1 + yfft 

2/3 

and 5 is resolved. 

Suppose that q G (7r')~ 1 (<7' / ) is the 3 point with permissible parameters y 2 = 2/323, 
z 2 = Z3. Then 

Fq = ^ = 1 + 2/3 + «f A 

23 

and 5 is resolved. 

□ 
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Theorem 11.7. Suppose that r > 3 and A r (X) holds. Suppose that p S X is a 2 
point such that v(p) = r — 1, r(p) = and j(p) = r. Let C be the 2 curve containing 
p. Let R = Ox,p- 

There exists a sequence of permissible monoidal transforms centered at sections over 
C, Y p — > spec(R), which extends to a sequence of permissible monoidal transforms 
U — > U where U is an affine neighborhood of p, with the following property. 

Let 

■ ■ ■ —> Y n — > • • • — > Y\ —>■ Y p 

be a sequence of permissible monoidal transforms centered at curves C in S r such that 
C is r big. Then there exists no < oo such that 

V p = Y no ^ Y -» spec(R) 

extends to a permissible sequence of monoidal transforms 

Ui -> U U 



over an affine neighborhood U of p, in the notation of Theorem 11.4, such that S r (Ui) 
contains no curves C such that C is r big. Let 



be a permissible sequence of monoidal transforms centered at curves C in S r such that 
C is r small. Then there exists n% < oo such that 1T2 
permissible sequence of monoidal transforms 



Zp — ^no 



V p extends to a 



U-2 



u ->u 



over an affine neighborhood U of p such that S r {U2) = 0- 

Finally, there exists a sequence of quadratic transforms tt^ : W p - 
to a permissible sequence of monoidal transforms 

over an affine neighborhood U of p such that S r {U^) = 0, and if 

q e {n o m o 7r 2 o 7r 3 ) _1 (p), 

1- v (q) < r — I if q is a 1 or 2 point. 

2. If q is a 2 point and v{q) = r — 1, then r(q) > 0. 

3- v(q) < r — 2 if q is a 3 point. 



Z p which extends 



Theorem 11.8. Suppose that r — 2 and A 2 (X) holds Suppose that p £ X is a 2 
point such that v(p) = 1, r(p) = and j(j>) = 2. Let R = Ox,p- 

There exists a sequence of permissible monoidal transforms centered at sections 
over C , Y p — > spec(R) which extends to a sequence of permissible monoidal transforms 
U — > U , where U is an affine neighborhood of p, with the following property. 

Let 

■ ■ ■ — » Y n —> ■ ■ ■ — > Y\ — » Y p 

be a sequence of permissible monoidal transforms centered at curves C in S2 such that 
C is 2 big. Then there exists n$ < 00 such that 

V p = Y na Y p — > spec(R) 

extends to a permissible sequence of monoidal transforms 
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over an affine neighborhood U ofp, in the notation of Theorem 11.4, such that S^E/i) 
contains no curves C such that C is 2 big. Let 



Vn 



be a permissible sequence of monoidal transforms centered at curves C in S2 such that 
C is 2 small. Then there exists n\ < 00 such that 1:2 : Z p — Z ni — » Y no extends to a 
permissible sequence of monoidal transforms 

over an affine neighborhood U of p such that S2{U2) = 0- 

Finally, there exists a sequence of quadratic transforms and monodial transforms 
centered at strict transforms of 2 curves C on Z p such that C is 1 big and C is a 
section over a 2 small curve blown up in Z p — > V p> : W p — > V p which extends to a 
permissible sequence of monoidal transforms 



U 3 -> U 2 



Ui 



u ->u 



over an affine neighborhood U of p such that 82(^3) = 0, and if 

q e (W o 7Ti o 7r 2 o n 3 )~ 1 (p) 

then q is resolved. 



Proof, (of Theorems |11.7| and 11.8) The conclusions of Lemma 8.5 hold at p 



The conclusions of Lemma 11.1 must be modified to: etj + pj > j for 2 < j < r — 2, 
+ I3 r >r-l. 



In the conclusions of Theorem 11.2, we must add a fourth case: 
: (x a y b ) r 



u 

V 

F„ 



P(x a y b ) - 

+ EI 



x c y d F q 

~^a i (x,y)x ai y l3i z r - % 



(129) 



■V 



with @i > i for all i 
Theorem 



11.4 



must be modified by addin g the case F q equivalent mod (xy, z) to 



a f orm (129). The proof of Theorem 11.5 must be modified by adding an analysis 
of (12£). Such q are not effected by blowing up r big curves, so the construction of 



7Ti : V p — > Yp is as in the proof of Theorem 11.5. Suppose that q £ (tt o m) 1 (p) 



satisfies (129). There is a unique r small curve D C S r (V p ) containing q, which 
has local equations y = z = 0. Let tt' : Z\ — > Y p be the blowup of D. Then if 
r > 3, all points of (7r') _1 (g) satisfy 1. - 3. of the conclusions of the Theorem, and 

5 r (z 1 )n( 7 r')- 1 (<z) = 0- 

If r = 2, and q 1 € (7r') — 1 (g) is the 3 point, then there exist permissible parameters 
(x,yx,Zx) at q' such that 

F q , = z\ + yi + zfQ. 

If C is the 2 curve with local equations yx = z± = 0, then C is 1 big, and if ir 1 : W\ — > 
Z p is the blowup of C, then all points of (7r') — 1 (g') are resolved. 

□ 



12. REDUCTION OF V IN A SECOND SPECIAL CASE 

Throughout this section, we will assume that &x '■ X — > S is weakly prepared. 

Theorem 12.1. (Theorem27) Suppose that r > 2, A r (X) holds, p S X is a 2 point 
with v{p) = r—1, C is a generic curve through p, and there are permissible parameters 
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(x,y,z) at p for (u,v) (with y,z £ Ox, P ) such that L p (x,0,0) ^ 0, and C has local 
equations y = z = at p. Let R = Ox, p - We have an expression at p 

u = {x a y b ) m 

v = P{x a y b ) + x c y d F p (130) 
F P = rx^ 1 + Y^Zl 5i(l/. z)x r ~ i - 1 

where r is a unit and v{a.i) > i for all i. Then there exists a finite sequence of 
permissible monodial transforms 7r : Y — > Spec(R) centered at sections over C , such 
that for q € 7r _1 (p), there exist permissible parameters (x,y,z) at q such that F q has 
one of the following forms. 
1. 

u = {x a y h ) m 

v = P{x a f ) +x c y d F q with (131) 
F q ^rx r - 1 + A, (y, z)^- 1 -i 

where r is a unit, Aj(y,z) = or ej = v(Aj(0,z)) = or 1 and dj + ej > j for 
all j . 



2. 



u = (x a y"z c ) 



v = P(x a y b z c ) +x d y e z i F q with (132) 
F q = rx r - x + E^i 1 aj (y, z)y d ^x r -^ 

where r is a unit, dj + ej > j, aj are units (or zero) for all j and there exists 
an i such that 1 < i < r — 1, Hi ^ and 

d% ^ dj ei ^ ej 

i ~ j ' i ~ j 



for 1 < j < r — 1. We further have 

di 



< i. 



3. 



u = {x a y b ) m 

v = P{x a y b ) + x c y d F q with (133) 
F q = fx?- 1 + Ej=l aj (y, t)y d ^x r - x -^ 

where r is a unit, dj + ej > j, Hj are units (or zero) for all j and there exists 
an i such that 1 < i < r — 1, a* ^ and 

di ^ dj ei ^ Cj 
i ~ j ' i ~ j 
for 1 < j < r — 1 . We further have 

d. 



< i. 



In all these cases x — x and x = is a local equation at q of the strict transform 
of the component of Ex with local equation x = at p. 

There exists an affine neighborhood U of p such that Y — > spec(R) extends to a 
sequence of permissible monoidal transforms U — > U such that A r (U) holds. 

Suppose that r > 3. Let Di be the curves in S r -\{X) which contain p, and such 
that x E iDi,p- We further have that the strict transforms Di of the Di on U are 
nonsingular, disjoint and make SNCs with P>2(U). 
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Proof. Set So = Spec (k[y , z]) , Y = Spec(i?). Consider the sequence of monoidal 
transforms centered at sections over C 



Y n — > y„_i — > Y n -2 Y\ — ► lo 

where the sequence is obtained from a sequence of quadratic transforms 

SVi-i — * • • • — ► S*i — ► So 



(134) 



(135) 



over t he c losed point po with local equations y = z = in So, and ( 134 ) is obtained 
from (135) by base change with Yq — ► So, so that Yi = Si Xs Yq. 
The map So — > Y"o obtained from the natural projection 

k[[x,y,z\] -> k[[y,z}} 
induces maps Si x <? So — ► Y% X y such that the composed map 

Si X So So — > X y (J lo X 5 

is an isomorphism for all i. 

We can thus identify the center of the quadratic transform Sj+ i — > Sj with a point 
Pi G ii over p. A section over C through pi is blown up in (134) only if none of the 
forms ( pi] ), flt3§ ) or (|l33|) hold at p,. 

We will show that ( |134| ) is finite, so that there exists n such that Y n satisfies the 
conclusions of the theorem. 

Suppose that (134) is not finite. Then we may assume that there exists an infinite 
sequence of points po,Pi,P2, ■ ■ ■ ,Pn, ■ ■ ■ such that Yi+x — > Yi is a permissible monoidal 
transform, centered at a section C< over C, containing pi, such that pi maps to Pi-i 
for all i, and F Pi does not satisfy (131), ( ]1 32) ) or (132) for any i. 

Each point pi has permissible parameters (x, yi, zi) for [u, v), such that one of the 
following cases hold. 



Case 1 pi is a 2 point 

u = (x a ^r%v = P t {x a >y b ;) + afy**} 

with ainii — am, and permissible parameters at Pi+i are as in one of the following 

cases. 

Case la 

Vi = Vi+i,Zi = Vi+i(zi+i + on+i) 

Case lb 

Vi = Vi+l z i+li z i = z i+l 

Case 2 ^ is a 3 point 

v = Pi(x a *LJ^)+X C Ujt*Fi 

with aiirii = am, (&i,Ci) = 1, (ai,ki) = 1, and permissible parameters at Pi+i are as 
in one of the following cases. 
Case 2a 

Hi = Vi+i, Zi = y i+ \z i+ i 

Case 2b 

Vi = Vi+lZi+l, Zi — Zi+l 

Case 2c 

Vi = Vi+i(zi+i + oti+t) , Zi = y l+ i(z. l+1 + a i+1 ) l i+~i 
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with ai + i 7^ 0. In Case 2c, j/j+i, Zj+i are constructed from the monoidal transform 

Hi = Vi+l,Zi = Vi+l(Zi+l + oti+i)- 

Then define 



Vi+i = Vi+i{zi+i + ai+i) , Zi+i = z i+1 . 

If pi is a 2 point, then y is a power of i/j, and if qi is a 3 point, then y is a monomial 
in yi and Zj. If pi is a 2 point, then there is a series gi such that 

p. _ F _ gdx^/n 

If pi is a 3 point, then there is a series gt such that 

_ _ 

In either case, we have an expression 

r-l 

= F Pi - r'^- 1 + ^ a' j {y j ,z j )x r - j - 1 . 
j=i 

We will show that r' is a unit. Suppose not. First suppose that pi is a 2 point. 
Then — 6,(c + r — 1) = 0. 

(x a y b ) m = (rr'V*)" 1 * 
implies y = y i bm . a; c+r_1 y' i = x c+r_1 y i * implies 

"» = — r - • 

mo 

Thus ad — 6(c + r — 1) = 0, a contradiction to the assumption that F p is normalized. 
Now suppose that pi is a 3 point and t' is not a unit. Then aidi — (c + r — = 0. 

(x a y b ) m = (x ai cj^) mi 

implies y = Lu i mb . x c+r ~ 1 y d = x c+r ~ 1 u i i implies 

dhrrii 

di = — . 

mo 

Thus ad — (c + r — 1)6 = 0, a contradiction to the assumption that F p is normalized. 
If pi is a 2 point, 



dj - cyl iM if ai(di + tj(i)) - Oj(c + r - j - 1) = with tj(i) G N 



and c is the coefficient of y\ 3 ^ in the expansion of dj in terms of y, , 



5j if aj(dj + i) — 6j(c + r — j — 1) ^ for any ieN. 

If pi is a 3 point, 



a 'j = < 



- tj(i) 



if aj(o!j + tj(i)) - ki(c + r - j - 1) = with tj(i) G N 

and c is the coefficient of ui\ 3 ^ in the expansion of dj in terms of y-i 



dj if a l {d l + t) - h(c + r — j — 1) ^ for any t G N. 

In particular, there exists at most one value of tj{i) such that a term can be removed 
from any dj. 

Set u = y h 1 Vj = y d dj(y, z). We have 

u = (x a u) m 

v = P(x a u) + rx c+r - 1 y d + J2 r 3 Zl VjX ^- 1 -^ 
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By Theorem 9.4, Lemma 9.2 and Theorem 9.8, there exists iq such that for i > io in 
(135), one of the following forms holds at pi, for 1 < j < r — 1. 
If pi is a 2 point, 



Vi 



where ej(i) > 1, v(ipji(0, Zi)) = 1 or ijiji = for 1 < j < r — 1. 
If pi is a 3 point, 



(136) 



Vj = Pji(uj t ) + y^ %) zl i{ - %) 4>ji{yi, Zi) 



(137) 



where <pji(yi,Zi) is a unit and dj(i)7ii — biej(i) ^= 0, or <j)ji = for 1 < j < r — 1. 
For i sufficiently large, we have that uvj = are SNC divisors for 1 < j < r — 1 (by 
Lemma 9.16| ). 

Suppose that ( |136| ) holds at Pi with ej(i) = 1 or <pji — for all j. If there exists 
tj(i) £ N such that 

a,i(di + tj(i)) - bi(c + r - j - 1) = 0, 
then the normalized form of x c+r ^ x ~^v^ at pi is 



where A^-j is a unit, zero, or ^(A^O, z,)) = 1. 
If there does not exist t £ N such that 



ai(di+t)-bi(c + r-j-l)=0, 



then 



c+r-l-j 



Vt A-ji(yhZi) 



where Aji i s a u nit, or ^(Aj^O, z,)) = 1. 

Thus if (136) holds at p^, with e 7 (z) = 1 or = for all j, ( 131 ) h olds at p%. 

If ^ is a 3 point, so that ( |l37|) holds, and p^+i is a 2 poin t, then (136) holds at 
Pi+i, with ej(i) = 1 or ■0^ = for 1 < j < r — 1, so that ( 131 ) hol ds a t pi+\. 

We are reduced to the 2 cases where either for all i > io in (135) all monoidal 
transforms are of the forms 2a or 2b, or for all i > io in (135), all monoidal transforms 
are of the form la with some ej(i) > 1. 

If all monoidal transforms are of the form 2a or 2b for i > i , then F, ; = F io for all 
i > i . If 

r— l 

F la = tqx"" 1 + S ^a ] (y lQ ,z lQ )x r - 1 - : > 

3 = 1 

then for i » io, d j(yi n , Zi ) is a mono mial in yi and Zi times a unit for all j by L emma 
3.16 . By Lemmas |9.17j and Corollary 9.18 , there exists i\ > io such that (|l32j ) holds 
at p h . 

Suppose that all monoidal transforms are of the form la for i > io and some 
ej(i) > 1. There exists a permissible change of parameters (x,yi ,Zi ) such that 

z i = z i — p(yi ) 

for some series p, such that (x,yi,~Zi) are permissible parameters at pi for all i > io 
with yi = y io , z io = yl~ l "z % . Let 



F = P( yi ) + Fi 
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be the normalized form of F with respect to the parameters (x, yi, Zi). Then Fi 
for i > ig. If 



Fi, 



F io = r x r 



y t ^j(j/io! z io) x 
3=1 



r-1-3 



then for i » io, a,j(yi ,~Zi ) is a monomial in yi and 3% times a unit for all j by 
Lemma 9.16. By Lemma |9. 17 and Corollary 9. IS there exists i\ > io such that ( ]133j ) 
holds at . 

C generic implies F q is resolved for q £ C a generic point. There exists an affiiie 
neighborhood U of p such that F — > spec(i?) extends to a permissible sequence of 
monoidal transforms of sections over C, U U such that S r (U)U B2{U) is contained 
in the union of B^iJJ) and the strict transform of S r (U). Thus A r (U) holds^ 

If r > 3, we can choose io sufficiently large in obtaining the forms of (|l36j ) and 
(137) so that the strict transforms of the curves Di in S r -i(U) such that x £ TDi,p 
are disjoint and make SNCs with B2{U). 

□ 



Theorem 12.2. Suppose that r > 3, A r {X) holds, p is a 2 point with v(p) = r — 1, 



and L(x,0,0) =/= 0, as in the assumptions of Theorem 12.1. Let R — Ox.p- Suppose 



that 7r : Yp — > Spec(R) is the morphism of Theorem 12.1. 
Let 

■ >Y n — >Yi — >Y p 

be a sequence of permissible monodial transforms centered at 2 curves D such that D 
is r-1 big. Then there exists no < oo such that 

V P = Y no ^Y p ^ spec{R) 

extends to a permissible sequence of monodial transforms 

Ui -► U U 

over an affine neighborhood U of p (with the notation of Theorem 12. \ ) such that U\ 



contains no 2 curves D such that D is r-1 big or r small, and for q G U\, 

1. If q is a 1 or a 2 point then v(q) < r. v{q) = r implies "f(q) = r. 

2. If q is a 3 point then v(q) < r — 2. 

3. S r (Ui) makes SNCs withB 2 (Ui). 

There exists a sequence of quadratic transforms W p — > V p such that if Z p — > W p is 
the sequence of monodial transforms (in any order) centered at the strict transforms 
of curves C in S r (X) then 

Zp^Wp^V p ^Y p ^ spec(R) 

extends to a permissible sequence of monodial transforms 

over an affine neighborhood of p such that U2 contains no 2 curves D such that D is 
r-1 big or r small. S r {U2) makes SNCs with BziU-i), and if q £ 7f _1 (p) ; 
1'.: v{q) < r if q is a 1 or 2 point. v{q) — r implies "f{q) = r. 
2'.: If q is a 2 point and v(q) = r—1, then either r(q) > or 7(g) = r or r(q) = 
and ^13!^ ) holds at q with < di < i, = i and S r -i(Yi) contains a single curve 
D containing q, and containing a 1 point, which has local equations x = z = 
at q. 

3'.: v(q) <r — 2 if q is a 3 point. 
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Proof. Suppose that there exists a 2 curve D C Y = Y p such that D is r-1 big. Let 
7Ti : Yi — > Y be the blowup of D. Then A r (Yi) holds by Lemmas 3.6 and 3.7, since 
u(q) = r — 1 for all q € D. 



Suppose that q € D and ( |13l| ) holds at g. Then e?.,- > j for all j. Suppose that 
q' G 7r^ 1 (<j) and has regular parameters (xi,y\,z) such that 

^ = %x,y = %i(yi + a) 

with a ^ 0. Then g' is a 1 point, so that ^ ((?') < r and ^(<?') = r implies 7(9') = r by 
Lemma 8.6. 

Suppose that q' € tt^ 1 (g) and has permissible parameters (xi,yi,z) such that 



Then 



x = xi,y = xiyi 

u = (x^ylr 

v = P(x a + b yD + xt d+r - l yiF q 

- 1 q f 



F„> = -f*r = t + Y, r iJiyi kj{xxyi,z)xl 



dj-j 



so that v{F q ,) = 0. 

Suppose that q' £ 7rf 1 ((7) and q' has permissible parameters (xi,yi,z) such that 



Then 



x = xiyi,y = yi 



u = {xlyl +b ) m 
v ^P{x a 1 y a + b )+x\y^ d+r - 1 F q , 

- 1 ,. d S~i , 



F„i = 



TX i +T,j=iVi j A ](yi, z ) x i 



so that either v(F q >) < r — 1, or we are back in the form (131) but the dj have 
decreased by j. 

Suppose that q € D and ( |132| ) holds at q. Without loss of generality, we may 
assume that D has local equations x = z = at q. Then ej > j for all j. Suppose 
that q' e tt^ 1 (g) and Oy 1 , q ' has regular parameters (xi,y, z\) such that 



with a ^ 0. Set 



a; = #1 , 2 = x\ [z\ + a) 



Xi 



Set A = / + (d + / + r-l)(^), 



G(xi,y, Zl ) = {Zl + r a \ Fq = ( Zl + a) x r + Y>i + a) A+e ^(y + «))y^^"' 

^1 

Then 



u = (xfy b ') m ' 

v =P((xf/)^r) + xJ +/+r 'VG 



G(0,0,zi) = (zi + a)> 



r + a 3 (0,0)( Zl + a y 
where tq = r(0, 0, 0), (a + c)m = a'm', 6m = b'm' , (a', 6') = 1. 



G(0,0,«i) 



if a'e-6'(d + / + r- 1) ^0 



G(0, 0, zi) - G(0, 0, 0) if a'e - b'{d + / + r-l)=0 
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Thus v(F g ,(0, 0, zi)) < r, except possibly if A = and a'e - b'(d + f + r - 1) = 0. 
Then we have 

af- c(d + r - 1) = (138) 

and 

[ae -b{d + r- 1)] + [ce -fb] = (139) 
with a, b, c > 0. Substituting d + r — 1 = ^ into ( |139| ), we get 

(- + l)(ce-6/)=0 
c 

so that 

ce - bf = (140) 

and 

ae- b(d + r- 1) = (141) 



(|138|), ( |140D and ( |14l| ) cannot all hold since F q is normalized. Thus v{F q > (0, 0, zi)) < r 
and ^(g') < r, 7(5') < r. 

Suppose that q' 6 ttj -1 (g) and g' has permissible parameters (xi,y, z\) such that 

x = ari, ~z = x\Z\ 

Then = 0. 

Suppose that q 1 G 7r^ 1 (q) and g' has permissible parameters (xi,yi,z) such that 

X = X±Zl,Z = Z\ 

Then we either have a 3 point with u(q') < r — 1, or we are back in the form of ( |132| ) 
with ei decreased by i. 

Suppose that q € D and ( |133j ) holds at q. Then eL, > j for all j. Suppose that 
q 1 € ^^^^(g) and Oy bg ' has regular parameters (xi,j/i,2) such that 

x = xi, y = xi(j/i + a) 

with a^0. Then gr' is a 1 point so that 1^(9') < r and j(q') < r by Lemma |8.(| 
Suppose that q' e 7rf 1 (g) and g' has permissible parameters (xi,yi,z) such that 

x = xi,y = xiyi 

Then = 0. 

Suppose that q' G 7r^ 1 (g) and g' has permissible parameters (xi,j/i,z) such that 

x = x 1 y 1 ,y = y x 

Then we either have a 2 point with v(q') < r — 1, or we are back in the form of fll33| ) 
with di decreased by i. 

After a finite number of blowups of 2 curves 7Ti : ->7 we have that there are 
no 2 curves 13 on Y na such that £> is r-1 big. By Lemmas 8.6, |S.7| , and since all 3 
points q G (n o 7Ti) -1 (p) have i/(g) < r — 2 (if q is a 3 point and u{q) = r — 1 so 
that g satisfies ( |l32j ), then either dj > j for all j or ej > j for all j), there exists a 
neighborhood Ui with the properties asserted by the statement of the Theorem. 

Th e only 2 points q £ (it o 7ri) -1 (p) where v(q) = r — 1 and 7(g) > r eit her s atisfy 
(131) with some dj = j — 1 and ej = 1 (so that r(g) > 1) or satisfy ( 133 ) with 
u(q) = r — 1 and di < i so that > i. Furthermore, x = is a local equation at g of 
the strict transform of the surface with local equation x — at p. 

Suppose that D C S r (X) is a curve containing p, and D is the strict transform 
of D on f7i . Z3 can only intersect (-zr o tti)~ 1 (p) at points g such that g is a 2 point 
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and v{q) = r or v{q) — r — 1 by Lemma 7.7 and Lemma 7.6. We must either have 
7(9) <r or q satisfies (131) or (133). 

Suppose that q £ D n (ir o 7Ti) _1 (p) satisfies (131) or (133) and y e Ijj a - Then 



there exist a, € /c such that 



^ - E a i^?Sr e &) r_1 + (ft f&*)) r 



where y = f(x,z) = are local equations of D at q (by Lemma 6.27). This is 
impossible by the form of F q . Thus x £ Tj^ . 



Suppose that q satisfies (131). We have 



(x,z-<j>{y)) 



for some series <f>. There exist a.j £ k such that, when renormalizing with respect to 
these new parameters, 

* — ' 2; y 



by Lemma 6.27. Setting a; = in 

F 9-E^%|jr' 

we get y dr - 1 A r ^i(y,z) or y di — 1 A r _i(y, z) + cy™ for some c € fc, S e N. Thus 
or 

which is nonzero since xVF q . As i/(A r _i(J7, z)) < 1, this is a contradiction. Thus 
g cannot have the form of (|13l|). 

Suppose that q satisfies ( |l33|) . We have 1^^ = </>(y)) for some series <j). 

There exists Oj € fc such that 



a J i 3|^ L G(^r 1 + (3 ; ^-0(y)) r 



by Lemma 6.27 . Setting a; = in 

we get a r -i(y, z)y dr ~ 1 z 6 ^ 1 or a r _i(y, z)y dr ~ 1 z^'- 1 +cy n for some c S fc, n € N. Thus 

(z-mr \y dr - i z e - 1 

or 

(z- <MD) r I a r _i(y,2)y d - 1 2 e '- 1 +cf 
which is nonzero since x jf F q . In either case, we have 

since 

z 



(ar-rt^r^+dr) 
oz 



ser-! 1 d r _! ( Cr _ iar _ 1 + — — Z , 

az 



which implies that e r _i > r and <j)(y) = 0. Thus x = z = are local equations of 13 
at q. 

Suppose that D is such that D is r small and g€ (TroTTi) -1 ^)!"!!) satisfies v{q) = r 
and 7(g) = r. By Lemma 8 . 10| , there exists a sequence of quadratic transforms 
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o"i : W\ — » F„ such that the strict transform D of D intersects a^ 1 (q) in a 2 point 
q' such that v(q') = r — 1 and j(q') = r. Furthermore, there are no 2 curves C 
in <r^ 1 (q) such that C is r-1 big, and 1'. - 3'. of the conclusions of the Theorem 
hold at all points of er-f^g). Thus there exists a sequence of quadratic transforms 
a : W — > Y nQ , centered at 2 points {gi, . . . , g m } such that v{qi) — r and j(qi) = r on 
the strict transform 13 of curves D in S r (X) containing p such that if D C S r {W) 
is the strict transform of a curve D C S r (X) containing p, and £> is r small then D 
intersects (it o 7Ti o cr) _1 (p) in 2 points g of the form of (|l33| ), and in 2 points q such 
that v(q) = r — 1 and 7(g) = r. W contains no 2 curves C such that C is r-1 big, 
S r (W) makes SNCs with B 2 (W) and 7(g) < r for all exceptional 1 and 2 points of 
<7, z^(g) = for all exceptional 3 points of a. 

Suppose that D C W is the strict transform of a curve -D in S r (X) containing p. 
First suppose that D is r big. If q G £> n (ir o 7Ti o ct)" 1 (p), then g must be a 2 point 
with i/(g) = 7(g) = r. Suppose that Ai : Z\ — ► is the blowup of D. By Lemma 



3.8, 1'. - 3'. of the conclusions of the Theorem hold on Z±, and the conclusions of U2 
hold in a neighborhood of X[ 1 {q). 

If D is r small, then if q £ D n (ir o 7Ti o cr) _1 (p), q must be either a 2 point where 



= r — 1 and 7(g) = r or q satisfies (133) and x = 2 = are local equations of D 

at g. 

Let Ai : Z\ — > VF be the blowup of £>. If g g D n (7r o 7Ti o cr) _1 (p) is a 2 point such 
that v{p) = r — 1 and j(p) = r, then 1.' - 3.' of the conclusions of the Theorem hold 
and the conclusions of U2 hold in a neighborhood of Aj~ 1 (g) (since r > 3) by Lemma 



3.10 



Suppose that g 6 Z3n (7ro7ri o<t) _1 (p) satisfies (133). x = z = are local equations 
of D at g and < i. Since D C S r (W), we have e, > i. 

Since ^4 r (X) holds, 7(g') = r if g' € D is a 1 point. Then e r _i = r in (133). 
Suppose that g' € Aj~ (g), g' has permissible parameters (x\,y,zi) such that 



g' is a 2 point. ei> i implies 



x = Xi, z = xi(zi + a) 



-p^T = t + xiQ 



so that f(g) = 0. 

Suppose that g' G Aj~ 1 (g) has permissible parameters (xx,y, z\) such that 

x = x±zi,z = z\ 

Then we either have a 3 point with v{q') < r — 1, or we are in the form of ( |132| ) with 
decreased by i, di < i, and x = z = is a local equation of a 2 curve which is a 

section over D. Since we have e r -i = 1 in (|132[ ), we must have e\ < i (since r > 2), 

dt < i so that z^(g') < r — 1 by Remark 9.19| . 

Thus the conclusions of t/2 hold in a neighborhood of Aj~ 1 (g) by Lemma |8. 10 



Then if A : Z — > VF is the sequence of monodial transforms (in any order) centered 
at the strict transforms of curves C in S r (X), the conclusions of 1'. - 3'. of the 



Theorem hold, except possibly at a finite number of points g of the form of (133) with 
di < i and 64 > i. There are no 2 curves C C Z such that C is r-1 big. 

If q G (ir o iri o a o X)~ 1 (p) does not satisfy one of V - 3' of the conclusions of the 



Theorem then q satisfies (133), r(g) = and di < so that > i. x = is then a 
local equation of the surface with local equation x = at p. 

&i > i implies F q G (x, z) r_1 . Since r > 3, this implies (by Lemma 6.23| ) that there 



exists an algebraic curve D C S r -i{Z) such that x — z — are local equations of a 
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formal branch of D. D is necessarily the strict transform of a curve D C S r -\{U), 
since x G 2-p and y ^ Ij . 13 is thus nonsingular at q, by the conclusions of 
Theorem 12.1 . Thus x = 1 = are local equations of an algebraic curve D at q. If 
ej > i, then _D C S r (Z) and if = z, then D c iSV_i(.Z). 

Since the strict transforms of all curves in S r (X) have been blown up in the map 
Z — ► W, we must have = i. 

Thus at g, (133) holds, = i, di < i and r(g) = 0. Let T be the component of Ex 
with local equation a; = at p. r(q) = implies di > 0, which implies dj > for all 
j, so that F q = tW + yfl. Since x — is a local equation of the strict transform T" 
of T, the only curve in S r —i(Z) H T' containing g is the curve 13 with local equations 
x — ~z = 0, since a curve in S r -i(Z) n T' containing g must be the strict transform of 
a curve in 5 r _i(f7) n T. 

u = (x a y b ) m 

v = P{x a y b ) +x c y d F 

and F q = rx r ~ 1 + y£l, where r is a unit. 

We will show that there does not exist a curve C C S r -i(Z) containing q (and a 
1 point) such that y £ Ic,q- 

After a permissible change of parameters, we may assume that y,z € Ox,q with 

F q = tx 7 - 1 +yQ. 



%c,q = (y, g(x, zj). Set x = i b . By Lemma 3.30, either there exists a series / such 
that 



ad F q - f(x a y) e {(y,g(x b ,z)) r - 1 + {y) r ~ 2 ) k[[x,y,z}} (142) 



x 



if be — ad > or 

F q - f(x a y)x ad - bc e ((y,g(x h ,z)) r - 1 + (y) r - 2 ) k[[x,y,z}} (143) 
if ad — be > 0. 

If ( 142 ) holds, since v{q) > 0, we have v(f) > 0, which implies 

and g = x, a contradiction since C is then a 2 curve. 
Suppose that jl43| ) holds. Let c = /(0). 

r(x,0,z)£ b(, '- 1) -c£ Qd - bc = ft(x > *)ff(jc 6 ,z) r - 1 

for some series /i. If ad — be — b(r — 1) then ac? — &(c + r — 1) = 0, a contradiction to 
the assumption that F q is normalized. 
Let 

min{6(r — 1), ad — be} if c 7^ 
b(r-l) ifc=0. 



d = 



t(x, 0, z)£ 6 ( r - 1 ) - cx ad " 6c = Ai d 

where A is a unit. Then g(x b , z) r_1 is a power of i, and <? = x, a contradiction since 
C is then a 2 curve. 

Thus the conclusions of 1'. - 3'. of the Theorem hold and the conclusions of U2 
hold on Z. □ 
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Theorem 12.3. Suppose that r = 2, ^(X) holds, p is a 2 point with v(p) = r — 1 



1, and L(x, 0, 0) ^ 0, as in the assumptions of Theorem 12.1. Let R = Ox.p- Suppose 
that 7r : Y p — » Spec(R) is the morphism of Theorem 12.1. 
Let 

■ ■■ —>Y n — Y\— >Y p 

be a sequence of permissible monodial transforms centered at 2 curves D such that D 
is 1 big. Then there exists hq < oo such that 

V p = Y no ^ Y p —> spec(R) 

extends to a permissible sequence of monodial transforms 

over an affine neighborhood U of p (with the notation of Theorem 12. \ ) such that U\ 



contains no 2 curves D such that D is 1 big or 2 small, and for q G U \ , 

1. If q is a 1 or a 2 point then v(q) < 2. v(q) = 2 implies 7(g) = 2. 

2. If q is a 3 point then v(q) = 0. 

3. 5 2 (Z7i) makes SNCs withB 2 (JJi). 

There exists a sequence of quadratic transforms W p — > V p such that if Z p — > W p is 
the sequence of monodial transforms (in any order) centered at the strict transforms 
C of curves C in S2(X), followed by monoidial transforms centered at any 2 curves 
C which are sections over C such that C is 1 big, then 

Zp^Wp^Vp^Yp^ spec{R) 

extends to a permissible sequence of monodial transforms 

over an affine neighborhood of p such that U 2 contains no 2 curves D such that D is 
1 big or 2 small. ^(L^) makes SNCs with -62(^2), and if q € W~ 1 (p), 

1'.: v(q) < 2 if q is a 1 or 2 point. v(q) = 2 implies 7(g) = 2. 

2'.: If q is a 2 point and v(q) = 1, then either q is resolved or "f(q) = 2. 

3'.: i>(q) — if q is a 3 point. 



Proof. We can construct 



W = W p A V p = Y na ^ Y = Y p A spec(i?) 



exactly as in the proof of Theorem 12.2. 
If q G (tt o tti o a)~ 1 (p) satisfies 133), then 

u = (x a y b Y 
F q =x + z ei 



(144) 



If D C 5*2 (X) contains p, and D is the strict transform of D on W, and q e 
D n (tt o it 1 o a)^ 1 (p), then either q satisfies (|144|), 



F g =x + z ei 

with ei > 2 and x = z = are local equations of D at q, or q is a 2 point with 
v(q) = 1, 7(g) = 2, or D is 2 big and q is a 2 point with v(q) = 7(g) = 2. 

Suppose that D C S2(W) is the strict transform of D C S2{X) such that p E D. 
Let Ai : Zi — > 14^ be the blowup of D. 

First suppose that D is 2 big. Suppose that g£ Dn (ttottioo-)^ 1 (p). Then q is a 2 
point with v(q) — 7(g) = 2. By Lemma 8.8, 1' - 3' of the conclusions of the Theorem 
hold on Z\, and the conclusions of U 2 hold in a neighborhood of Aj~ 1 (g). 
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Suppose that D is 2 small. If q G D n (tt o tti o cr) *(p), then either q is a 2 point 



with = 1, 7(g) = 2, or g satisfies (144) with ei > 2, x — z = are local equations 
of D at q. 



If 9 G £? H (7ro7 ri ocr ) x (p) is a 2 point with v{q) = 1, j(q) = 2, then by Lemma 8.1C| 



and Lemma 8.11 , either 1' - 3' of the conclusions of the Theorem and the conclusions 
of U2 hold in a neighborhood of A ] ~ 1 (g) or there exists a 2 curve C which is a section 
over D, such that if A2 : ^2 — ► -Zi is the blowup of C, then 1' - 3' of the conclusions of 
the Theorem hold and the conclusions of U2 hold in a neighborhood of (Ai o A2) _1 (g). 



Suppose that q G D n (7r o 7Tx ° cr) _1 (p) satisfies (144) with ei > 2, x = z = are 
local equations of D at q. Since A2(X) holds, 7(9') = 2 if 0/ G £> is a 1 point, so that 
e-y = 2. If q' G A 1 ~ 1 (g) we have ^(<?') = except if g' is the 3 point with permissible 
parameters {x\,y, z{) such that x — X\Z\, ~z = z\. Then F q > — x\ + z\. 

Let C be the 2 curve through q' with local equations X\ = z\ = at q'. C is a 



section over D. By Lemma 84, _F a e a for all a G C, so that C is 1 big. 

Let A2 : Z2 — > ^1 be the blowup of C. Then 1' - 3' of the conclusions of the 
Theorem, and the conclusions of U2 hold in a neighborhood of (Ai o \2)~ 1 (q). 

Then if A : Z — * W is the sequence of monodial transforms (in any order) centered 
at the strict transform of curves C in S2(X), followed by the monodial transforms 
centered at 2 curves C which are sections over C such that C is 1 big, we have that 
there are no 2 curves C a Z such that C is 1 big. 

The only points of Z which may not satisfy the conclusions of 1' - 3' of the Theorem 



are the 2 points q G (it o m o a o A) 1 (p) which satisfy (144) with r(q) — 0. Then 
(after a permissible change of parameters) 

u = (x a y b ) 



z 



with e r > 2. 

By Lemma 3.23 , there exists an algebraic curve D C S2(Z) such that x = z = 
are local equations of D at Since x = is a local equation of the strict transform 
of the component of Ex with local equation x = 0, and D is not contained in the 
component of Ex with local equation y = 0, D is the strict transform of a curve in 
S r (X) containing p, a contradiction to the construction of Z. Thus q is a resolved 
point. 

□ 



Theorem 12.4. (TheoremSO) Suppose that r > 2, A r (X) holds, p G X is a 3 point 
with v{p) = r — 1, and we have permissible parameters (x,y,z) at p for u,v (with 
y, z G Ox, P ) such that 

u _ ^ a ,6ya+n6 ;z a+(n+l)fc^m 

^ _ p^6ya+n6^a+(n+l)6^ _|_ x dyC+n(d+r) z c+(n+l)(d+r) (145) 

F p =rx r - 1 +j: r r 1 1 a l (y,z)x r - 1 - 1 
with n > 0, a, 6 > ; i(x, 0, 0) ^ 7 so that t is a unit, and (eq510) 

a(d + r-l)-bc = (146) 



u = {x b y a z b ) m 

v = P(x h y a z h ) + x d y c z d+r F p (147) 
Fp ^Tx r ~ 1 +j: r rla l (y,z)x r -' 1 - 1 
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with n > 0, a,b > 0, L(x, 0, 0) ^ 0, so that r is a unit, and 

a(d + r-l)-bc = (148) 

Let R = Ox.p- Let C be the 2 curve with local equations y — z = at p. Then 
there exists a finite sequence of permissible monodial transforms 7r : Y — > Spec(R) 
centered at sections over C — V(y, z), such that for q £ 7r _1 (p), F q has one of the 



12.1. 



forms frSfy , \132J or ( \133j ) of Theorem 

In all these cases x — x and x = is a local equation at q of the strict transform 
of the component of Ex with local equation x = at p. 

There exists an affine neighborhood U of p such that Y — > spec(R) extends to a 
sequence of permissible monoidal transforms U — > U such that A r (U) holds. 

7(9) < I at a generic point q of C , so that all points q' on the fiber of the blowup 
of C over q are resolved. 

Suppose that r > 3. Let Di be the curves in S r -i{X) which contain p, and x G 
3-Di,p- We further have that the strict transforms Di of the Di on U are nonsingular, 
disjoint, and make SNCs with B2(U). 



Proof. We modify the proof of Theorem 12.1 to prove this Theorem. In the sequence 
of ( |134| ) we must add a new case, 
Case 0: 

{x a i{y S iz c i)ki)mi 



U 
V 



Case Oa: 
Case Ob: 
Case Oc: 



Hi = Vi+uZi = y i+ iz l+ i 



Vi — Ui+l z i+l, z i — z i+l 



Zi = y i+1 (z i+1 + a i+ i) b i+~i 
In the sequence (134), F has the form Case (and not Case 2). The transforma- 
tions of type 0a and type b pro duce a of the type of Case 0, and — F i+ i. 
If all transformations in (134) are of types 0a or 0b, then we eventually get a pi of 



type (132) by Lemmas 9.16, 9.17 and Corollary 9.18 



Otherwise, we eventually reach a first pi where Pi+i is obtained by a transformation 



of type 0c. We have Fi = F p 



n 

v 



(x y i+1 ) 



a in ,{bi+Ci)kis c d i+1 . 



+ OLi 



i) X F P 



A 



H+l 



di 



bi + Q 

Thus Pi+i has the form of Case 1, with 



Ft 



i+l 



{Zi 



a l+1 ) x F p 



g l+1 {x a ^y\^) 

x y*+i 



Thus pi + i satisfies the assumptions of Theorem 12.1 , provided v(Fi + i(x, 0, 0)) = r — 1. 
Pi has permissible parameters (x,y%,Zi) with yi = yi, z\ = Zi such that 



y 



a 

ViZi,z 
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with aS — /?7 = ±1, 

Pi+i has permissible parameters (a;, y 2l Z2) with y 2 = Ui+i, z 2 = Zi+i such that 



Vi = 2/2, Z\ = y 2 (z 2 + a) 



with a^O. 



First suppose that we are in the situation of (145) and Ql46| ). Set 

Ai = a(a + nb) + 7(0 + (n + 1)6) + /3(a + nb) + 5{a + (n + 1)6), 
A 2 = (3(a + nb) + 6 (a + (n + 1)6). 



_ _ _A2 

V2 = y 2 {z 2 + a) A i 

, ft a(a+n6)+ T (a+(n+l)6) B(a+nb)+5(a+(n+l)b)^ m 
\ J ' U\ *i 

(ar^Oa +S) A2 ) m 

(x b y 2 Al )™ 



a ,d+r-l^c+n(d+r) c+(n+l)(d+r) 



where 



d+r — l 



Vx 

_ -.d+r-l-.As 



a(c+n(d+r))+7(c+(n+l)(d+r)) /3(c+n(d+r))+5(c+(n+l)(ei+r)) 



A 4 



A 2 A 3 



A 3 = a(c + n(d + r)) + 7 (c+ (n+ l)(d + r)) + (3(c + n(d + r)) +S(c+ (n+ l)(d + r)), 
A 4 = /3(c + n(d + r)) + 5(c + (n + l)(d + r)). 
6A 3 - (d + r- l)Ai 

= 6[(a +/3)(c + n(d + r)) + (7 + 5)(c + (n + l)(d + r))] 
-(d + r - l)[(a + /3)(a + n6) + (7 + 5) (a + (n + 1)6)] 
= (a + /3 + 7 + 5) [6c - (d + r - l)a] + nb(a + + 7 + 6) + 6(7 + 5) 
= n(a + fi + 7 + S)b + (7 + <5)6 > 0. 
Since we cannot remove 

from x d y c +™( d + f ") 2 : c +( n + 1 )( <i +''').F p) where To = r(0, 0,0), when normalizing to obtain 
Fpi+i , we must have v(F Pi+1 (x, 0, 0)) = r — 1 



Now suppose that we are in the situation of (147) and (148). Set 

Ax = aa + 76 + /3a + Sb, 

A 2 = (3a + 6b. 

V2=y 2 {z 2 + a) A i 

u ={x b y* a+ "* h 4 a+Sb ) m 
= {x b y^{z 2 +a)^) m 



Set 



A 3 = ac + 7(d + r) + /3c + S(d + r), 
A 4 = f3c + 5(d + r). 

'.A-r, 

Z l 

: x d+r - 1 y^ 3 (z 2 + a) x ± 



„d+r-l„c v d+r _ _d+r-l, ac+ 7 (d+r) /3c+5(d+r) 



A4- 



A 2 A 3 



6A 3 - Ai(d+ r - 1) = 6(ac + 7(d + r) + /3c + S(d + r)) - (aa + 76 + /3a + <56)(d + r - 1) 
= (a + 0)[bc -a{d + r- 1)] + (7 + o)[6(d + r) - 6(d + r - 1)] 
= (7 + 8)b £ 
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Thus u(F Pi+1 (x, 0, 0)) = r — 1 in this case also. The proof now preceeds as in Theorem 



12.1. □ 



Theorem 12.5. Suppose that r > 3, A r (X) holds, p is a 3 point with u(p) = r — 1, 
and we have permissible parameters (x, y, z) at p for u, v (with y,z £ Ox, P ) such that 

u = (x b y a+nb z a +( n + 1 ) b 'j m 

v — p(^j.bya+nb 7 a+(n+l)b^ _|_ x dyC+n(d+r) z c+(n+l)(d+r) 

F P =TX r - 1 + YZl a i(Vi z ) xr ~ i ~ 1 
with n > 0, a, b > 0, v{p) = r — 1, L(x, 0, 0) ^ 0, so that r is a unit, and 

a(d + r-l)-bc = 

or 

u = (x b y a z b ) m 
v = P(x b y a z b ) + x d y c z d+r F q 
F p =rx r - x +Ett«(^)^" 
with n > 0, a,b > 0, v{p) = T — 1, L(x, 0, 0) ^ 0, so that r is a unit, and 

a(d + r -l)-&c = 



Let R = 



X,p- 



Suppose that it : Y p — > Spec(R) is the morphism of Theorem 12.4 - 
Let 

■ ■ ■ — > Y n —>■■■—> Y\ — > Yp 

&e a sequence of permissible monodial transforms centered at 2 curves D such that D 
is r-1 big. Then there exists no < oo such that 

V p = Y no ^Y^ spec(R) 

extends to a permissible sequence of monodial transforms 

Ui -► U -► 17 



ewer an affine neighborhood U of p (with the notation of Theorem 12. 3j smc/i i/ia£ [/ 



contains no 2 curves D such that D is r-1 big or r small, and for q £ U\, 

1. If q is a 1 or a 2 point then v(q) < r. ^(o) = r implies 7(a) = r. 

2. 7/q is a 5 point then v(q) < r — 2. 

3. S r (Z7i) mafes STVCs withB 2 (Ui). 

There exists a sequence of quadratic transforms W p — > V p such that if Z p — > Wp is 
f/ie sequence of monodial transforms (in any order) centered at the strict transforms 
of curves C in S r (X) then 

Z p ^Wp^Vp^Yp^ spec(R) 

extends to a permissible sequence of monodial transforms 

over an affine neighborhood of p such that U2 contains no 2 curves D such that D is 
r-1 big or r small. S r {U2) makes SNCs with £>2{U2), and if q £ 7f _1 (p), 
1'.: f(q) < r if q is a 1 or 2 point. v{q) = r implies 7(5) = r. 

2'.: If q is a 2 point and v(q) = r — 1, then either r(g) > or 7(5) = r or r(g) = 
and ( \l3$l) holds at q with < di < i, ej = % and S r -\(Y\) contains a single curve 
D containing q, and containing a 1 point, which has local equations x = z = 
at q. 

3'.: v(q) < r — 2 if q is a 3 point. 
Ifp^S r (X), then Z = Y no . 
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Proof. The proof of Theorem 12.2 applied to the conclusions of Theorem 12.4 proves 



this theorem. □ 

Theorem 12.6. Suppose that r = 2, A 2 (X) holds, p is a 3 point with v(p) = r — 1 = 
1. and we have permissible parameters (x, y, z) at p for u, v (with y, z € Ox,p) such 
that 

u — ^ x bya+nb z a+(n+l)b^m 

v — p(^j.bya+nb 7 a+(n+l)b^ _|_ x dyC+n(d+2) z c+(n+l)(d+ 2 ) 

F p =TX + ai(y,z) 
with n > 0, a, b > 0, L(x, 0, 0) 7^ so that r is a unit and 

a(d + r-l)-bc = a(d + 1) - be = 

or 

u = {x b y a z b ) m 
v = P( x b y a z h ) + x d y c z d+2 F q 
F p = tx + a±(y,z) 
with n > 0, a, b > 0, L(x, 0, 0) 7^ so that r is a unit and 

a(d + r - 1) -bc = a(d + 1) - be = 



Let R = 



X,p- 



Suppose that it : Y p — > Spec(R) is the morphism of Theorem 12.4- 
Let 

• V„ • • > , • V,, 

be a sequence of permissible monodial transforms centered at 2 curves D such that D 
is 1 big. Then there exists uq < 00 such that 

V P = Y no ^Y p ^ spec(R) 

extends to a permissible sequence of monodial transforms 

over an affine neighborhood U of p (with the notation of Theorem 12. \ ) such that U\ 



contains no 2 curves D such that D is 1 big or 2 small, and for q 6 XJ \ , 

1. If q is a 1 or a 2 point then v(q) < 2. v(q) = 2 implies 7(g) = 2. 

2. If q is a 3 point then v(q) = 0. 

3. S 2 (JJi) makes SNCs withB 2 (Ui). 

There exists a sequence of quadratic transforms W p — > V p such that if Z p — > W p is 
the sequence of monodial transforms (in any order) centered at the strict transforms 
C of curves C in S^pQ, followed by monodial transforms centered at any 2 curves 
C which are sections over C such that C is 1 big, then 

Zp^Wp^Vp-^Yp^ spec{R) 

extends to a permissible sequence of monodial transforms 

over an affine neighborhood of p such that U 2 contains no 2 curves D such that D is 
1 big or 2 small. S 2 (U 2 ) makes SNCs with B 2 (U 2 ), and if q £ Tf~ 1 (p), 

1'.: v(q) < 2 if q is a 1 or 2 point. v(q) — 2 implies 7(g) = 2. 

2'.: If q is a 2 point and v(q) = 1, then either q is resolved or "f{q) = 2. 

3'.: v{q) = if q is a 3 point. 

Ifp^S 2 {X), thenZ p = Y no . 
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Proof. The proof of Theorem 12.3 applied to the conclusions of Theorem 12.4 proves 



b\ , „c„,dT? ( 149 ) 



the Theorem. □ 

13. Resolution 1 

Throughout this section we will assume that 4>x : X — > S is weakly prepared. 

In this chapter we will need to consider the following condition on a 2 point pel 
such that v(p) = r and r(p) = 1. The condition is that has permissible 

parameters (it, v) such that u = is a local equation of Ex at p and p has permissible 
parameters (x,y,z) for (u, «) such that(eq998) 

u = (x a y b ) 
v = P(x a y b ) + x c y d F p 

and L p contains a nonzero y r ~ 1 z term with a(d + r — 1) — be = 0. Up to interchanging 
x and y, this condition is independent of permissible parameters at p for (u, v). 

Lemma 13.1. Suppose that X satisfies A r {X), with r > 2, and C is a 2 curve on X 
such that C C S r (X). Suppose that 

• • ■ — > X n —>•■■—► Aj — > X 

is a sequence of permissible monodial transforms centered at 2 curves Ci such that 
Ci C S r (Xi) are sections over C . Then this sequence is finite. That is, there exists 
n < oo such that X n contains no 2 curve C' n with this property. 

Proof. Since A r (X) holds, C must be r small. Suppose that q £ C is a 2 point and 
the sequence has infinite length. Let q n be the point on X n which is the intersection 
of the fiber over q and C n . With the notations of ( [70| ) in the proof of Lemma B.£, 
there arc permissible parameters (x, y, z) at q such that 

u = (x a y b ) m 

F q = czy r ^ 1 + ^ i+J > r ^> Q c ij kX i y : ' z k . 
For all n there are permissible parameters (x n , y n , z) at q n such that 

x x n: y — x n y n 



F„. - F « 



9" n(r-l) 

If the sequence has infinite length, then cy/s = if j < r — 1, so that y | F q , a 
contradiction to the assumption that F q is normalized. □ 

Lemma 13.2. Suppose that X satisfies A r {X) with r > 2 and C is a 2 curve on X 
such that C is r-1 big. Suppose that 

■ ■ ■ — > A n Ai — > X 

is a sequence of permissible monodial transforms, centered at 2 curves Ci such that 
Ci is a section over C and C'i is r-1 big. Then the sequence is finite. That is, there 
exists n < oo such that X n contains no 2 curves C n with this property. 

Proof. Suppose that p S C is a 2 point such that v(p) = r — 1. p has permissible 
parameters (x, y, z) such that 

u = (x a y b ) m 

v = P( x a y b ) + x c y d F p 

F P =T, i+ j>r-l a >ij( z ) xi y j 

Let 7r : Y — > spec(0x, P ) be the blowup of C. 
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Suppose that q G ir is the 2 point with permissible parameters (x\,y\,z±) 

x = x 1 y 1 ,y = yi 

u ={xlyl +b T (150) 

v = P{xtyt +b ) + xU +d+r - l {Y, i+j =r-i <Hj(z)x[ + yiSl) ^ 

v {q) < r — 2 unless L p = x r ~ l . Then u(q) = r — 1. 
Suppose that L p = x r . 

r-1 



F p = Tx r 1 + J2y b ' a i(y> z ) xr ^ 



where r is a unit and x f a,i, y j^cti, hi > i for all i. 

Suppose t hat the 2 curve C\ C Y containing q is such that C\ is r-1 big. G\ = 
V(xi,yi) in Q. 

r-1 

F q = rx\- x + J2 y\ i - i a i {yi,z)x{- x - i . 

i=l 

By induction on bi, after a finite number of blowups of 2 curves, we reach A : Z — > 
spec(Ox,p) such that if D is a 2 curve in Z which is a section over C, then £> is not 
r-1 big. □ 



Definition 13.3. Suppose that X satisfies A r (X) with r > 2. A 2 point p E X 
contained in a 2 curve C is called bad if v(jp) — r, r(p) = 1 and one of the following 
holds. 

1. C£~Sr(X). 

2. C C S r {X) is r small and there exists a sequence of monodial transforms 

X n — > X„_i — ► ► Xi — * spec(Oxp) 

anc? 2 curves C'i C X, which are sections over C such that Cj C S r (Xi) is r 
small for i < n, C n <f_ S r (Xi), Xi+\ — > Xi is centered at C% if i < n, and if p n 
is the point on C n over p then v{p n ) = r. 

3. There exists a curve D C S r (X) such that D contains a 1 point p € D, and D 
is r big at p. 

Suppose that r > 2 and A r (X) holds. Then there are only finitely many bad 2 
points on X. 

Lemma 13.4. Suppose that X satisfies A r (X) with r > 2. Then there exists a 
sequence of quadratic transforms X\ —> X such that A r (Xi) holds. 

Proof. Let n : X\ — * X be a sequence of quadratic transforms so that the st rict 
transform of S r (X) makes SNCs with B 2 (X). Then A r (Xi) holds by Theorems fi~l 



and 7.3, and A r {X\) holds by Lemma 7.£ and Theorem 7.8. □ 



Lemma 13.5. Suppose that A r (X) holds with r > 2 and p G X is a bad 2 point. 
Suppose that there does not exist a curve D C S r (X) such that p G D, D contains 
a 1 point and D is r big at p. Then there exists a sequence of quadratic transforms 
7r : X\ — » X centered at 2 points over p such that A r (X\) holds and all 2 points 
q G 7r _1 (p) are good. 
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Proof. There exist permissible parameters (a;, y, z) at p such that 

u = {x a y b ) m 

v = P{x a y b ) + x c y d F p 



Let 7Ti : X\ — » X be the blowup of p. By Theorems 7.1 , 7.3 and Lemma 7.9 , A r (X±) 
holds. Suppose that q E 7r _1 (p) is a 2 point such that v{q) = r and r(q) = 1. 
After a permissible change of parameters at p, we may assume that q has permissible 
parameters (xi, y 1; zi) such that x = xij/i, y — y 1 , z — y{z\. r(q) — 1 and = r 
implies that, after replacing z by a constant times z, that 

L p = L(x, z) = dx r + x r ~ 1 z 

for some c? G k. 

Suppose that there exists a 2 point q' G 7r _1 (p) such that v(q r ') = r and g' has 
permissible parameters x',y',z' such that x = x',y = x'y' ,z — x'{z' + a) for some 
a E k. Then there exists a form Li and c E k such that 

fix + cx a y h if there exists o, b E N such that a + 6 = r 
and a(d + 6) - 6(c + a) = 
L\ otherwise. 

where 

L\ = L\{y, z — ax) = ey r + f(z — ax)y r ~ 1 

for some e, / G k, with / ^ 0. This is not possible, since r > 2. Thus all 2 points 
qi E 7r _1 (p) with u(qi) = r have permissible parameters (xi,yi,zi) such that 

x = Xiy^y =y u z = yi(z x + a) 

for some a E k. There exist at most finitely many bad 2 points q\ E ^^{p). 
Consider the following sequence of quadratic transforms 

• • • — > X n — > —>•■•—► Xi — ► X 

with maps A„ : X„ — ► X, where 7Ti : Xi — > is the blowup of all bad 2 points in 

A^lx(p). We will show that there exists n < oo such that A" 1 ^) contains no bad 2 
points. Suppose not. Then there exist bad 2 points qi E Xi such that TTi(cn) = qi-i 
for all i. 

qi has permissible parameters (xi, yi, zi) such that 

x = x 1 y 1 ,y = yi,z = yi{z x + ai) 

for some ai G fc. ^(171) = r implies 

L gi = dix\ + x{~ z% + yiQi 

for some d\ E k and series fii. Since ^(92) = r, and because of the existence of the 
x\~ Z\ term in L gi , 52 must have permissible parameters (X2, 1/2,^2) such that 

xi = x 2 y 2 , 2/1 = 2/2, zi = y 2 (z 2 + a 2 ) 

for some «2 G k. ^(52) = r implies 

L ?2 = d 2 X2 + X^" 1 ^ + t/2^2- 

We see that there exists a series cr(y) = a iV % such that if we replace z with 

z — z — cr(y), we have permissible parameters (x„, y ni z n ) at g n such that 

x — x n y n , y — y n , z — z n y n . 
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Then 



F„ 



Fp{x n y nf y n , y n z n ) 



>J, 



for all n, so that — if i + k < r and F p G (x, z) r . By Lemma 6.23, I-g p C 

(x, z), so that x = z = are local equations of a curve D C S r (X), since A r (X) 
holds. D is r big at p by Lemma 8.2. □ 



Theorem 13.6. Suppose that A r (X) holds with r > 2. Then there exists a sequence 
of permissible monodial transforms X% — > X such that the following properties hold: 

1. Ar{X\) holds. 

2. All bad 2 points p € X\ satisfy (Hi ). 

3. Suppose that D C S r (X) is a curve which is r big at a 1 point. Then there 
exists at most one 3 point q € D and D has a tangent direction at q distinct 
from those of B 2 (X) at q. Furthermore, if D is not r big, there exists only one 
2 point q € D. If C is the 2 curve containing q, then C is not r-1 big or r small. 

4. If C is a r small or r-1 big 2 curve containing a 2 point p such that p € D where 
D is a curve containing a 1 point and D is r big at p, then D is r big. 



Proof. By Theorems 7.1| and [7.8 

TTi : X 1 



there exists a sequence of quadratic transforms 
X centered at 3 points so that A r (Xi) holds and if q S X\ is a bad 2 point 
such that (149) doesn't hold, and there exists a curve D C S r (Xi) such that q € D 
and D is r big at q, then D is r big. All exceptional 2 points for tt\ which are bad 



must satisfy ( |149| ). 

Let 7T2 : X2 — * X\ be the blowup of such a D. By Lemma 3.8, A r (X2) holds and 
all 2 points in 7r^" 1 (Z)) are good. We have that if q S X 2 is a bad 2 point such that 



( |149[ ) doesn't hold, and there exists a curve D C S r (X 2 ) such that q G D and D is r 
big at g, then D is r big. If such a D exists, let 1:3 : X3 — > X 2 be the blowup of D. 

After a finite sequence of blowups, we then obtain Ai : Z \ — > X such that A r (Z\) 
holds, and if q E Z\ is a bad 2 point which doesn't satisfy ( |l49|) , then there doesn't 
exist a curve D C S r {Z\) such that £> is r big at q. By Lemma 13.5, there exists a 
sequence of quadratic transforms A2 : Z 2 — > such that A r (Z 2 ) holds, and \i q E Z 2 
is a bad 2 point, then ( |149|) holds at q. 

Z 2 -» 



By Theorems 7.1 and 7.8, there exists a sequence of quadratic transforms A3 
Z 2 centered at 3 points such that the conclusions of the Theorem hold on Z 3 . 



□ 



Theorem 13.7. Suppose that the conclusions of Theorem 13.6 hold on X. Then 
there exists a finite sequence of quadratic transforms centered at 3 points X\ — > X 
such that 

1. A r {X{) holds. 

2. All bad 2 points p€li satisfy 

3. Suppose that D C S r (X) is a curve which is r big at a 1 point. Then there 
exists at most one 3 point q € D and D has a tangent direction at q distinct 
from those of B 2 (X) at q. If D is not r big, there exists only one 2 point q G D. 
If C is the 2 curve containing q, then C is not r-1 big or r small. 

4. If C is a r small or r-1 big 2 curve containing a 2 point p such that p £ D where 
D is a curve r big at p, then D is r big. 

5. If q G Xi is a 3 point with v{q) — r — 1, then either there are permissible 
parameters (x,y, z) at q such that 

L q depends on both y and z and F q £ (y, z) r_1 (151) 
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or there are permissible parameters (x, y, z) at q such that 

r-l 

F q = ti/- 1 +J2aj(x,z)x a ^z iy r - 1 - j ( 152 ) 
i=i 

where t is a unit, aj are units (or zero), a.j + /3j > j for all j , and there exists 
i such that 

i ~ 3 1 i ~ j 

for all j , and 



Pro of. X satisfies 1. - 4. of the conclusions of the Theorem. By Theorems [7J and 
7.8 , 1.-4. are stable under quadratic transforms centered at 3 points. 
Suppose that 7Ti : X\ — > X is the blow up of a 3 point p. 

If L p depends on all three variables x, y, z then v(q) < r — 2 for all 3 points 
q E 7r -1 (p). 

Suppose that L p depends on both y and z. Then u(q) < r — 2 for all 3 points 
q e Tr^ 1 (p), except possibly under the quadratic transform 

x = x\,y = x\yx,z = x\Z\. 

At this 3 point q, 

p 

F q = -==r = l p(Vi, z i) + x i^- 
x 1 

By a sequence of quadratic transforms centered at 3 points, we can get the Theorem 
to hold above p, except possibly along an infinite sequence 

R = Ox,p — > Ri — ► • • ■ — > Rn — > • • ■ 

where for all n R n has permissible parameters (x n ,y n , z n ) with 

X V X n Vu X n 

and v{ Em^0^A ) = r _ i. Thus F p e (y, zY^ 



Now suppose that L p depends only on y. Then 



r-l 

F p = ry r - 1 +Y / ^,z)y r - 1 - i (153) 

i=l 

where r is a unit. 

If pi € 7Tj~ 1 (p) is a 3 point with v(q) = r — 1, then pi has permissible parameters 
(xi, yi, zi) of one of the following 2 forms: 

x = xi,y = x 1 y 1 ,z = x 1 Z 1 

or 

x = x%zi,y = 2/i2i, z = zi 

and 

r-l , v 
i=l Xl 

or 

r-l 



7^ r-l i a i(xiZl, Zi) | 



-Vi 

i=i z i 
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Suppose that 

■ • • — > X n — > X fl _i Xi —* X 

is a sequence of quadratic transforms, 7Tj : Xj — » with induced maps A; : X — » X 
such that for all i, 7Tj is the blowup of a 3 point Pi—i, with = 7' — 1 and 

7Ti-l(pi-l) = 

We will show that there exists n such that p n satisfies (152). Eachp^ has permissible 
parameters (xi,yi.Zi) such that either 



or 



•Ei—l — Xi 1 Vi—1 — •EiVii — XiZi 



By (154), and resolution of plane curve singularities, there exists no such that n > hq 
implies F Pn has the form 

r-l 
i=l 

where a„ t i(x n , z n ) are units, and either 

(^n+l,i) /^n+l,i) (^ro,i ~T~ i^n,i Pn,i) 

or 

("n+l.t, Pn+l,i) = («n,i, + - i) 



for all i. The proof now follows from Lemmas 9.2C and 9.21 



□ 



Theorem 13.8. Suppose that A r (X) holds with r > 2 and p € X is a 2 point such 

X centered at points 



that (Hi) holds. Then either 

1. There exists a sequence of quadratic transforms tt 



Y 



over p such that 

(a) If q € tt" 1 ^) is a 1 point then v(q) < r. f(g) = r implies 7(9) = r. 

(b) If q & 7r -1 (p) is a 2 point then v(p) < r. z/(p) = r implies r(p) > 2. 

(c) q 6 7r _1 (p) a 5 point implies v (q) < r — 1. 1/(17) — r — 1 implies q satisfies 
the assumptions of \lj\ ) and of Theorem 12.4 ■ If D q is the 2 curve 
containing q, with local equations y = z = at q, in the notation of Theorem 
12. \ , then F q i is resolved for all q 7^ q' G D q . 



(d) Ar(Y) holds, 
or 

There exists a curve C C S r (X) which is r big at p. Then there exists an affine 
neighborhood U of p such that the blowup of C HU , tt : Z — > U is a permissible 
monodial transform such that 

(a) If q € tt^ 1 (p) is a 2 point then v{q) = 0. 

(b) If q € 7r _1 (p) is the 3 point then either v{q) < r — 2 or q satisfies the 



assumptions of (14 r /)and qJJq) of Theorem 12.4- D„ — tt 1 (p) is the 2 



z = at q in the notation of Theorem 12.4 



curve with local equations y 
(c) A r (Z) holds. 

Proof. We first assume that the assumption of 2. doesn't hold. There are permissible 
parameters (%, y, z) at p such that 

u = (x a y h ) m 
v = P(x a y b ) + x c y d F p . 



(155) 
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By assumption, L p has the form 

L P = f(x,y) + zg(x,y) (156) 
and L p contains a y r ~ 1 z term with 

a(d + r-l)-bc = 0. (157) 
Let 7Ti : X\ — > X be the blowup of p. 

Suppose that there exists a 2 point q G ^^(p) such that = r and g has 
permissible parameters (xi, yi, z±) such that 

x = Xiy-L,y = y u z = y 1 (z 1 + a) 

After a permissible change of parameters, we may assume that a = 0. Then F q = ^ 
and v(Fq(0,0,zi)) < 1, so that q is resolved. 

Suppose that p\ G 7r^7 (p) is a 2 point such that f(pi) = r and pi has permissible 
parameters (xi, yi, Z\) such that 

x = xi,y = x x y\,z = x 1 (z 1 +a). 

After making a permissible change of parameters, we may assume that a = 0. Then 
L p depends only on y and z, and 

L p = ey r + bzy r ~ 1 

for some 6, e G fc with 6 7^ 0. 

Suppose that q G 7r7/ (p) is another 2 point such that i'(g) = r, and q has permis- 
sible paramters (xi,yi,Zi) such that 

x = xi,y = X\Vu z = x%(zi + a) 

with a^O. 

Then there exists a form L such that 

!Z/(y, z — ax) or 
L(y, z — ax) + cx a y@ 
for some c G fc, such that a(c? + j3) — b(c + a) = 0, a + /3 = r. 

L p = ey r + baxy r ~ 1 + b(z — ax)y r ~ 1 

implies L(y, z — ax) = L p — baxy r ~ 1 , but 
a = 1, (3 = r — lis not possible, since 

a(d + r- 1) -6(c + l) =-6^ (158) 

Thus pi is the unique 2 point g G t^i (p) with = r. There are permissible 
parameters (xi,yi,zt) at pi such that 

x = xi,y = xiyi,z = x\Z\ 

and Lp = L(y, z) = ey r + by r ~ 1 z, L pi = L(y x ,Zi) + Xifi. 

If p' G 7r _1 (p) is the 3 point, then v(p') < r — 1. If p' G 7T _1 (p) is a 1 point then 
v (p') < r an( i ^(pQ — r implies ~f(p') = r by Theorem 7.3. 

By Theorem [7.3| , r(pi) > 1. Suppose that v(pi) = r and r(pi) = 1. Let 7r2 : A2 — > 
Ai be the blowup of p\ . 

We can make an analysis of ^^(pi) which is similar to that of 7r ] ~ 1 (p). (155) is 
replaced with 

u = (x a+b y b ) m 

v = P(x a+b y b ) + x c+d+r y d F 
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r(pi) = 1 implies L pi has the form of (156). ( |157| ) holds at p\. (158) is then modified 
to: a — 1, (3 = r — 1 is not possible since 

(a + b) (d + r - 1) - b(c + d + r + 1) 

= a(d + r - 1) + b(d + r) - b - be - b(d + r) - b = -2b ^ 
We conclude that there is at most one 2 point p 2 G 7r 2~ 1 (pi) with v{p2) — r, and 



after replacing z with z 



for some a G k, we have that P2 has permissible 



xlz 2 . 



parameters (x2, y 2 , z-z) such that 

x = x 2 ,y = xjy 2 ,z 

Suppose that we can construct an infinite sequence of quadratic transforms 

■ • ■ — > X n Xi —* X 

Where n n : X n+ \ — > X n is the blowup of a 2 point p n G X n over p such that v{p n ) = r 
and r(p n ) = 1. Then there exists a series such that if we make a formal change 
of variables, replacing z with z — a{x), we get that there are permissible parameters 
(x n ,y n , z n ) at p n such that 



x = xx,y = x x y\,z = cc^i 
p„ must be the only 2 point of 7r„ (p n _i) such that v(p n ) = r and r(p n ) 



1. To 



show this, the argument following (155) is modified by replacing (0_5q) with 



i/ 

v 



— P(x a+nb y b ) + x c + n {d+ r ) yd p 

where ( |157| ) holds at p„. (158) is modified to: 
5=1, ft = r — 1 is not possible since 

(a + + r - 1) - b(c + n(d + r) + 1) 
= a(d + r — 1) + nb[d + r — 1) — be — nb{d ■ 
= -nb -b= -(n+ 1)6 7^ 



v(Pn 



r for all n implies that G (y,z) r . X- 
Lemma 6.23, so that since A r (X) holds, y — z — are local equations at p of a curve 



C C ^(X), which is r big at p by Lemma 8.2, a contradiction to the assumption 
that the assumption of 2. doesn't hold. Thus there exists a sequence of quadratic 
transforms ir : Y —> X such that if q G it^ 1 ^) is a 2 point, then v{q) < r, and 
v{q) = r implies r(q) > 1. By Theorem 7.3 and Lemma 7.9, A r (Y) holds. 

Suppose that q G 7r _1 (p) is a 3 point such that v{q) = r — 1. There exist permissible 
parameters (X2, 2/2, 22) at g, and there exists a 2 point p n G X n such that v(p n ) = T, 
T~(p n ) = 1 and p n has permissible parameters (x±, y\, z\) such that 

x = xi, y = x™y±, z = x\z\ (159) 

x\ = x 2 z 2 ,yi = y 2 z 2l zi = z 2 



a+nb „.b\m 

Vi) 



u = (x a { 

v = P{x a + nb y\) + x c 1 +n(d+r) y d 1 {by r 1 - l z 1 + ey\ + x x Q) 



(160) 



with 6^0. 



u 
v 



( a+nb a+(n+l)bs m 

\X 2 y 2 z 2 ) 

P{x a + nb y b 2 4 +(n+1)b ) + x c 2 +n{d+r) y!iz c 2 Hn+md+r \by r 2 



(161) 



with a{d + r — 1) — be = 0. Thus q satisfies the assumptions of (145) and (146) of 
Theorem 12.4, with x = y 2 , y = x 2 , z = z 2 . 



On Y we have: 



130 



STEVEN DALE CUTKOSKY 



1. If q G tt~ 1 (p) is a 1 point then v(p) < r. v(p) = r implies 7(p) = r. 

2. If q G ii^ 1 (p) is a 2 point then v(p) < r. v(p) = r implies r(p) > 2. 

3. q G n^ 1 (p) a 3 point implies v{q) < r — 1. v(q) = r — 1 implies q satisfies the 
assumptions of (145) and (146) of Theorem 12.4 

4. A r (Y) holds. 

Let T be the set of 3 points q G 7r _1 (p) such that v(q) = r — 1, so that q satisfies 



(145) and (146) of Theorem 12.4 



Suppose that q G T. In the factorization Y — > X by quadratic transforms there 
exists a factorization Y — > X„ — ► X such that g is an exceptional point on the blowup 
of a 2 point p n of the form of (159) on X n . Let t : Y — ► A n be this map, D g be the 
nonsingular curve Z3 g C t -1 ^^) such that in q ,q = (^2, 22)- The other points g' G -D g 

such that 



'g ' vFn; oul - 11 Uliau 
have regular parameters (x' , y' , z') with the notation of ( |15 

a?i = a;'?/') 2/1 = y\ Z\ = y'{z' + a) 



with a G k. At such a 2 point q' , we have f(-F g <(Q, 0, z')) < 1 by (160). Thus is 
resolved. 



We now prove 2. There are permissible parameters (x, y, z) at p such that y — z — 
are local equations of C at p and 

u = {x a y b ) m 

v = P(x a y b ) +x c y d F p . 

There exists a G k such that 

L p = ay r + zy r ~ 1 

Let 7Ti : y — > spec(Ox, P ) be the blowup of C. Suppose that g G 7rj~ 1 (p) is a 2 point. 
<7 has permissible parameters (a;, j/i, zi) such that 

V = Vi,z = yi{zy +a) 

for some a G k. 

u = {x a y\) m 

v = pi{x a y\) + x c yi +r { Zl +a' + xQ' + Vl Vt") 

with a' G k, so that q is resolved. At the 3 point q G 7r _1 (p), there are permissible 
parameters (x, y%, z%) such that 



u 
v 

F q =y{ 



{x a y b 1 z\) m 



= P{x a y{z b x ) + x c yfzf +r F q 
ctt' + zVL" 



~ l + ay\ 



with aid + r — 1) — be = 0. Either v(q) < r — 2 or v(q) = r — 1 and q satisfies the 
assumptions of (147) and (148) of Theorem 12.4 (with x = yi,y = x±,z = z-\). 

The curve C blown up in Theorem 12.4 is the fiber tt~ 1 (p), which is resolved away 
from q. There exists an affine neighborhood U of q such that if Z — > U is the blowup 
of Cn U, then A r (Z) holds by Lemma O. □ 



Theorem 13.9. Suppose that A r (X) holds with r > 2. Then there exists a finite 
sequence of permissible monodial transforms X\ — > A smc/i i/ia£ 

1. A r (A"i) ftoZds. 

2. Z/p G Ai is a 3 point, then v(p) < r — 2. 
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r and t(j>) = 1 then p has permissible 



If p G X\ is a 2 point such that 
parameters (x,y,z) such that 

= (x a y b ) m 
= P(x a y b ) + x c y d F q 

and L p contains a nonzero y r ~ 1 z term with a(d + r — 1) — be = 0. 
5 r (Xi) makes SNCs withB 2 {X 1 ). 

If C is a 2 curve on X\, then C is not r small or r-1 big. 



u 

v 



(162) 



Proof. We may assume that the conclusions of Theorem 13.7 hold on X. Let {-Di, . . . , D n } 
be the curves D in X which intersect a r-1 big or r small 2 curve at a 2 point such 
that D is r big there. By assumption, D±, . . . , D n are r big. 

Let <7i : Wi — > X be the blowup of D\. By Theorem 13.8 and Lemma 8.8 A r (Z\) 
holds. o~y (Di) contains no bad 2 points. If qi G crj" (D\) is a 3 point with v(qi) = 
r — 1, then q\ G <Ti 1 (q) where q is a bad 2 point. In this case, 2. (b) of Theorem |l3.8] 
holds at qi. 

Let {D 2 , . . • , D n } be the strict transforms of {D 2 , ■ ■ ■ , D n } on W\. These curves 
are all r big, and are the curves D in Z\ which intersect a r-1 big or r small curve at 
a 2 point such that D is r big there. 

We can blowup successively the strict transforms oi D 2 , ■ ■ ■ , D n by a map A : W — > 
X to get a such that A r (W) holds, the exceptional locus of A contains no bad 2 
points, and if q is an exceptional 3 point with v{q) = r — 1 then q must satisfy 2. (b) 
of Theorem Il3j| 



Furthermore, if C is an r-1 big or r small 2 curve on W , and p G C is a bad 2 point, 
then there does not exist a curve D C SV(W) such that D is r big at p. 

By Theorem 13.8, after performing a sequence of quadratic transforms X\ — > Z 
over bad 2 points p£ I such that if C is the 2 curve containing p£ X then C is r-1 
big or r small, we have 

1'.: The conclusions of 1. - 2. of Theorem 13.7 hold. 



2.': Suppose that C is a 2 curve such that C is r-1 big or r small. If p G C is a 2 

point, then p is good. 
3'.: If p is a 3 point such that v(p) = r — 1, then either 

(a): p satisfies the assumptions of ( |145| ) and ( |146| ) of Theorem 12.4. 
is the 2 curve containing p, with local equations y 



If D» 



z = at p, in the 
notation of Theorem |12.4| , then F „ is r esolve d for all p 7^ G D v . or 

(b) : p satisfies the assumptions of ( 147 ) and (|l48j ) of Theorem 12.4 
is the 2 curve contai ning p, with local equations y = z = at p, 
notation of T heor em 12.4 , then F q is re solve d for all p 7^ G D p . or 

(c) : p satisfies ( |l~5l| ) or ( |l52j ) of Theorem |i~3j[ 

Let {pi, ... ,p„} be the 3 points of X\ which satisfy 3'. (a) or 3' (b). By Theorem 



If D p 
in the 



12.4 



there exist sequences of permissible monodial transforms, over sections of D Pi 
for 1 < i < n, 

\i '■ Y Pi spec(Ox 1 , P J 
such that the conclusions of Theorem 12.4 hold. 

Since D Pi is resolved at points pi 7^ 5 G i'p;, the only obstruction to extending 
X Pi to a permissible sequence of monodial transforms of sections over D Pi in X\ is 
if the corresponding sections over D Pi in X\ do not make SNCs with 2 curves. This 
difficulty can be resolved by performing quadratic transforms at the points where the 
section does not make SNCs with 2 curves, since these points are necessarily resolved. 

We can thus extend the 



Y p . -»■ spec(C XliPi ) 
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to a sequence of permissible monoidal transforms 

A : Y -> X x 

such that Y Xjfi spec(Ojf liPi ) = Y Pi for 1 < i < n, A r (Y) holds, 1'. and 2'. hold 
on Y — A ({pi, . . . ,Pn\), and if q £ Y" — A ({pi, . . . >Pn} ) is a 3 point such that 
= r ~ 1; then g satisfies (151) or (152) of Theorem 13.7. Let 



Y 



Z n -i is the blowup 



r - 1, and satisfy ( |15l| ) or (|l52j). 
Y be the blowup of C. The assumption that all 2 points of C are 



be a sequence of permissible monodial transforms such that Z; 
of a 2 curve C such that C is r-1 big or r small. 

We will show that there exists n < oo such that Z n does not contain a 2 curve C 
such that C is r -1 big or r small, and that Z n satisfies the conclusions of the Theorem. 

By Theorem 12.5] , this holds above a neighborhood of A -1 ({pi, . . . ,p n })- We must 
verify this condition over Y = Y — A ({pi, ■ ■ ■ >Pn})- 

Suppose that C is a 2 curve on Y, such that C is r-1 big or r small and p £ C is a 
3 point. Then all 3 points 3 on C C Y have 

Let vr : Yi 

good and Lemma |S . 6| imply that q £ 7r _1 (C) a 2 point implies z/(q) < r and if = r 
then either 7(g) = r or r(g) = 1, q is a good 2 point, C C S r (X) and if C is the 2 
curve containing g, then C is a section over C such that C C S r (X). Lemma 3.6, the 
assumption that all 2 points are good, and Lemma B/7 imply A r (Yi) holds. Further, 
by Lemma [B~6] , if C C 7r _1 (C) is a 2 curve such that C is r-1 big or r small, then C 
is a section over C. All 2 points of C are good points. 

Suppose that q £ C is a 3 point with permissible regular parameters (x, y, z) such 
that j/ = z = are local equations of C and 

u = (x a y b z c ) m 

v = P(x a y b z c ) + x d y e zfF q . 

F q £{y,zy-\ 

Suppose that q\ £ 7r (<?), and has permissible parameters {x,y\, z±) such that 

y = yi,z = yizi 



If (151) holds at q, 



Vi 



'- = L q (l, Zl )+ yi n + xA 



implies v{qi) < r — 2. If (152) holds at q we must have (ij > j for all j, and 
so that v{q\) = 0. 

Now suppose that q\ G 7r _1 (g) and q\ has permissible parameters (a;, such 
that 

y = y\z\,z = zi 



If (g_51J) holds at q, 



r = L q (yi, 1) + zifl + xA 



implies v{qi) < r — 2. If (152) holds at g, we must have j3j > j for all j, and 

] a,j(x, zi)x aj zf 3 " 



Tyi 



r-1 



so that either v(qi) 
by 1. 



< r — 2, or qi has the form of (152) also, but with ^ decreased 
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By Lemma 13.1 and Lemma 13.2, after a finite number of blowups of 2 curves C 
such that C is r small or r-1 big, we reach Y — > Y such that Y contains no 2 curves 
C such that C is r small or r-1 big. Since all 3 points q of Y with v{q) = r — 1 must 



satisfy (151) or (|l52J), which implies that aj > j for all j or 0j > j for all j, so that 
there exists a 2 curve through q which is r small or r-1 big, we must have v(q) < r — 2 
if q £ y is a 3 point. 

□ 

14. Resolution 2 

Throughout this section we will assume that <I>x : X — > S is weakly prepared. 
We define a new condition on X 

Definition 14.1. Suppose that r > 2. We say i/iai C r (X) holds if: 

1. J/p £ X is a 1 point then v{p) < r. If v(p) — r then 7(2?) = r. 

2. 7/p is a 2 point then v(p) < r. If v(p) — r then j(p) = r. If v(p) = r — 1 then 
one of the following three cases must hold: 

(a) r(p) > or 

(b) 7(p) = r or 

(c) r > 3, v(p) = r — 1, r(p) = 0, p ^ S r (X), there exists a unique curve D C 
SV_l(X) containing a 1 point such that p £ D, and permissible parameters 
{x, y, z) at p such that x = z = are local equations of D, 

u = (x a y b ) m 

v = P(x a y b ) + x c y d F p (163) 
F p = tx^ 1 + aj{y, z)y d i z e i x^ 1 ^ 

where r is a unit, aj are units (or 0). There exists i such that a; 7^ 0, 



= i, < di < i, 
for all j, and 



d% dj 62 Gj 

i ~ j ' i ~ j 



< 1. 



3. If p is a 3 point then v(p) < r — 2. 

4. S r (X) makes SNCs withB 2 (X). 

Remark 14.2. If C r (X) holds then there does not exist a 2 curve C on X such that 
C is r small or r-1 big. 

Theorem 14.3. Suppose that r > 2, A r (X) holds, p S X is a 2 point such that 
v(p) = r and 2 < r(p) < r, then either 

1. There exists a sequence of quadratic transforms it : Y —> X over p such that 

(a) A r (Y) holds. 

(b) If q G 7r _1 (p) is a 1 point then v(q) < r. v{q) = r implies 7(9) = r. 

(c) J/ q £ TT~ 1 (p) is a 2 point then v{q) < r — 1. 

(d) If q £ ir~ 1 (p) is a 3 point, then v(q) < r — 2. 

(e) If D £ ir^ 1 (p) is a 2 curve, then D is not r small or r-1 big. 
or 

2. There exists a curve C C S r (X) such that p £ C and C is r big at p. There 
exists an affine neighborhood U of p such that the blowup of C fl U , tt : Y — > U 
is a permissible monodial transform such that 

(a) A r (Y) holds. 
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(b) If q G n^ 1 (p) is a 2 point, then v(q) < r — 1. 

(c) If q G tt^ 1 (p) is the 3 point, then v(q) < r — 2. 

(d) The 2 curve D — 7r _1 (p) is not r small or r-1 big. 

In either case, if X satisfies the conclusions of Theorem 13. i, then Y satisfies the 



conclusions of Theorem 13. £ 



Proof, p has permissible parameters (x, y, z) such that 

u = {x a y b ) m 

v = P(x a y b ) + x c y d F p 

Suppose that there does not exist a curve C C S r (X) such that C is r big at p. 

Let 7r : X\ — ► X be the blowup of p. We will first show that (a), (b) and (d) of 
1. hold on X\ and if q G n^ 1 {p) is a 2 point with v (q) — r then r(q) > r(p). This 
follows from Theorem 7.1, Theorem [7.3| and Lemma 7.9. All exceptional 2 curves -D 
of 7r contain a 3 point q such that v(q) < r — 2. (e) thus holds by Lemmas |S.l| and 



By Lemma 8.1 there are at most finitely many 2 points q 6 7r _1 (p) such that 
= r - Suppose that there exists a 2 point g G 7r _1 (p) and f(g) = r. After a 
permissible change of parameters at p, we have permissible parameters (x±, y±, z\) at 
q such that x — x\,y — x\y\,z — x\Z\. L p = L p (y,z) depends on both y and z. 

Supppose there also exists a 2 point q' € 7r _1 (p) such that f(g') = r and g' has 
permissible parameters (x',y',z') such that 

a; = x'y', y = y',z = y'(z' + a) 

for some a G k. Then there exists a form L(x, z — ay) such that 

{L(x, z — ay) + cx a y b if there exists o, b G N such that 
a + 6 = r, a(d + b) - b(c + a) = 
L(x, z — ay) otherwise 

Thus 

L p = d(z - ay) r + cy r 

for some d,c G k with d ^ 0, a contradiction to the assumption that r(p) < r. Let 

■ • • —* Y n — > Y n _i — > • • • — »• Yi — > X 

be the sequence of quadratic transforms 7r„ : K„ — > constructed by blowing up 

all 2 points g' on Y n which lie over p and have ^(g') = r. 

Suppose that this sequence has infinite length. Then there exists q n G Y n such 
that ir n (q n ) = qn-i and v(q n ) = r for all n. There exists a series <f>(x) = onx 1 such 
that after replacing z with z — 4>(x), q n has permissible parameters {x n , y n , z n ) such 
that 

n n 

x — x n , y — x n y n , z — x n z n 

and 

F q „ = for all n > implies F q G (y, z) r . 



T-g (x) P c {Vt z ) by Lemma |6.23| . Since S r (X) makes SNCs with B 2 (X) at p, 
y = z = are local equations at p of a curve C C S r (X). 

Now suppose that there exists a curve C C S r (X) such that p€ C and C is r big 
at p. There exists an affine neighborhood U of p such that C P\U makes SNCs with 
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B2(U). Let 7r : Y — > U be the blowup of C fl J7. There exist permissible parameters 
(x, y, z) at p such that y = z = are local equations of C at p, 

u = (x a y b ) m 

F P = E,i + j>r a ii( x )y izj - 

At the 3 point q G 7r _1 (p), there are permissible parameters (x, yi,Zi) such that 

y = vizi,z = z\ 

t+j=r 

we have v{q) < r — 2, since 2 < r(p). 

At a 2 point q G Tr^ 1 (p), after a permissible change of variables at p, there exist 
permissible parameters (x,y±, z\) at q such that 

y = yi,z = yizi 

^ i+j=r 

v(q) < r and 7(9) < r since r(p) < r. Furthermore, if D = n^ 1 (p), then F q G" ij^q ■ 
There e xist s a possibly smaller affine neighborhood U of p such that A r (F) holds by 
Lemma 8.8. 

□ 

Theorem 14.4. Suppose that the conclusions of Theorem 13. !\ hold on X with r > 2, 
p G X is a 2 point with permissible parameters [x, y, z) such that 

u = (x a y b ) m 

v = P(x a y b ) + x c y d F p 

and v{p) = r — 1, t(j>) = 0, L p = f{x,y) depends on both x and y. Then there exists 
a sequence of quadratic transforms tt : Z — > X over p such that 

1. q G TT^ 1 (p) a 1 point or a 2 point implies that v(q) < r. v(q) — r implies 

i(q) = r. 

2. q G 7r _1 (p) a 2 point with v(q) = r — 1 implies that r(q) > or 7(g) = r. 

3. q G 7r _1 (p) a 3 point implies v(q) < r — 2. 

4. The conclusions of Theorem 13. t\ hold on Z 

Proof. Let 

7T : Xt -> X (164) 

be the blowup of p. 

If pi G n^ 1 (p) is a 1 point then v{pi) < r and v(jp{) = r implies 7(f>i) = r by 
Theorem 7.1. If p\ G 7r _1 (p) is a 2 point then we must have v{pi) < r — 2, by our 
assumption on /. Suppose that p\ G 7r _1 (p) is the 3 point. Then v(p\) < r — 1 and 
pi has permissible parameters (xi,yi, zi) such that 

x = xiZi,V = Vizi, z = zi 

Suppose that v(pi) = r — 1. Then 

£ P1 = f(xi,yi) + zifl. (165) 

Let _^ 

aijkX-y J z" 



F p = " ' 
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Suppose that we can construct an infinite sequence of quadratic transforms 

• • • — > X n —>•••—> Ai — > X 

where X n+ \ — > X n is the blowup of a 3 point p n lying over p n -\ with v{p n ) = r — 1 . 
Then p n has permissible parameters (x n , y n , z n ) such that 



X — X n Z n ; 2/ — 2M i ^ — 



and 



F - Fp - V 

^P" — n(r-l) 



o -7 t* 7 (' c +«( i +i-''+ 1 )) 



Thus Oy-fc = 0ifi+i<r — 1, which implies that F p € (x, y) r , a contradiction since 
the conclusions of Theorem 13.9| hold. 



Thus by Theorem 7.1 and Lemma 7.9 there exists a finite sequence of quadratic 
transforms 



TT-.Xr, 



x, 



X 



where X n +± — > X„ is the blowup of a 3 point p n lying over p n -i with v(p n ) = r — 1, 
such that ^4 r (X m ) holds, < r — 2 if g e 7i" _1 (p) is a 3 point, and if q G 7r _1 (p) 
is a 1 point then v{q) < r, v{q) = r implies 7(g) = r. Suppose that C is a 2 curve 
which is exceptional for 71". Then C is not r-1 big or r small since C must contain a 3 
point q' with v{q') < r — 2. Suppose that g € 7r _1 (p) is a 2 point and v{q) > r — 1. 
Then there exists a largest n such that <? maps to a 3 point p n € X n . The point q is 
then a 2 point on X„ +1 . p„ has permissible parameters (xi,y±, Zi) such that 

x = xiz[\y = yiz™, z = Z\ 

By assumption, v(p n ) = r — 1. Write 

^ a i3 x"y J 



f = \ "* r',,' 



r— 1 



We then have 



u = (z?y^ (o+ V 



a„,b™(a+b)\ 1 „,e„,£i "(c+d+r-1) 



J- n. 



F, 



fey = Ei +3 =r-l <»«**»1 + Ei+ i+ fe=r-l,fc>0 + ( 166 ) 



with i/(0) > r. 

Since 13 is a 2 point, Ox„ +1 , 9 has regular parameters (X2, y 2 , 22) of one of the 
following forms: 



2C1 = %2, yi = £2(2/2 +a),zi = x 2 z 2 
xi = x 2 ,yi = x 2 y 2 .z 1 = 2:2(2:2 + P) 
xi = x 2 y 2 , yi = y 2 , z\ = 2/2(^2 + P) 



with a 7^ 0, or 
with /? ^ 0, or 
with /3 ^ 0. 

First suppose that (16S) holds. (169) is symmetrical, and the analysis of that case 
is the same. Set 

x 2 = x 2 (z 2 + 



(167) 
(168) 
(169) 
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u = {x { t 1){a+b) v b 2) m = (xur 

v =p q (xU)+4 n+1){c+d+r ~ 1] y d 2F q 

+ £fc>0,i+j+fc=r-l KkVi{z2 + P) k + X 2 tt l ] ~ £ CiX^yZ 

where (a, b) = 1, 

(n + l)(a + b)(h + d) - b((n + l)(c + d + r - 1) + a*) = 0. 



If some fry*; 7^ in (g_66J) , we ha ve v( q) < r—l and v{q) = r — 1 implies that r(q) > 0. 
So suppose that all bijk = in ( |166| ). If v(cj) > r — 1, then we must have 



where ao >r -i could be zero, < iq, a.i j ^ (since f(x,y) depends on x and y) and 
(n + l)(c + d + r-l)b-(n + l)(a + b)(j + d) = 0. 

Thus 

(c + r-l-j a )b-a(d + jo) =0 (170) 

We then have 

x c y d f = a iojo x c+r - l -l°y d +K + ^-i^V^ 1 



which is normalized, so that ai j — by ( 17C ) . This contradiction shows that we 
must have that v (q) < r — 2 in this case. 

Suppose that $16% holds. Substitute jl67| ) into ( p6|) . Set 

x% = x 2 (y2 + a)~~ ("+uV+»> 

= (4 n+1) ^2) ro(a+6) 



It 



P(x 



(n+l)(a+b) rc(a+b) 



)+X 



(n+l)(c+d+r-l) n(c+d+)'-l) 



G 



where 



G=(y 2 + a)M ^ ay(y2 + a) i + 51 6yfc(l/2 +a) J '4 +^2^ 



i+j—i — 1 



with 



A = — 



fc>0,i+j+fc=r-l 



-(c + d + r - 1) + d. 



The only term which can be removed from the first sum 
(2/2 + a) x 

of G in obtaining i 7 ^ is the constant term. Thus 7(g) < r. 



i-\-j—r— 1 



□ 



Theorem 14.5. Suppose that r > 2 and £/ie conclusions of Theorem 13. i hold on X , 
so that if C is a 2 curve, then C is not r small or r-1 big. Suppose that p € X is 
a 1 or a 2 point and D is a generic curve through p on a component of Ex ■ Then 
there exists a sequence of quadratic transforms centered over a finite number of points 
on the strict transform of D, but not in the fiber over p, ir : X\ — > X, such that the 
following conditions hold. 

1. There exists a neighborhood U of D — p such that C r (it (U)) holds. The case 
2. (c) of C r does not occur in 7r -1 (J7). 
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2. Let D' be the strict transform of D on X\. Suppose that q G D' —p, and (x, y, z) 
are permissible parameters at q such that x = z = are local equations of D' at 
q. If q is a 1 point then v(F q (0, y , 0)) = 1. If q is a 2 point then v(q) = 0. 

3. The conclusions of Theorem 13. t\ hold on X%. 



Proof. Suppose that q S D is a 1 point. Then we can find permissible parameters 
(x, y, z) at q such that x = y — are local equations of D at q. The multiplicity 

0(g) = i/(F g (O,O,z)) 

is independent of such permissible parameters at q. Furthermore, the set 

{qeDn(X-B 2 (X)) \<Kq)>2} 



is Zariski closed in D(l(X — Bz(X)). By Lemma 6.31 , F q £ Id,q if q € D. At most 1 
points q on D, </>(q) = 1. Thus there are at most a finite number of points q £ D — p 
such that the conclusions of the Theorem do not hold at q. 

1) Suppose that q £ D — p and v(q) = r. Then q is a generic point on a curve C 
of S r (X). q is a 1 point. 

la) Suppose that C is r big. Then there exist permissible parameters (x,y, z) at q 
such that 

u = x a 

v = P(x) + x b F q 

Fq = 22i+k>r,j>0 a ijkX 1 y J Z ' 

where x = z = are local equations of C at q, x = y = are local equations of D at 
q. 7(g) = r implies aoor 7^ 0. 

Let 7r : Y — > X be the blowup of g. Then f (<?') = if <?' is the point on the 
intersection of the strict transform of D and n^ 1 (q). Points of n^ 1 (q) satisfy the 



condition of C r by Theorem 7.2 and Lemma 7.£ 



lb) Suppose that C is r small. By Lemma 3.25 



F q = a a(y) xi z j +r{y)x r 1 

where x — z — are local equations of C at q, x — y = are local equations of D at 
g, (with f(r) > 1). Since q is a generic point of C, v(t) = 1, and after a permissible 
change of parameters, we have t — y. 7(5) = r implies «or(y) is a unit. Let 7r : y — > X 
be the blowup of g. Then f(g') = if q' is the point on the intersection of the strict 
tran sform of D and Tr~ 1 (q). Points of 7r _1 (g) satisfy the condition of C r by Theorem 



7.3 and Lemma 7.E 



2) Suppose that q £ D — p. v{q) = r — 1 and the conclusions of the Theorem do 
not hold at q. 

2a) Suppose that q is a 1 point and r > 3. Then q is a general point on a curve C 
in S r -i(X). There are permissible parameters (x,y, z) at q such that x = z = are 
local equations of D at q. 



Let tti : X\ — > X be the blowup of p. Theorem 7.1 implies i^(g') < r — 1 for all 



q' e 7r x 1 (q) and q' G tt 1 1 (q) a 2 point with v{q') = r — 1 implies r(q') > 0. 
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At the 2 point qi g tt 1 1 (q) on the strict transform of D, there are permissible 
parameters (xi,2/i,zi) such that 

x = £12/1,2/ = y 1 ,z = y x z\ 

Suppose that v{qi) = r — 1. We must have r(gi) > 0. Let m : X2 —> X\ be the 
blowup of q\. By Theorem |7.3|, if q' G w~ l (qi), then if q' is a 1 point f(g') < r — 1. 
If q' is a 2 point, ^(t/') < T — 1, f(</') = r — 1 implies r(g') > 0. g' a 3 point implies 
< r — 2. Let 52 € 7r r 1 (9) t> e the 2 point on the strict transform of D. There are 
permissible parameters (x2, 2/2,^2) a t <?2 such that 

•^1 = #22/2, 2/1 = 2/2, Zl = V2Z2- 

If i/(g 2 ) = r - 1, then r(q 2 ) > 0. 

Suppose that we can construct an infinite sequence of quadratic transforms 

■ • ■ — > X„ — » X„_i — > •••—>■ Xi — > X 

centered at the point q n on the strict transform of D over q on X n , where q n are 
blown up as long as v{q n ) = r — 1. 

By Theorem |7.3| , all points q' onI„ lieing over p satisfy v(q') < r— 1, v(q') < r — 2 
If g' is a 3 point and if q 1 is a 2 point with ^(g') = r — 1. Then r(q') > 0. 

Suppose that v{q n ) = r—l for all n. Then q n has permissible parameters (x±, 2/1, z\) 
such that 

a; = xxy",y = yi,z = z x y r { 



F i= a ljk x l y : 'z k 

i+j+k>r-l 

F - Fq - V a-i.x l v j+n{l+k - (r - 1)] z k 

«™ — n(r-l) — u ijkX 1 y 1 Z X 

Vl i+j+k>r-l 

implies atjk = if i + fc < r — 1, so that i 7 ^ € (x, 2) r_1 . This is a contradiction since 
F q 2x>,g- 

Thus after a finite sequence of quadratic transforms, n : Z — > X the strict transform 
of D intersects 7r _1 (g) at a 2 point q x with v(qi) < r — 1, so we are in case 3) below. 



2b) Suppose that q is a 2 point. Suppose that C is the 2 curve through q. By 
Lemma 6.26| , our assumption that C is not r-1 big, and since q is a generic point of 
C, we have r(q) > 0. There exist permissible parameters (x, y, z) at q such that 



it 

!' 



(x a y b ) m 

P(x a y b ) + x c y d F q 
Ei+i>r-l,fc>0 <Xikx i y j z k + 



(171) 



with io + Jo = r — 2. a; = z = are local equations of D at q and r(<?) > 0. 

Let 7r : Xi — * X be the blowup of q. Then f(<7i) < r — 1 at all points q x E 7r _1 (g), 
^(91) < t — 2 if gi e 7T _1 (g) is a 3 point and all 2 points q x of 7r (9) with f(<7i) = r — l 
satisfy r(qi) > by Theorem 7.3. 



The strict transform of D intersects ir 1 (q) at a 2 point q' such that 



F F « 



vr 1 



x = £12/1,2/ = 2/i,Z = 2/1^1 

i+j>r-l,k>0 
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x\ = z\ = are local equations of the strict transform of D at q' . If v(q') < r - 2 we 
are in case 3). Otherwise, q± is a 2 point with f(gi) = r — 1 and t((7i) > (so that 
io = r — 2). Let 

• • ■ — > X„ — > X fl _i Xi — > X 

be the sequence of quadratic transforms centered at the point q n on the strict trans- 
form of D over q on X n where points q n are blownup as long as v(q n ) = r — 1. By 
Theorem 7.3, all points q' on X n lieing over p satisfy v(q') < r — 1, ^(<z') < r — 2 if g' 
is a 3 point, and if q' is a 2 point with = r — 1, then r(g') > 0. 

Suppose that v{q n ) = r — 1 for all n. q n has permissible parameters {x\,y\,z\) 
such that 

x = X!y^,y = y u z= z x y\ 



F qn = 



F„ 



Vi 



(r-l) 



Ei j+n(i+k-(r-l)) k . r-2 

i+j>r-l,k>0 



Thus i + k — (r — 1) > whenever aijk ^ and F p £ (x, so that F p G 

which is a contradiction. 

After a finite sequence of quadratic transforms, n' : X' — > X, the strict transform 
of D thus intersects (7r') _1 (g) at a 2 point g' with v(q') < r — 2, so the result follows 
from Case 3). 



3) Suppose that q £ D — p, v{q) < r — 2, and the conclusions of the Theorem do 
not hold at q. q is a 1 point or a 2 point and D makes SNCs with the 2 curve through 
C . The result then follows from a similar but slightly simpler argument to that of 
Case 2, by Theorems 7.1 and 7.3. □ 



Theorem 14.6. Suppose that X satisfies the conclusions of Theorem 13. i with r > 2. 
Then there exists a sequence of permissible monoidal transforms X\ — > X such that 
C r (Xi) holds. 



Proof. Let T be the finite set of 2 points p on X such that ( 162) holds at p, and p ^ D 
for any r big curve D which contains a 1 point. 

there exists a sequence of quadratic transforms ttq : Xo — > 



By 1. of Theorem 13 



2. 



X centered over points p € T such that 

1. If p G Xo is a 1 point then v(p) < r, v(p) = r implies 7(p) = r. 

If p £ Xo is a 2 point then v{p) < r. v{p) = r implies r(p) > 2, or ( |162| ) holds 
at p and there exists an r big curve D C ^^(Xo) containing p. 
If p £ Xo is a 3 point, then v{p) < r — 1. ^(p) = r — 1 implies p satisfies the 
assumptions of ( |145| ) and (146) of Theorem 12.4. If D p is the 2 curve containing 
p with local equations y = z = at p in the notation of Theorem 12.4, then f 9 



is resolved for all p ^= q € £> p . 

4. A r (X ) holds. 

5. If C is a 2 curve on Xo, then C is not r small. If C is r-l big, then v(p) = r — 1 
for all p S C. 

Let Ti be the 3 points of Xo which satisfy (|l4 
For p g Tx, let A p : F p 



centered over sections of Z? K 



Theorem 12.5 (or Theorem 12.6 if r 



and fll46j ) of Theorem |12.4. 
STpec(Ox a , P ) be the sequence of monodial transforms 
such that the conclusions of Theorem 12.4 hold. By 
2), there exists a sequence of monodial trans- 



forms V p — > Y p centered at 2 curves C such that C is r-l big so that V p satisfies the 



conclusions of 1. - 3. of Theorem 12. 5] (or Theorem 12.6 if r — 2). 

Since D p is resolved at all points p ^ q g D p , the only obstruction to extending 
A p to a permissible sequence of monodial transforms of sections over D p in Xq is if 



MONOMIALIZATION OF MORPHISMS 



FROM 3 FOLDS TO SURFACES 141 



the corresponding sections over D p do not make SNCs with 2 curves. This difficulty 
can be removed by performing quadratic transforms at the (resolved) points where 
the section does not make SNCs with the 2 curves. 
By 5. above and Lemmas 



6, 3.7 and f3.2, we can thus construct a sequence of 



permissible monodial transforms tt' 



Xq such that 



X x Xq spec(0 Xa , P ) = V p 

forpe Ti, 

and Xg satisfies: 

1. p £ Xq a 1 point implies v(jp) < r. v(p) = r implies 7(p) = r. 

2. p e a 2 point implies i/(p) < r. v(p) — r implies r(p) > 2 or ( |162[ ) holds at 
p, and there exists a r big curve D C S r (Xo) containing p. 

3. p £ a 3 point implies < r — 2. 

4. S r (X£) makes SNCSs with B 2 {X' Q ). 

5. If C is a 2 curve on Xq, then C is not r small or r-1 big. 

Let 71, . . . , 7 n be the r big curves in SV(-Xo). Each 7$ necessarily contains a 1 
point. 

Let 7r : .Xi — > Xq be the sequence of monodial transforms (in any order) centered 
at the (strict transforms of) 71, . . • , 7 n . 

By Lemma p| 2. of Theorem |14.3| , and 2. of Theorem |13.8|, 

1. If p £ X\ is a 1 point then v(p) < r. v{p) = r implies 7(2?) = r. 

2. If p £ X\ is a 2 point then v(p) < r. is(p) = r implies r(p) > 2. If v(p) — r and 
r(p) < r, then p does not lie on a r big curve E in S r (X{). 

3. p £ X\ a 3 point implies v(p) < r — 1. f (|>) = r — 1 implies p satisfies the 



assumptions of (147) and (148) of Theorem 12.4. If D p is the 2 curve containing 
p with local equations y = z = at p in the notation of Theorem 12.4, then F q 
is resolved for all p ^ q £ D p . 
Ar(Xx) holds. 

If C is a 2 curve on Xo, then C is not r small or r-1 big. 

There are only finitely many 2 points p £ X\ such that v(p) = r. 



6. is a consequen ce of 5. Let T2 be the set of 3 points on X\ satisfying ( |147| ) and 
( IH ) of Theore m |12.4| . 

By Theorem 14.3 , there exists a sequence of quadratic transforms 7T2 : X2 —* X\ 
centered over the 2 points p of X\ with i/(p) = r and 2 < r(p) < r such that 

1. If p £ X2 is a 1 or 2 point then v(p) < r. If v(p) = r then 7(p) = r. 

2. If p £ X2 is a 3 point then v(p) < r — 1. If z/(p) = r — 1, then p £ T2. 

3. A r (X 2 ) holds. 

4. If D C X2 is a 2 curve, then D is not r small or r-1 big. 
For p£T 2 , let 

\p : Y p - spec(Ox 2lP ) (172) 

be a sequence of permissible monodial transforms over sections of _D p such that the 
conclusions of Theorem 12.4 hold. 

Since D p is resolved at all points p ^ q £ D p , the only obstruction to extending X p 
to a permissible sequence of monodial transforms of sections over D p in X 2 is if the 
corresponding sections over D p do not make SNCs with 2 curves. This difficulty can 
be removed by performing quadratic transforms at the points where the section does 
not make SNCs with the 2 curves. 
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By Theorems 7.1 and 7.3, we can thus construct a permissible sequence of monodial 
transforms ir^ : X3 — > X 2 such that 

1. If p € T 2 , then X 3 x X2 spec(0x 2 , p ) = ^- 

2. If q e — 7r 3 _1 (T2), and g is a 1 or 2 point then < r. If = r, then 
7(9) = r - 

3. If g e X3 — 7r 3 _1 (T2) and q is a 3 point then v{q) < r — 2. 

4. A r (X 3 ) holds. 

5. If D C X3 — 7r 3 ~ 1 (T2) is a 2 curve, then D is not r small or r-1 big. 

By 5. and Theorem 12.5 (or Theorem 12.6 if r = 2), we can perform a sequence of 
permissible monodial transforms a : Z 2 — > X3 centered at r-1 big 2 curves C to get 
that 

1. If p G Z 2 is a 1 or 2 point, then v(p) < r. ^(p) = r implies y(p) = r. 

2. If p £ Z 2 is a 3 point, then v(p) < r — 2. 

3. There are no 2 curves C in Z2 which are r small or r-1 big. 

4. S r (Z 2 ) makes SNCs with B 2 (Z 2 ). 

Since 3. holds, there are only finitely many 2 points {qi, . . . , q m } on Z 2 such that 
K*) = r—l and_r(gr. i ) =0. 

I > \" Theorem 14.4 , we can perform a sequence of quadratic transforms a\ : W± — > Z 2 
over the finitely many 2 points in Z2 such that v{qi) = r — 1, t((^) = and L q 
depends on both x and y (where (x, y, z) are permissible parameters at qi) so that 

1- v{q) < r and u(q) = r implies 7(g) = r at 1 and 2 points of VFi. 

2- ^(5) < r — 2 at 3 points of W\ 

3. If q € W\ is a 2 point with v{q) = r — 1 and r(q) = 0, then either 7(g) — r or 
there exist permissible parameters (x,y,z) at q such that L q depends only on 
x. 

4. There are no 2 curves C on Wi which are r small or r-1 big. 

5. S r (Wi) makes SNCs with B 2 (Wi). 

Over the (finitely many) points {ai, . . . , a„} of W\ which are 2 points with v(j>) = 
r — 1, 7(p) > r, t(p) = 0, and there exist permissible parameters (x,y,z) at aj such 



that L ai depends only on x, by Theorem 12.1 , there exist sequences of permissible 
monodial transforms 

Y ai -> spec(Ow 1 ,o i ) 

where F ai — > spec(Owi,Oi) is a sequence of blowups of sections over a general curve 



through <Zj, and satisfies the conclusions of Theorem 12.1. 

By Theorem 14.5| there exists a sequence of permissible monodial transforms tt : 
W 2 -> Wi such that 

W 2 x Wl spec(0 Wl , ai ) = Ya t 

for all i, and for q £ tc~ 1 (W 2 — {ai, . . . , a n }), 

1- ^(9) ^ r : ^(?) — r implies 7(g) < r if g is a 1 or 2 point. 
2. g a 2 point and //(g) = r — 1 implies t((7) > or 7(g) = r. 
3- ^(5) <r — 2ifgisa3 point. 

4. There are no 2 curves C in 7r -1 (W2 — {0,1, ■ ■ ■ , in}) which are r small or r-1 big. 

5. A r (W 2 ) holds. 

Since all 2 curves C C W2 which are r-1 big must map to some ai by 4., there 
exists a sequence of permissible monodial transforms 773 : W3 — > W2 centered at 2 
curves C which are r-1 big such that 

W 3 ~ (7ro7r 3 ) _1 ({a i . . . ,a„}) = W 2 - 7r _1 ({ai, . . . ,a„}) 
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and W3 Xwi spec(Ow 1)04 ) satisfies the conclusions of V ai of Theorem 12.2 (or of V ai 
of Theorem |12.3p . 

Then the sequence of quadratic transforms W ai — > V ai of Theorem 12.2| (or of 
W Ui -> V at of Theorem |12.3| ) extend to tt 4 : W 4 -> W 3 such that 



W 4 - (tt o 7t 3 o 7r 4 ) 1 ({ai,... ,a„}) S W 2 - ff 1 ({ai,. 



J) 



and W4, X wi spe c(Ow, .en) — W ai for 1 < i < n in the notation of Theorem 12.2 (or 
of Theorem [L2J). 

Now assume that r > 3. Let {D} be the strict transform on W4 of the curves {D} 
in S'r(Wi) which contain some a^. Each I? contains a 1 point and 13 is r small since D 



makes SNCs wit h B 2 (Wi) and v{a,i) = r— 1. By Theorem |12.2| and Lemma p.lOj and 
since by Lemma 6.27 there does not exist a 2 point q £ D such that ^(g) = r — 1 and 
r(g) > 0, there exists a finite sequence of quadratic transforms W5 — » W 4 centered 
at points disjoint from any fiber over some a* such that if W6 — > is a sequence of 
monodial transforms centered at the strict transforms of the D then C r {Wo) holds. 

Now suppose that r — 2. Let {D} be the strict transforms on W 4 of the curves 
{D} in S r (Wi) w hich contain some a t . E ach D contains a 1 point and D is not r 
big. By Theorem 12.3 , Lemmas |8. L0| and |S.ll there exists a sequence of quadratic 
transforms W5 — > W4 centered at points disjoint from any fiber over some a.; such that 
if We — > W5 is a sequence of monodial transforms centered at the strict transforms of 
the D, and then followed by a sequence of monodial transforms W? — > We centered 
at the strict transforms of 2 curves C on Wq which are sections over one of the D 
blownup in Wq — > W5 and such that C is 1 big, then C r (We) holds. □ 



Theorem 14.7. Suppose that C r (X) holds with r > 2. Then there exists a sequence 
of quadratic transforms n : X\ — > X such that C r (Xi) holds and if C is a 2 curve on 
X\ such that C contains a 2 point p with v(p) = r and p lies on a curve D in S r (Xi), 
then for p ^ q € C — B^(X), v{q) < r — 1 and v(q) = r — 1 implies j(q) = r — 1. 

Proof. Let 7r : Xl — > X be the product of quadratic transforms centered at all 2 
points q E X such that ^((7) = r and g is on a curve D C S r {X). 

Suppose that 5 € X is a 2 point on a 2 curve C such that q £ D, for a curve 
-D C S r (X). There exist permissible parameters (x,y,z) at q such that 

u = (x a y b ) m 

v = P(x a y h ) + x c y d F q 

where x = z = are local equations of D at q. Suppose that v{q) = r so that 7(g) = r. 



By Lemma 3.5, after a permissible change of variables, 



i=2 

with r a unit, ^(a^) > i. At a 1 point q' 6 7r^ 1 (q r ) we have ^(^') < r, ^(9') = r implies 
7(9') = ^* 

The 2 points q' G 7r — 1 (g) have permissible parameters (x\, y\,z{) such that 
x = xiy x ,y =y u z = y\{z\ + a) 

or 

x = x\,y = X\y\,z = x\(z\ + a). 

In either case 



F q i — t(z\ + a) r + terms of order < r — 2 in z\ 
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implies 7(9') < r, 7(9') < r — 1 if a 7^ 0. Thus each exceptional curve C of tt contains 
at most one 2 point q' such that v(q') = r. At the 3 point q' E Tr^ 1 (q), 

x = xizx,y = yizi, z = z\ 

and v{q') = 0. 

Thus by Lemma 7.9, C r {X\) holds. Let C be the strict transform of C, D' the 
strict transform of D on X\. C and D' are disjoint. C intersects n^ 1 (q) at the 3 
point q' with v{q') = 0. By Lemma [zl] there is at most one curve E in S r {X{) such 
that E C 7r _1 (g), and £7 intersects each 2 curve in at most one point. If E intersects 
an exceptional 2 curve C in a point q' such that f(g') = r, then for </ 7^ g" 6 C, 
7(9") < r — 1 (by the above analysis). Thus each exceptional 2 curve C for m satisfies 
the conditions of the conclusions of the Theorem. 

The strict transform C of a 2 curve C on X\ contains no 2 points q with = r 
which are contained in a curve D in S r (Xi). 

□ 

15. RESOLUTION 3 

Throughout this section we will assume that <&x '■ X — > S is weakly prepared. 

Lemma 15.1. Suppose that C C X is a 2 curve. Suppose that t is a natural number 
or 00. Then the set 

{q £ C\ q is a 2 point and 7(g) > t} 
is Zariski closed in C — B%(X). 

Proof. Suppose that p € C is a 2 point. There exist permissible parameters (x,y,z) 
at p such that (x,y,z) are uniformizing parameters in an etale neighborhood U of p 
in X. At p, 

u = {x a y b ) m 

v = P(x a y b ) +x c y d F(x,y,z). 

Set 

v - P x (x a y b ) 

w = — 

x y 

with A > c + d. wE T(U,Ox). If q £ C fl U, there are permissible parameters 
(x, y , z q = z — a) at q for some a E k. There exist di(q) E k such that 

f,=«,-5>(*)- ( xy) 



x Cyd 



{qECnU\v(F q {0,0,z q )>t} = 



{<?eCn[/|0(O,O,a)=O,O<i<t} if ad - be ^ 
{q E C n C/ I 0(0, 0, a) = 0, < i < t} if ad - 6c = 



is Zariski closed. 

Since J7 is an etale cover of an affine neighborhood V of p, 

{q E C I q is a 2 point and 7(0) > <} n V 

is Zariski closed in V n C. □ 



Lemma 15.2. Suppose that C is a 2 curve and there exists p E C with permissible 
parameters {x p ,y p , z p ) at p such that x p — y p — are local equations of C at p 
and v(Fp(0, 0, %,)) < 00. If q E C then v(F q {0, 0, z q )) < oo, where (x q ,y q ,z q ) are 
permissible parameters at q and x q — 0,y q — are local equations for C at q. 
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Proof. If is(F q (0, 0, z q )) = oo, then F q S i~cq so that ^ Cp ^ or a U P G C by 
Lemma 8.1. Thus v(F p (0,0, z p )) = oo for all p G C, a contradiction. □ 



Theorem 15.3. Suppose that C r (X) holds with r > 2 and i/ie conclusions of Theo- 
rem lJf..'i hold on X . Then there exists a sequence of permissible monoidal transforms 



it : Y — > X centered at r big curves C in S r such that C r (Y) and the conclusions of 



Theorem 14-7 hold on Y and if D is a curve in S r (Y), then D is not r big. 



Proof. Suppose that the C C S r (X) is r big. C must contain a 1 point. Let ir : Y — > X 
be the blowup of C. 



By Lemma |8T8| , C r (Y) holds and the conclusions of Theorem 14.7 hold on Y. There 
is at most one curve D C S r (Y) n 7r _1 (C). If this curve exists it must be a section 
over C. 



Let peCbealpoint. Asin (|7lj) of the proof of Lemma 8 . 8 , there exist permissible 
parameters (x, y, z) at p such that Ic,p = (%> z ), 

\ ^TZ r + j: r i=2 a l (x,y)z^ (173) 

where r is a unit, x % \ ai for 2 < i < r. 

As shown in the proof of Lemma |8.8| , the only point q G 7r _1 (p) which could be in 
S r (Y) is the 1 point with permissible parameters x = X\, z = x\Z\. 



u = x 



aj(xi,y) z r—i (174) 



In this case, ( |174| ) has the form of ( |173| ) with 

min{- such that x-' \ ai^x^ 1 Yen for 2 < i < r} 

i 

decreased by 1. 
By induction on 

min{- such that x 1 \ aj,x-' +1 /a,; for 2 < i < r} 

we can construct a sequence of permissible blowups of r big curves in S r such that 
the conclusions of the Theorem hold. □ 

Theorem 15.4. Suppose that C r (X) holds with r > 2, the conclusions of Theorem 
\l4.^h old on X and if C is a curve in S r (X), then C is not r big. Suppose that 
p G S r (X) is a 1 point, D is a general curve through p. For a 1 point q G D , define 

e(D,q)=v(F q (0,0,z)) 

where (x,y,z) are permissible parameters at q so that To, q = {x,y) and 

u = x a 

v =P{x)+x c F q . 

Then there exists a sequence of blowups of points on the strict transform of D, but 
not at p, A : Z — > X such that 



1. C r (Z) and the conclusions of Theorem H.l hold on Z. 

2. Let D be the strict transform of D on Z . Then e(D, q) = 1 for all 1 points q =/= p 
on D, v(q) = 0ifq£Disa2 point, and there are no 3 points on D. 

3. Suppose that p is a fundamental point of A. 

(a) If q G X^ 1 (p) is a 1 point then v{q) < r — 1. 
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(b) If q S X^ 1 (p) is a 2 point, then v{q) < r. If v{q) — r then 7(g) = T. If 
v{q) — r — 1, but r(g) = 0, then 7(g) = r and q is on the strict transform 
of a curve in S r (X). 

(c) If q € X~ 1 (p) is a 3 point then v{q) < r — 2. 

There does not exist a curve C C S r (Z) such that C is r big. 



Proof. The existence of Z and the validity of C r (Z) and 2. follow from Theorem 14.5 
Suppose that D contains a 1 point q =/= p such that v(q) — r. Then D intersects a 
curve C in S r (X ) transversally at q, and q is a generic point of C. By Lemma 6.25] 



and Lemma 8.5, since C is not r big, 7(g) — r and g is a generic point of C, there are 



thus permissible parameters (x, y, z) at q such that 



where U{ > i, r is a unit and a; /aj for 2 < i < r — 1, Ic.<j — (#j z ) 5 ^D,q — {%, y)- 
Let 7Ti : Xi — > X be the blowup of g. 

Suppose that gi G 7rj~ (3) and there are permissible parameters (xi,y\, z±) at gi 
such that 

x = x\,y = xi(yi +a),z = x\(z\ + (3). 



Then 



u = x\ 



t( Zi + (3) r + E[=2 ^T^( z i + /J) r_i + (2/1 + ") 

Thus, after normalizing to get F q > , we have that 7(9') < r — 1 if (3 7^ 0, and 7(5') = 1, 
if/3 = 0. 

Suppose that q\ G 7r^ 1 (g) and there are permissible parameters (#1, J/i, 21) at gj 
so that 

£ = 2/ = 2/1,^ = 2/1(21 + 
If a ^ 0, then 5' is a 2 point with 7(9') < r — 1. If a = 0, then 5' is a 2 point on the 
strict transform of C, v{q') < r — 1 and 7(9') < r. 

Suppose that gi G 7rf 1 (q) and there are regular parameters (x\, y\, z\) in Ox x ,qi 
so that 

a; = xiz u y = y\z x ,z = z\ 

Then q' is a 2 point with i^(g') = 0. q' is the point in 7rj~ (g) on the strict transform 
of D. Thus 3. holds for X^ 1 (q). 

If g G -D is a 1 point with v(q) < r — 1 or a 2 point with j/(g) < r — 2, 3. for A -1 (g) 
follows from Theorems 7.1 and |7.3| (or the proof of Theorem |14.5| ). 



If q G D is a 2 point with i/(g) = r — 1, then q is a generic point of a 2 curve 
C C S r _i(X) (or such that F q G Tc,q if r = 2). Since C r (X) holds, C is r-1 small. 
Since g is a generic point of C, w e m ust have r(g) > by Lemma |6.26| . 1. - 3. for 



A 1 (g) then follow from Theorem 7.1 and Theorem 7.3 



The conclusions of Theorem 14.7 hold since this condition is stable under quadratic 



transforms. □ 
Definition 15.5. Suppose that C is a 2 curve of X . Then C satisfies (E) if For 

qeC, 

1. v(q) = if q is a 3 point. 

2- 7(g) < 1 at all but finitely many 2 points q G C , where either 

(a) v{q) = 7(g) = r or 

(b) v(q) = r — 1, 7(g) = r and r(g) = 0. 
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Theorem 15.6. Suppose that C r (X) holds with r > 2, the conclusions of Theorem 
14- 1 hold on X and C is a 2 curve of X containing a 2 point p such that either 
u{p) = y(p) = r, or v(p) = r — 1, 7(2?) = r and r(q) — 0. Then there exists 
a sequence of quadratic transforms ir : Y — > X (over points in C) such that the 
following properties hold. Let C be the strict transform of C . Suppose that q is an 
exceptional point of tt . Then 

1. If q is a 1 point, then u(q) < r — 1. 

2. If q is a 2 point, then u(q) < r — 1. If v{q) = r — 1 then r(g) > 0. 

3. If q is a 3 point then v(q) < r — 2 



Furthermore, C satisfies (E), C r (Y) holds and the conclusions of Theorem l^.l hold 
on Y . 



Proof. By our assumption on p, and Lemma 8.1, F q i g" lc,q' at all points q' £ C. 
There thus cannot exist q' £ C which satisfies (163), since then F q i £ lc,q' ■ 



Suppose that q £ C . Then there exist permissible parameters (x, y, z) at q such 
that T c ,q = (x, y) and F q X G>q . 

First suppose that q is a 3 point and v(q) > 0. Suppose that tti : X\ — > X is the 
blowup of q. Suppose that q' £ ir^ (q). Since v{q) < r — 2, we have that v(q') < r — I 
if q' is a 1 point, ^(g') < r — 1 if q' is a 2 point, v (q 1 ) = r — 1 implies r(g') > 0, and 
V W) < r — 2 if is a 3 point by Theorem 7.1. The strict transform of C intersects 
7rj~ (g) in a 3 point. 

Consider the infinite sequence of blowups of points X n+ \ — > X n , centered at the 
points q n on the strict transform of C on X n over g, 

• • • — > A n A 1 — > X 

g„ has permissible parameters (x n ,y n , z n ) defined by 

x x n z n , y — y n z n , z z n 



where Sj = ffe). Since F q £ (x,y) we have that v(q n ) — for all sufficiently large n. 
Let 

W = {q £ C\q is a 2 point with j(q) > 1}. 



W is a finite set by Lemma 15.1, and since 7(9) < 1 at a generic point of C. 

Suppose that q £ W is a 2 point. Suppose that either z/(g) < r — 2 or q is such 
that = r — 1 and r(q) > 0. Then arguing as in the case when q is a 3 point, 
and using Theorems 7.1 and 7.3 we can produce a sequence of blowups of points 
7r : X m — > X, centered at the points q n on the strict transform of C on X n over q, 
such that v{q m ) — 0, and the conclusions of the Theorem hold in a neighborhood of 
TT-^q). □ 



Theorem 15.7. Suppose that C r (X) holds with r > 2 and t/ie conclusions of Theo- 
rem I4..I hold on X. Then there exists a permissible sequence of blowups it : Y — > X 



such that for p £Y 

1- v (p) < — 1 if p is a 1 point or a 2 point. 

2. If p is a 2 point and v(p) = r — 1, then t(j>) > or r > 3 and ) holds at p. 
3- v{p) < r — 2 i/p is a 3 point 



Proof. By Theorem 15.3, we can assume that if C is a curve in S r (X) then C is not r 
big. Furthermore, since C r (X) holds, each curve in S r (X) contains a 1 point. There 
are finitely many 1 points {pi, . . . ,p m } in X such that each pi is in S r (X), and pi is 



148 



STEVEN DALE CUTKOSKY 



either an isolated point in S r (X), or is a special point of a curve in S r (X) (A special 
1 point on a curve in S r (X) i s a p oint which is not generic in the sense that the 
conclusions of 1. (a) of Lemma |8.10 do not hold). Let D Pi be a general curve through 
Pi for 1 < i < m. By Theorem 15.4, after possibly performing a finite sequence of 
quadratic transforms at points =/= pi on the D pi , we may assume that e(D pi ,q) = 1 
for all 1 points g ^ p, on D pi , v(q) — if q S D pi is a 2 point, and there are no 3 
points on any D pi . 

There are no exceptional 1 points in S r {X) created by the sequence of blowups in 



Theorem 15.4. 

For each pi, let t Pi be the number I computed in Theorem 11.5 (or Theorem 11.6) 
if r = 2) for pi. By Theorem 11.4, for 1 < i < m, there exist sequences of monoidal 



transforms 

A« : Xtii) ^ spec(O x>Pi ) 

where X\{i) — ► sj>ec(Ox, Pi ) is a sequence of permissible monodial transforms centered 
at sections over D Pi , such that the conclusions of Theorem 11.4 hold on Xi(i) (with 



t > tpi ) ■ Since D Pi is resolved at all points pi ^= q £ D Pi , the only obstruction to 
extending X Pi to a permissible sequence of monodial transforms of sections over D Pi 
in X is if the corresponding sections over D Pi in X do not make SNCs with the 2 
curves. This difficulty can be resolved by performing quadratic transforms at the 
points where t he sec tion does not make SNCs with the 2 curves. 

By Theorem 15.6, we can then perform a sequence of quadratic transforms centered 
at 2 points, so that if C is a 2 curve containing a point p such that either 

v(p) = j(p) = r 



v(p) = r — 1, 7(p) = r and r(p) = 

then C satisfies (E). There are no exceptional 1 points in S r (X) in this sequence of 
blowups. 

We can thus extend the maps Xi(i) — > spec (Ox. Pi ) to a sequence of permissi- 
ble monodial transforms centered at sections over D Pi and points, A : Y — > X. 
C r (Y — A _1 ({pi, . . . ,p m })) holds and the conclusions of Theorem 14.7] hold on Y — 
\~ 1 ({pi, . . . ,p m }), there are no special or isolated 1 points in S r (Y)— A _1 ({pi, . . . ,p m }), 

Y x x spec(Ox, Pl ) = Xi{i) 

for 1 < i < m and if q £ S r (Y) — A _1 ({pi, . . . ,p m }) is a 2 point with 

v{q) = r,j(q) = r, 

or 

v(q) = r — 1, 7(9) = r and r(q) = 
then the 2 curve containing q satisfies (E). 

Let {<7i, . . . , q n } be the 2 points of Y such that v(qi) — r and qi is contained in a 
curve of S r (Y). Let C qi be the 2 curve containing qi for 1 < i < m. Then 7(g) < 1 if 
q L 7^ q G C qi is a 2 point, and 7 (g) = if q S C gi is a 3 point since C 9i satisfies (E) 
and the conclusions of Theo rem 14.7 hol d on Y. For each qi, let t qi be the number I 
computed in Theorem 11. 5| (or Theorem 11. 6| if r = 2) for p^. For 1 < i < n, let 

A® :y 1 (z)^spec(Oy :gi ) 

be a permissible sequence of monodial transforms centered at sections over C qi such 
that the conclusions of Theorem 11.4 hold on Yi(i) (with t > t qi ). 



Since C qi is resolved at all points qi ^ q £ C qi , the only obstruction to extending 
X qi to a permissible sequence of monodial transforms of sections over C Pi in Y is if 
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the corresponding sections over C Pi in Y do not make SNCs with the 2 curves. This 
difficulty can be resolved by performing quadratic transforms at the points where the 
section does not make SNCs with the 2 curves. 

We can thus extend the Y\(i) — > spec(Oy i9i ) to a sequence of permissible monodial 
transforms centered at points and sections over C qi , 4> '■ Z — > Y , so that 

Z x Y spec(CV,<jJ = Yi(i) 

for 1 < i < n, and if 

Zq = Z - _1 ({gi, . . . ,Q n }) - (Ao^ _1 ({pi, . . . ,p m }) 

then C r (Zo) holds and satisfies the conclusions of Theorem 14. 7| . Zq contains no 
special or isolated 1 points. If D C S r {Z) and D is r big then D n Zq = 0. If q e Zo 
is a 2 point which does not satisfy the conclusions of the Theorem, then j(q) = r and 
v{q) = r — 1 or v(q) = r. If C C Z is the 2 curve containing g, then C satisfies (E). 
If v(q) = r, th en q i s not containe d in a curve D C S r {Z). 

By Le mma |8. 10 and Theorem 11.5 if r > 3 (or Lemma 8.10 , Lemma S.ll and 
Theorem 11.6 if r = 2) there exists a sequence of permissible monodial transforms 
ip : W — > Z consisting of a sequence of blowups of r big curves D C S r , followed by 
a sequence of blowups of r small curves D C S r , and finally followed by a sequence 
of quadratic transforms if r > 3 (or quadratic transforms and monodial transforms 
centered at 2 curves C such that C is 1 big and C is a section over a 2 small curve 
blown up in constructing <fr if r = 2) such that C^VF) holds, S^WO is a finite union of 
2 points, and the conclusions of the Theorem hold everywhere in W , except possibly 
at a finite number of 2 points p. If C is a 2 curve on W containing a 2 point p where 
the theorem fails to hold, then (E) holds on C . In particular, there are no 2 curves 
in S r (W). 

Suppose that C C W is a 2 curve containing a 2 point such that the conclusions 
of the theorem do not hold. Then C satisfies (E). 
Let {q\, ... , q s } be the two points on C such that 

1. u(qi) = r, 7(tft) = r or 

2. = r - 1, 7((ft) = r and r(<&) = 0. 

7(9) < 1 if 9 G C — {(71, . . . , q s } is a 2 point, and = 0ifg€Cisa3 point. No 
<?i is contained in a curve in S r (W), since S r (W) is finite. 

We will now show that there exists an affinc neighborhood U of {<?i, ... , q s } and 
uniformizing parameters x,y,z on U such that i = y = are local equations of C on 
U, and all points of C n [7 are 2 points. 

Let Ai and be the components of Ew such that C is a connected component of 
A\C\A2. There exist very ample divisors H\, H2, H3, H4 on W such that A\ ~ H1—H2, 
A 2 ~ H 3 - H4, and <? 4 ^ Hj for 1 < i < s, 1 < j* < 4. 

Let (7 = W - {Hi UH 2 UH 3 U H 4 ). U = spec(A) is affine and there exist x,y E A 
such that x = is an equation for A\ D U in U, y = is an equation for A 2 H U in 
[/. After possibly replacing J7 with a smaller affine neighborhood of {qi, . . . , g s }, we 
may assume that U C\C = U C\ AiC\ A 2 and £w n U = (Ai U A 2 ) n C/. 

There exists a morphism 7r : C — > P 1 such that ir is etale over ir{qi), 1 < i < s, and 
7r(gj) ^ 00 for any i (We can take it to be a generic projection). Let z be a coordinate 
on P 1 — {00}. After replacing U with a possibly smaller affine neighborhood of 
{<7i, . . . , q s } we have an inclusion n* : k[z] — > j4, so that L7 — * spec(fc[i, z]) is etale. 

There exists a component E of Z?5 such that <&w{Ai) C E 1 and &w{A 2 ) C £ 
(since $w : W — > 5 is weakly prepared). There exists an affine neighborhood V of 
{$^(91)7 ■ ■ ■ j^wfe)} in S and u G r(V, Os) such that u = is a local equation 
of Ds- Then it = is a local equation of Ew in (V) H {/. Thus if we replace /7 
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with $yf(V) C\U, u extends to a system of permissible parameters at for all 



P ecn^(v)nu. 

There exist a, b £ N such that u = 
B = A[j], V = spec(B). Then h : V 



x a y b j where 7 £ A is a unit in A. Let 7 = 7" 
-> [/ is etale. 



= 0) if and 



Let a; = 72;. k[x, y, z] — > B defines a morphism g : V —> A 3 , q G g~ 
only if a; € m q which holds if and only if x S m g . Thus <? _1 (a: = 0) = h^ 1 (x = 0) 
<? is etale at all points of g^ 1 (x — 0). Since this is an open condition (c.f. Prop 4.5 
SGA1) there exists a Zariski closed subset Z\ of V which is disjoint from h~ 1 (x = 0) 
such that g | V — Z\ is etale. Let U\ be an aifine neighborhood of {(71, . . . ,q s } in U 
which is disjoint from h(Zi). Let V\ — /i _1 ([/i). 

After replacing U with U\ and V with Vi, we have that 1/ — > [/ is an etale cover 
and (ir, y, 2) are uniformizing parameters on V. 

There exist Vi € Os,$ w ( qi ) such that (u,v{) are permissible parameters at <&w(<li) 
and u = is a local equation of -E^v at <?i for X < i < s. For each there exist Zi such 
that (x,y,Zi) are permissible parameters at qi for (u,Vi) for 1 < i < s which satisfy 
the conclusions of Lemma |S.5| . 

The morphism w± : Y qi — > spec(C)w, gi ) of Theorem 11.2 (or Theorem |ll.7| if ^(ft) = 
?' — 1) extends to a sequence of permissible monodial transforms 7Ti : Y\ — > V centered 
at sections over C. 



spec(C H /,g 2 ) -* s,pec(O w ,q 2 ) 

extends to a sequence of permissible monodial transforms Y q2 — 
form of the conclusions of Theorem 11.2 (or Theorem |ll.7| ). 



spec(Ow,q 2 ) 01 the 



Y q2 — > spec(OvK,9 2 ) extends to a sequence of permissible monodial transforms 



Preceeding inductively, we extend 

spec(O w ,q s ) -> spec(0 H A j?s ) 

spec(C)vv,g 3 ) of the form of 



to a sequence of permissible monodial transforms Y q 
the conclusions of Theorem 11.2] (or Theorem 11.7). 
Y 



qg spec(Ow,q 3 ) extends to a sequence of permissible monodial transforms 
Y s ^4 F s _i - (tti o • • • o 7r s _i) _1 (/i _1 (gr s _i)) -> V - {qi, . . . ,q s -i}- 



For 1 < i < s, let t qi be the value of I in the statement of Theorem 11.5 (or 
Theorem 11.7) for the point 

Let u>i € A, 1 < i < s be such that 

= 7 mod m g f ■ 

By the Chinese Remainder Theorem, there exists to E A such that after possibly 
replacing U with a smaller affine neighborhood of {qi, . . . , q s }, we have that (lux, y, z) 
are uniformizing parameters on U and 

t„ 



x mod niq^Ow^i 



for 1 < i < s. 



We can thus replace x with in (112) of Theorem 



choice of x, The map Y qi — > spec(0wa, ) of Theorem 



11.4 



11.4 



for 1 < i < s. With this 



(or Theorem 11.7) then 



satisfies the assumptions of Theorem 11.5 , and extends to a permissible sequence of 
monodial transforms centered at sections over C 



Ai :Yi 



f7. 
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The map Y q2 — > spec(Ow,q 2 ) of Theorem 11.4 (or Theorem 11.7) satisfies the 
assumptions of Theorem 11.5 (or Theorem 11.7) and extends to a permissible sequence 
of monodial transforms centered at sections over C, 

%^Y 1 -X^(q 1 )^U-{q 1 }. 



Preceeding inductively, the map Y qs — > spec(Ow qa ) of Theorem 11.4 (or Theorem 



11.7) satisfies the assumptions of Theorem 11.5, and extends to a permissible sequence 



of monodial transforms centered at sections over C 



Y * K. 



(Ai 



oA s _i) 1 (q a -i) — »■ U - {qi, 



l}- 



Since all points of C — U are resolved, there exists a sequence of permissible 
monodial transforms Ai : Y{ — > W consisting of quadratic transforms centered at 
points over C — U and permissible monodial transforms centered at sections of C 
such that all points of (C — U) are resolved, and Y{ Xyy U = Yi. 

By Theorems 11.5 and 11.7 (or Theorems 11.6 and Theorem 11.8) if r — 2), there 
exists a sequence of permissible monodial transforms Z\ — > Y[ (with induced maps 
ipi : Zi — > W) centered over points and curves which map to q\ such that all points 
of tpi 1 (qi ) satisfy the conclusions of the Theorem. 



By Theorem 7.1 and 7.3 



Yi^Yt-X^iqJ 



then extends to a sequence of permissible monodial transforms A2 : Y 2 ' — > Z\ con- 
sisting of quadratic transforms centered at points over C — (U — {qi}) and per- 
missible monodial transforms centered at sections over C such that all points of 
(Ai o A2) _1 (C — U) are resolved, all points of (Ai o \2)~ l {qi) satisfy the conclusions 
of the Theorem and 

Y^x w {U-{ qi })^Y 2 . 

By Theorems 11.5 and 11.7 (or Theorems [11. 6| and 11.8) if r = 2), there exists a 
sequence of permissible monodial transforms Z2 — * Y% with induced maps ip2 '■ %2 —>■ 
W centered at points and curves that map to q 2 such that all points of ^2" 1 (92) satisfy 
the conclusions of the Theorem. 

By induction on s, we can then construct a sequence of permissible monodial 
transforms ip s : Z s — > W centered at points and curves supported over C such that all 
points of i/>7 1 (C) satisfy the conclusions of the Theorem, and all points of ■07 1 (C' — 
{qi, . . . , q s }) are resolved. 

By induction on the number of 2 curves C <ZW which contain a 2 point which does 
not satisfy the conclusions of the Theorem, we can construct a sequence of permissible 
monodial transforms W —> W such that W satisfies the conclusions of the Theorem. 

□ 



16. Resolution 4 

Throughout this section we will assume that 4>x : X — > S is weakly prepared. 

Theorem 16.1. Suppose that r > 1 and for p e X, 

1- v {p) < r if p is a 1 point or a 2 point. 

2. If p is a 2 point and v(p) — r, then r(p) > or r > 2, r(p) = and there 
exists a unique curve D c S r (X) (containing a 1 point) such that p £ D, and 
permissible parameters (x, y, z) at p such that x — z — are local equations of 
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D. 

u = (x a y b ) m 

v = P(x a y b ) + x c y d F p (175) 

F p = Tx r + J2 r j=i o-i (y, z )v d] z&3 xT ~ J 

where r is a unit, Uj are units (or 0), there exists i such that a» ^ 0, et = i, 
< di < i, 

d% dj Gi Gj 



i j i j 

for all j and 



< i. 



3- v(p) < r — 1 if p is a 3 point 

Then there exists a sequence of permissible monoidal transforms ir : Xi — > X such 
that A r (Xi) holds. That is, 

!• v {p) < r if p *E X is a 1 point or a 2 point. 

2. If p G X is a 1 point and v{p) — r, then y(p) = r. 

3. If p G X is a 2 point and v(p) — r, then r(p) > 0. 

4. v(jp) < T — 1 if p € X is a 3 point 

Proof. If p is a 1 point such that v(p) = 1, then *y(p) = 1. Thus A r (X) holds if r = 1. 
For the rest of the proof we will assume that r > 2. 
Let 

W(X) = {p£l points of X\v(jp) = r and j(p) > r}. 
W(X) is Zariski closed in the open subset of 1 points of X. Let W(X) be the Zariski 
closure of W(X) in X. 

Suppose that p € W(X) is a point where W(X) does not make SNCs with B 2 (X). 
Then p can not s atis fy ( |175[) . Let 7r : X\ — » X be the quadratic transform with center 
p. B y Theorems |7.l| and |7.3| , all points of 7r _1 (p) satisf y th e assumptions of Theorem 
16.1 , and there are no points of Tr^ 1 (p) which satisfy ( |l75| ). If p is a 1 point, x | L p 
implies v{q) < r— 1 if q e 7r _1 (p) is a 1 point, so ir~ 1 (p) contains no curves of W(Xi). 
By Theorems 7T and ^3, n^ 1 (p) contains no curves of W(X±) if p is a 2 or 3 point. 

Thus there exists a sequence of quadratic transforms tt : X\ — > X such that 
T / L(Xi) is a disjoint union of nonsingular curves and isolated points, X\ satisfies the 
assumptions of Theorem |16.1, and W{X\) makes SNCs with B<i(X\), By Theorems 



and 7.3 and Lemma |7.9| , we can further assume that S r (Xi) makes SNCs with 
B2(X%), except possibly at s ome 3 points of X%, and if C C S r (Xi) is a curve which 
contains a 2 point satisfying (|l75| ), then C contains no 3 points. We can then without 
loss of generality assume that X = X\. 

Suppose that C c W(X) is a curve. C makes SNCs with the locus of 2 curves. 
We either have that C is r big or r small. 

For a curve C, or isolated point p in W(X), We will show that we can construct 
a sequence of monoidal transforms 7r : Y — > X, centered at points and curves over 
C (or over p), such that the assumptions of the theorem hold on Y, and 2. of the 
conclusions of the theorem hold at points over C (over p) . 

We can then iterate this process to obtain Z — * X such that the assumptions of 
the theorem hold on Z, and if p S Z is a 1 point with v(p) — r, then 7(p) = r. 

Suppose that C is r small Since C is r small, (|175|) cannot hold at any p e C. 



By Lemma 3.9, we can construct a sequence of monoidal transforms 7r : Y — > X, 
centered at points on C and the strict transform of C, such that the assumptions of 
the theorem hold on Y, and the conclusions of the theorem hold at points of 7r -1 (C). 
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Suppose that C is r big 

Let 7r : X\ — > X be the blowup of G. We will show that the assumptions of the 
theorem and 2. of then conclusions of the theorem hold at points above C. 

Suppose that p S C is a 2 point with r(p) > or a 1 point. Then all points of 



7r ^p) satisfy the conclusions of the Theorem by Lemma 3.8 



Suppose that p € C is a 2 point such that (175) holds. Then x = z = are local 
equations of C at p. 

Suppose that q € 7r _1 (|j) is a 2 point, g has permissible parameters (acj, y, z\) such 
that a; = X\, z = X\ (z\ + a). 



u = {xly b ) m 
v = P(x1y b ) 



implies 



F p = rx r + yU, 



f v n 

-JL = T + y — 



ad — b(c + r) 7^ 0, since F p is normalized, which implies that u(q) = 0. 

Suppose that q € 7r _1 (p) is the 3 point, q has permissible parameters (x%,y, Z\) 
such that 

X = X\Z\, Z = Z\. 

u = (x1y b zf) m 



r 



P{x a y b zl) + x\y d z\ +r F q 



where 



F q = ^ =rx r 1 +^2a j (y,z 1 )y^x r 1 - j Z ; 

By assumption di + r — i + e; — i < r. Thus v{q) < r — 1. 
Suppose that p is an isolated point in iy(X) 
There are permissible parameters (x,y, z) at p such that 



u = x 
v = P(x) + x c F p 



Lp =x t Cl(x,y,z) 



with < t < r, x /SI. 

Let 7Ti : X\ — > X be the blowup of p. If g € 7T7/ 1 (p) is a 2 point then v(q) < r 



and v{q) = r implies r(q) > by Theorem 7.1. If q G Hi l {p) is a 1 point then 
v(q) < r — t < r 

We are now reduced to assuming that W(X) = 0, so that j(p) = r if p e X is a 1 
point with v(p) = r. 



Now suppose that pel satisfies (175) so that the curve D in S r (X) that p lies 



on satisfies 7(g) = rifgG-Disal point. 

By our initial reduction, we may assume that D is nonsingular, and makes SNCs 
with B 2 {X). Since F p £ T r c ^ C is r big. 

Let 7r : X\ — > X be the blowup of Z). If p 6 £> is a 2 point with r(p) > or a 
1 point, then all points of 7r _1 (p) satisfy the conclusions of the Theorem by Lemma 



3.8. The case when p satisfies (|175|) is exactly as in the case when C C W(X) is r 



big. □ 
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17. Proof of the Main Theorem 

Theorem 17.1. Suppose that $x X —> S is weakly prepared, r > 2 and A r {X) 
holds. Then there exists a permissible sequence of monodial transforms Y — > X such 
that A r -i(Y) holds. 



Proof. The Theorem follows from successive application ol Lemma 13.4 and Theorems 



13.9, 14.6, 14.7, 15.7 and 16.1 □ 



Theorem 17.2. Suppose that &x ■ X —* S is weakly prepared. Then there exists 
a sequence of permissible monoidal transforms Y — > X such that <I>y : Y — > S is 
prepared. 

Proof. For r » ~A r (X) holds by Zariski's Subspace Theorem ( Theo rem 10.6 
The theorem then follows from successive application of Theorem |l7.l| , and the fact 
that Ai(X) holds if and only if <I>x : X — > S is prepared. □ 

Theorem 17.3. Suppose that $ : X — > S is a dominant morphism from a 3 fold to a 
surface and Ds C S is a reduced 1 cycle such that Ex = <&~ 1 {Ds)red contains sing(X) 
and sing(&). Then there exist sequences of monoidal transforms with nonsingular 
centers w± : S± — > S and -ki : X\ —> X such that $Xi : X% — > S± is prepared with 
respect to D Sl = n^ l {Ds)red- 



Proof. This follows from Lemma 6.2 and Theorem 17.2. □ 



18. MONOMIALIZATION 

Throughout this section we will suppose that $ : X — > S is a dominant morphism 
from a nonsingular 3 fold to a nonsingular surface, Ds is a reduced SNC divisor on 
S, E x = ^(Asjred is a SNC divisor on X. 

If p G Ex we will say that p is a 1, 2 or 3 point depending on if p is contained in 
1, 2 or 3 components of Ex- q € Dg will be called a 1 or 2 point depending on if q is 
contained in 1 or 2 components of Dg. 

Regular parameters (u, v) in Ox, P with q £ Ds are permissible if: 

1. u = is a local equation of Ds if q is a 1 point or 

2. uv = is a local equation of Ds if q is a 2 point. 

Definition 18.1. We will say that $ is Strongly Prepared at p G X (with respect to 
Ds ) if one on the following forms hold. 



1. $ is prepared at p (as defined in Definition 6.6) or 

2. There exist permissible parameters (u, v) at q and regular parameters (x, y, z) in 
Ox, p such that one of the following hold: 

(a) p is a 2 point and 

„b 



(b) p is a 3 point and 

(with a, 6, c > 0). 

(c) p is a 3 point and 

(with a, 6, c, d > 0). 



u = x , v = y 



a be 

u = x ,v = y z 



u = x a y\ v = y c z d 
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Suppose that p £ X is strongly prepared and (u, v) are permissible parameters at 
$(p). Regular parameters (x,y,z) in Ox.p are called ^-permissible parameters at p 



for (u,v) if one of the forms of Definition 18.1 holds in Ox.p- We will also say that 



(u,v) are strongly prepared at p. If a form 1. holds at p, ^-permissible parameters 



are permissible as defined in Definition 3.5 



Throughout this section we will assume that $ : X — > S is strongly prepared. 

Lemma 18.2. Suppose that Ox,p — > R is finite Stale, and there exists x,y,z £ R such 
that (x, y, z) are regular parameters in R q for all primes q C R such that q D Ox.p = 
Trip . Then there exists an Stale neighborhood U of p such that (x,y,z) are uniformizing 
parameters on U . 

Proof. There exists an affine neighborhood V\ = spec(^4) of p £ X and a finite etale 
extension B of A such that B (E>a A mp = R. Set U\ — spec(B). Let 7T : Ui — > V\ be 
the natural map. There exists an open neighborhood U2 of n~ 1 {p) such that (x, y, z) 
are uniformizing parameters on J7 2 . Let Z = U\ — Ui- Set U3 — U% — n~ 1 (W). 
U3 — > V2 = V\ — W is finite etale. Thus there exists an etale neighborhood [7 of p 
where (x,y,z) are uniformizing parameters. □ 



Lemma 18.3. Suppose that permissible parameters (it, for &(p) £ D$ are strongly 
prepared at p £ Ex- Then there exist ^-permissible parameters (x,y,z) at p such that 
(x, y, z) are uniformizing parameters on an etale neighborhood of p, and one of the 
following forms hold: 

1. p is a 1 point, u — is a local equation of Ex and 



u 

v 



P(x) + x b y 



where P(x) is a polynomial of degree < b. 
2. p is a 2 point, u — is a local equation of Ex and 



u 

V 



{x a y b ) m 
P(x a y b ) + x c y d 



where (a, b) = 1, ad — be =/= 0, Pit) is a polynomial of degree < [ max {-, . 

3. p is a 2 point, u — is a local equation of Ex and 

u = (x a y b ) m 

v = P(x a y b ) +x c y d z 

where (a, b) — 1, P(t) is a polynomial of degree < [ max . 

4. p is a 3 point, u — is a local equation of Ex and 



u 
v 



(x a y b z c ) m 

P{x a y b z c ) + x d y e zf 



where (a, 6, c) = 1, P(t) is a polynomial of degree < max |, -} 

5. p is a 2 point, uv — is a local equation of Ex and 

u = x a ,v — y b . 

6. p is a 3 point, uv = is a local equation of Ex and 

u = x a y b , v = z c 



(with a,b,c > 0). 
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7. p is a 3 point, uv = is a local equation of Ex and 

u = x a y b , v = y c z d 

(with a, b, c, d > ). 
Proof. Suppose there exist regular parameters [x, y, z) in Ox.p such that 



u 
v 



P(x) + x b y. 



There exist a £ Ox, P and x £ Ox, P such that x = ax, and a a £ Ox, P - Set R = 
Ox,p[ct\- Let L be the quotient field of R. R is finite etale over Ox,p- 



implies 



p / _x 6 , (P(ax) -P b (ax) b 

v — Pb(ax) — a y H —r )x 

x 



v — Pb(ax) . » . _ 

F = -zt — - e m = R q 



(by Lemma 2.1 jll|]) for all maximal ideals q C R. Thus y € ni? 9 = i?. Choose 
"z G Ox, P such that 

z = z~ mod iripOx.p- 

Then m p i? = (a;, y, z). By Lemma 18.2 there exists an etale neighborhood U of p such 
that (x, y, z) are uniformizing parameters on U. 

Suppose there exist regular parameters (x, y, z) in Ox.p such that 

u = (x a y b ) m 

v = P{x a y b ) + x c y d 

There exists ai, a>2 £ Ox.p and x,y £ Ox.p such that x = a±x, y = a>2y. Set 

c d 
max {-, -} 
a b 

Set 7 = afa^- Let K be the quotient field of Ox, P - 

a * 
7 m = 7 „ 6 , G Ov,p n # = Ox.p- 
(x a y b ) m 

Set i? = Ox,p[7]- R is finite etale over Ox, P - Let L be the quotient field of R. Set 
d P{ala b 2 x a y b ) ~ Pe{ala b 2 x a y h ) v - P e (afa b 2 x a y b ) 



UJ = Ct-iCtn + 



x y 



x c t 



£ (R q ) n L = R q 



for all maximal ideals q of R. Thus w € ni? g = R. Set f — ad — be. Set 

£ = (j- c u a )7y. 

u = {x a y b ) m 

v = P e (x a y b ) + x c y d . 

Choose z £ Ox.p such that z = z mod m^Ox, P - Then 

-f>\ ' 



,y,~z£R 1 =R{( 1 d u J - b )-,( 1 - c Lo a )- 



are regular parameters at all maximal ideals of R\. By Lemma 18.2, there exists an 
etale neighborhood U of p such that x, y, z are uniformizing parameters on U . 
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Suppose there exist regular parameters [x, y, z) in Ox.p such that 

u = (x a y b ) m 

v = P{x a y b ) + x c y d z. 

There exist a\,a% G Ox.p and x, y G Ox, P such that x — a{x,y — a-fy- Set e 
[ max {f j f }] ■ Let K be the quotient field of Ox, P - 

u = (a a ia b 2 r(x a y b ) m . 



Set 7 = a\a\ 



(x a y b y 



G O x ,p C\K = 



x, P - 



Set R = Ox,p\i\- R is finite etale over Ox, P - Let L be the quotient field of R. Set 

__ v - P e {ala b 2 x a y h ) 



—c—d 

x y 



e nL = R q 



for all maximal ideals g of i?. Thus z G ni? g = R. Set x = a±a 2 x. x,y,z G i?i = 

— i 1 

R[a\a 2 ] and (x,y, z) = m p R. By Lemma 18. 2 there exists an etale neighborhood U 

of p such that (x, y, z) are uniformizing parameters on U. 

Suppose there exist regular parameters (x, y, z) in Ox.p such that 

u = (x a y b z c ) m 

v = P(x a y b z c ) +x d y e zf. 

There exist ai,a 2 ,as G Ox, P andx,y, z G Ox, P such that x = aix, y = a-fy, z = a^z. 
Set 5 = [max {([,§,!}]. 

Set 7 = afa^i* Let be the quotient field of Ox, P - 

u 

l m = -, r-— G Ox p n K = Ox p 

' (x a y b z c ) m ' P ' P 

Set R = Ox,p\i\- R is finite etale over Ox, P - Let L be the quotient field of R. Set 



v - P g (a«a b a c 3 x a y b z c 
x d y d ~zf 



G (Rg) (1 L = R q 



for all maximal ideals q of i?. After possibly permuting x,y,z, we can assume that 
h = ae - 6d ^ 0. Set 

5 = (7 e cj~ fc )^x, y = (7 _d cj a )^y. 

Set i?i = R[{"f e uj~ b )i,(j- d uj a )i}. x,y,z £ R\. 

u = {x a y b z c ) m 

v = P g (x a y b z c ) + x d y e z f 



(x, y, z) = rripRi . By Lemma 18.2 there exists an etale neighborhood U of p such that 
(x, y, z) are uniformizing parameters on U. 

The arguments for the remaining cases 5., 6. and 7. are easier. □ 



Remark 18.4. Suppose that p G X is a prepared 3 point, so that 

U = (x a y b z c ) m 

v =P(x a y b z c )+x d y e zf, 
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u = is a local equation of Ex and 

rank ( a , ^ C , | = 2. 
\ d e f J 

Then at most one of ae — bd, af — cd, bf — ce is zero. 

Proof. By assumption, a, b, c are all nonncgativc. Suppose that two of these forms 
are zero. After permuting x, y, z, we may assume that ae — bd = and af — cd = 0. 
Then e = ^, / = ^ and bf - ce = ^ - & = 0, a contradiction. □ 

a 1 J a J a a 

Definition 18.5. Suppose that $ : X — > S is strongly prepared with respect to Ds- 
Suppose that p G Ex We will say that p is a good point for $ if there exist permissible 
parameters (u,v) at and ^-permissible parameters (x,y,z) at p for (u,v) such 

that one of the following forms hold: 

p is a 3 point, u = is a local equation of Ex at p and 



with 



u = x a y b z° 
v = x d y e zf 



{ d e / 1 = 2 



(176) 



p is a 3 point, uv — is a local equation of Ex at p, 

u = x a y b 



p is a 3 point, uv — is a local equation of Ex at p 

u — x a y b 
v — y c z d 

with a, b,c,d > 0. 

p is a 2 point, u = is a local equation of Ex at p, 

u — x a y b 
v = x c y d 



(177) 



(178) 



(179) 



with ad — bc^ 

p is a 2 point, u — is a local equation of Ex at p and there exists a £ k such that 

v = a(x a y b Y + {x a y b ) t z [ ° U) 

with (a, b) = 1. 

p is a 2 point, u = is a local equation of E x at p 

u = x y\ (i8i) 

v = x c y a z 

with ad — bc^ 

p is a 2 point, uv — is a local equation of Ex at p 

U =X l (182) 

v = y 

p is a 1 point, u — is a local equation of Ex at p and there exists a £ k such that 

U c (183) 

v = ax c + x c y 

p £ X will be called a bad point if p is not a good point. 
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Remark 18.6. (Remarkl072) Suppose thatp € X is a good point of one of the forms 
ftl7(\) , fiir\ ), ( 01 ), $17$ ), $18(\) , ftl8]\) , $18%) or ^8$ ). Then (as in Lemma 
there exist ^-permissible parameters (x,y,z) at p such that (x,y,z) are uniformizing 
parameters on an etale neighborhood of p, and one of the forms \l7b\j , (171), (17t), 
$P7^) , $18(\) , $18lj) , ftiM ) or ^8lj) hold. 

Suppose that p £ X is a 1 point and (u, v) are permissible parameters at $(p), 
{x,y, z) are ^-permissible parameters at p for (u,v) such that 

u = x a 

v = P(x) + x c y. 

with deg (P) < c. Set d = ord (P) G N U {oo}. 

Suppose that (ui, v\) are also *-permissible parameters at and (xi, yt, z\) are 
permissible parameters at p for (u\,v\) such that 

ui = xl 1 

vi =Pi(xi) +xf-yi. 

with deg (Pi) < a. Set dt = ord (Pi) e N U {oo}. 
We will compare a, c, d and a\, Ci, d\ . 

If (u, v) = (ui,Vi) then there exists an a-th root of unity uj 6 k such that x = u)Xi, 
so that c = ci , and 

Pi(xi) =P(uxi). 

Thus a = at, c = ct, d = d\. 

Suppose that (u, v) and (ut, vt) are related by a change of parameters of the type 
of Case 1.1 of the proof of Lemma [3^. This case can only occur if Q(p) is a 2 point. 
We hav e y\ = u and ut = v. Then d = ord(P) < c. The analysis of Case 1.1 in 
Lemma 6.8 shows that there are ^-permissible parameters (x,y,z) for (ui,v\) such 
that 

Ml = v = x d 

vt =u = P(x) + x a+c ~ d y 

where ord(P) = a. Thus at = d, Ci = a + c — d and dt = a. 

Suppose that (u, v) and (ut,vt) are related by a change of parameters of the type 
of Case 1.2 of the proof of Lemma |6~8|. We have ut = au and vt — v where a(u, v) is a 
unit series. The analysis of Case 1.2 in Lemma 5.8 shows that there are ^-permissible 
parameters (x,y, z) for (iti,u) such that 



Ut 

v 



P(x) + x c y 



where ord(P) = d. Thus a\ = a, ct — c and dt = d. 

Suppose that (u, v) and (ut, vt) are related by a change of parameters of the type 
of Case 1.3 of the proof of Lemma |6.8| . We have u\ — u and Vt = au + (3v where 
a(u, v),(3(u, v) are series, /3 is a unit series. If <I>(p) is a 2 point then a = 0. The 
analysis of Case 1.3 in Lemma 6.S shows that there are ^-permissible parameters 
(x, y,z) for (ut,vt) such that 



such that 



at = a, ct 



Ut 

Vt 



P(x) + x c y 



P(x) = J2aijX a(i+1) P(x) j +J2frjx aip i x ) i+1 



= /3 00 P(x) + J2 a t0 x a( - l+ V mod x" 
dt < d if a fd. If a = 0, we have at = a, ct 



c, dt 
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Suppose that E is a component of Ex, p G E, f G Ox,p, x = is a local equation 
of .E at p. Then define 

v E{f) — max {n such that x n | /}. 

Definition 18.7. (Def61) Suppose that p *E X is a 1 point, and E is the component 
of Ex containing p. Suppose that (u,v) are permissible parameters at <fr(p) such that 
u = is a local equation of E at p. If (x,y,z) are ^-permissible parameters at p for 
(u,v), then there is an expression 

u = x a 

v = P(x) + x c y. 

For fixed (u,v), a,c andvEiy) are independent of the choice of permissible parameters 
(x,y, z) for (u,v). Define 

A((fr,p) — min (c — ve(v)) 

where the minimum is over permissible parameters (u,v) at <fr(p) such that u = is 
a local equation of E at p. 
If A(<S>,p) > 0, define 

C($,p)= min {c — ve{v),ve(v) + a) 

where the minimum (in the lexicographic order) is over permissible parameters (u,v) 
at <fr(p) such that u = is a local equation of E at p. 

Suppose that E is a component of Ex, p G E is a 1 point. Suppose that (u, v) are 
permissible parameters for <J>(p) = q such that u = is a local equation of E at p, 
(x, y, z) are ^-permissible parameters for (u, v) at p. There is an expression 

U = t( \_l c (184) 
v = F{x) + x y. 

c > is equivalent to <£>(£?) = q. c = is equivalent to Q(E) is a component of D$ 
with local equation u = at q. 



Suppose that $>(E) = q is a 1 point on S. By the discussion before Definition 18.7, 
A(Q,p) = c — ve{v) if and only if a jf ord(P) or c = ord(P). If P(x) = ^aiX 1 , we 
can make a permissible change of parameters at q, replacing v with v — ^2 a iaU l to 
achieve A(<f>,p) = c — ve(v)- 



Suppose that $>(E) = q is a 2 point on S. By the discussion before Definition 18.7 
=c-v E {v). 



Suppose that <&(E) is a component D of D$- This is equivalent to c — in (184). 
Then 

= A($,p) =c-v E (v). 

In all these cases, if A($,p) = c — ve{v) > 0, then we have 

C($,j>) = {c-v E {v),a + v E {v)). 

and there exists an open neighborhood U of p such that = A($>,p) for all 

p' £ £n[/and C(<f>,p') = C($,p) if A($,p) > 0. Then A($,p') = A(<£,p) and 
C(<E>,p') = C($,p) at all 1 points p' G P. We can then define 

= A($,p) 

and 

C($,£) = C($,p) 

for p G E a 1 point. 
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Lemma 18.8. Suppose that p S X is a 2 point and E\, E 2 are the components 
of Ex containing p. Then there exist permissible parameters (u,v) at q — $(p) and 
permissible parameters (x, y, z) for (it, v) atp such that, if p satisfies of Definition 



6 A 

u = {x a y h ) k 
v = P{x a y b ) + x c y d 



or if p satisfies of Definition 6.6, 

u = (x a y b ) k 

v = P(x a y b ) + x c y d z 

where x — is a local equation of E\, y = is a local equation of E2, then 

A($,E 1 )=c-v El (v),A($,E 2 )=d-v E2 (v). 

IfA($,Ei) > then 

C($,Ei) = (c-v El {v),v E ^(v) +ak). 

If A(<S>,E 2 ) > then 

C{$,E 2 ) = {d-v E2 {v),v E2 (v) + bk). 



Suppose that p 6 X is a 3 point, p satisifes \2(\ ) of Definiton 6.t, and E\, E2, 
E3 are the components of Ex containing p. Then there exist permissible parameters 
(u, v) at q = and permissible parameters (x, y, z) for (u, v) at p such that 

u = (x a y b z c ) m 

v = P(x a y b z c ) + x d y e z-f 

where x — is a local equation of E\, y — is a local equation of Ei, z — is a local 
equation of E3, and 

A(4>,E 1 ) = d-v El (v),A(9,E 3 )=e-VEb(v),A($,E 3 )=f-VE a (v). 

If A{<S>,E X ) > 0, then 

C($,-Ei) = (d- v El (v), v El (v) + am), 

If A(<S>,E 2 ) > 0, then 

C{<P,E 2 ) = (e- v E2 {v),v E2 {v) +bm), 

If A($ Es ) > 0, then 

C($, E 3 ) = (f - u E3 (v), v E3 (v) + cm), 

Proof. Suppose that p € X is a 2 point satisfying (u,v) are permissible param- 
eters at q and (x, y, z) are uniformizing parameters for (it, v) at p such that 

u = (x a y b ) k 

v = P(x a y b ) + x c y d 

and (x,y, z) are uniformizing parameters on an etale neighborhood of p. Let P(t) = 
^2 ait 1 . If q is a 1 point, then we can replace v with v — a^u 1 , so that k /ord (P). 

If c = 0, then = A(^,E{) = c - v El (v), and if d = 0, then = A($,E 2 ) = 
d- v E2 {v). 

Suppose that c > 0. Then $(Pi) = q. If p' is a 1 point on E\ near p then there 
exist ^-permissible parameters (x, y, z) at p' such that 

u = x ak 

v = P p > (x) + x c y 
where P p >(x) = P(x a ) + ax c for some nonzero a G k. 
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If q is a 1 point we have ak /ord (P p ') or c = ord (P p >). By the discussion before 



Definition |18.7| , we have that A(<I>, Ei) = c - v El («), and if A(<&, Ei) > 0, then 

C*($, E 1 ) = (c- u El («), («) + oAr). 

A similar argument shows that A($, £«j) = ^_e 2 ( u ) if <2 > 0, and if E2) > 0, 
then 

C($,£ 2 ) = [d~v E2 {v)iVE 2 {v) + bk). 
If p satisfies (|l^) or (|o|) then the proof is similar. □ 

Remark 18.9. If p is a 1 point then A($,p) = if and only if p is a good point. 
Set 

A(<&) = max {^4($, E) | E is a component of E'x}- 
If > 0, define 

C($) = max {C(<i>, £7) | ^ is a component of Ex}- 

Lemma 18.10. Suppose that p £ X is a 1 point, {u,v) are permissible parameters 
at $(p) such that u — is a local equation of Ex at p, (x,y,z) are ^-permissible 
parameters at p for (u, v) such that 

u = x a 

v = P{x) + x c y 

with deg(P) < c. Set d = ord(P) G N U {00}. 

1. Suppose that <i>(p) is a 1 point. Then p is a bad point if d < c and a ](d. 

2. Suppose that &(p) is a 2 point. Then p is a bad point if d < c. 

Proof. Suppose that (u±, v±) are permissible parameters at q = $(p) such that Ui = 
is a local equation of Ex at p, and (u±, v±) realize p as a bad point. 
If q is a 1 point then there exist series a, /3, 7 in u, v such that 

Mi = au 

vi = (3u + yv. 

Thus (m i, M i) is obtained by transformations of the form of Case 1.2 and Case 1.3 of 



Definition 18.7 



Lemma 6.S. The conclusions of the Lemma now follow from the analysis proceeding 



Suppose that q is a 2 point. Then there exist unit series a, (3 in u,v such that 

ui = au 
vi = [3v 



Mi = av 
vi = j3u. 



In the first case we have, with the notation preceeding Definition 18.7, that a\ = a, 
Ci = c and di = d so that di < c±. In the second case we have ai = d, cj = a + c — d 
and di — a so that di < c\. p is thus a bad point. □ 

Theorem 18.11. Suppose that $ : X — > S is strongly prepared. Then the locus of 
bad points in X is a Zariski closed set of pure codimension 1, consisting of a union 
of components of Ex ■ 
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Proof. We will first show that the good points of X are a Zariski open set in Ex ■ 

Suppose that p G X is a good 3 point. Then there exists an open neighborhood 
U of p, uniformizing parameters [x, y, z) in an etale cover of U such that u = is a 
local equation of Ex in U and 

u = x a y b z c 

d e f 

v = x y z J . 

If q G U is a 2 point, then we have (after possibly permuting x, y, z) that (x, y, z\) are 
regular parameters at q where z = z\ + a (with a^O). Set x = x\(z\ + a)~~ . Then 
(x\,y, zi) are permissible parameters at q, and 

u = x1y b 

v = xfy e (zi + a)f~~ . 

If ae — bd^ 0, we can make a permissible change of variables (x, y, z) at q to get 

u = x a y b 
v = x y . 

If ae — bd = then / - ^ ^ 0, so that we can make a permissible change of parameters 
to get 

u ^(x a l 1 y bl ) k 

v =0(x$ 1 y bl ) t + (xl 1 y bl ) t z l . 

If q € J7 is a 1 point, then we have (after possibly permuting x,y,z) that (a:, 2/1,2:1) 
are regular paramaters at q where y = y\ + a, z = z\ + (3 (with a, (3 ^ 0). Set 
x = xi(yi + a)~~ (z\ + (3)~~ . Then {xi,yi, z\) are permissible parameters at g, and 

u = xf 

v = jx c ( + xf (71 yi +72^1 H ) 

where 7, 71, 72 € fc, 7 ^ and either 71 7^ or 72 ^ since we cannot have both 
e — ^ = and / — — = 0. Thus all points in ?7 are good points. 

Suppose that p € X is a good 2 point and ( |180| ) holds at p. Then there exists an 
open neighborhood U of p, uniformizing parameters (x, y, z) in an etale cover of U 
such that u = is a local equation of i?x m an d 

u ={x a y b ) k 

v =j3(x a y b Y + {x a y b ) t z 

If q G J7 is a 2 point, then we have that (x,y, zi) are permissible parameters at q 
where z — z\ + a and q is a good point. 

If q G U is a 1 point, then we have (after possibly permuting x, y) that (x,j/i,,zi) 
are regular parameters at q where y = yi + a, z = z-y + (3 (with a ^ 0). Set 
x = xi(yi +a)~». Then [xi,y\,Zi) are permissible parameters at q, and 

u = x" k 

v =0 + /3)xf+xfzi 
Thus all points in U are good points. 



Suppose that p € X is a good 2 point, and (179) holds at p. Then there exists an 
open neighborhood U of p, uniformizing parameters (x, y, z) in an etale cover of U 
such that u = is a local equation of i£x m C/ and 



u = x a y b 

c d 

v = x y 



where ad — be ^ 0. If q G J7 is a 2 point, then we have that (x, y, zi) are permissible 
parameters at q where z = z\ + a, and g is a good point. 
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If q G U is a 1 point, then we have (after possibly permuting x, y) that (a;, y\, z\) 
are regular paramaters at q where y = y% + a, z = z\ + /3 (with a 7^ 0). Set 
x = x\{y\ + a) - ". Set 7 = j)i = (yi + a) d ~^ — 7. Then (xi,yi,zi) are 

permissible parameters at q, and 

u = Xi 

v = -ix\ + xlyi 
Thus all points in U are good points. 



If p is a good point satisfying (177), (h7§), (179), (181), (182) or (|183[), a similar 



argument shows that there is a Zariski open neighborhood U of p of good points. 

We will now show that the bad points of X have pure codimension 1 in X. It 
suffices to show that any bad point lies on a surface of bad points. 

First suppose that p is a bad 3 point. Then there exists an open neighborhood U 
of p, uniformizing parameters (x, y, z) in an etale cover of U such that u = is a local 
equation of Ex in U and 

u = (x a y b z c ) k 

v = P(x a y b z c ) + x d y e zf 

where (after possibly permuting x, y, z) we have 

max{-, -,-} = - 

a c c 

Thus ord(P) < <£, since ord (P) > £ implies that x d y e z^\P(x a y b z c ), and p is thus a 
good point. 

If ^(p) is a 1 point, we can make a permissible change of parameters so that we 
have that k /ord (P). 

Let q € U be a 1 point on the surface z = 0. c, / > imply z = is a local 
equation of a component of Ex which maps to <fr(p). There are regular parameters 
(xi, yi, z) at q where x = x\ + a, y = y\ + j3 with a, /3 ^ 0. There are permissible 
parameters (xi,yi,zi) at g where 

z = (xi + a)~^(yi + f3y-zi 

u = Zi k 

v =P(zf) + (x 1 +a) d - I ?(y 1 +P) e -^zl 

= P(zl) + a d -^p e -^z[ + z{{ llXl + 722/1 + • • • ) 

where 71, 72 G k and 71 or 72 7^ 0. 

Suppose that $(p) is a 1 point. Then <&(<?) = &(p) is a 1 point, q is a bad point 
by Lemma 18.10| , since ck jfc ord(P) and c ord(P) < / 



Suppose that $(p) is a 2 point. Then <&((?) = $(p) is a 2 point, q is a bad point 
by Lemma 18.1Cl| since c ord (P) < f. 



Suppose that p is a bad 2 point satisfying ( |19| ) . There exists an open neighborhood 
U of p and uniformizing parameters (a;, y, z) on an etale cover of U such that 

u = (x a y b ) k 

v = P{x a y b ) + x c y d z. 

We can (after possibly permuting x, y) assume that ad— be > 0. Since p is a bad point, 
ord (P) < ^. If is a 1 point we can make a permissible change of parameters so 
that k /ord (P). Let q G U be a 1 point on the surface y = 0. b, d > implies y = 
is a local equation of a component of Px which maps to ^(p). There are regular 
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parameters (xi,y±,z) at q where x = Xx + a, z 
permissible parameters (xi, y\, z\) at q where 

y=(xx + a)~^yi 



z\ + (3 (with a/0). There are 



u 
v 



P{y\) + {x x 
P{y\) 



a 



ziyf 



P)y d x 



Q(q) = &(p) so that $(q) is a 1 point if and only if is a 1 point. Since b ord (P) < 
d and bk jfb ord (P) if is a 1 point, q is a bad point by Lemma 18. 1C. 

A similar argument shows that there is a surface of bad points passing through a 
bad point satisfying (|lj) or (p~7|) . □ 



Lemma 18.12. (Lemma62) Suppose that $ : X — > S is strongly prepared, q £ D$ 
and p £ <i> _1 ((7) is such that one of the forms 1. - 7. of Lemma 18.!\ hold at p. Then 
nriqOx,p is not invertible if and only if one of the following holds: 
p is a 1 point 

k 



u = x 
v = x c y 

with c < k. 
p is a 2 point 

u = (x a y b ) k 

v = P(x a y b ) + x c y d 

with a. b > 0, (a. b) = 1, ad — be ^ ; 

min{ — , — } < ord (P) < max{ — , — }, 
a b a b 

. rC d 

mvn\ — , —\ < k. 
a b 

p is a 2 point 

b\k 



u = {x a y b ) 

c d 

v = x y 



with a, b > 0, (a, b) — 1, ad — be ^ 0, 

c d c d 

mm{ — . — \ < k < max{ — , — j. 
a b a b 

p is a 2 point 

u = (x a y b ) k 

v = P(x a y b ) +x c y d z 

with a, b > 0, (a, b) — 1, ad — be 0, 

min{ — , — } < ord (P) < max{ — , — }, 
a b a b 

. rC d 

min\— , — \ < k. 
a b 

p is a 2 point 

b\k 



(x a y b ) 



(185) 



(186) 



(187) 



(188) 



v = x"y d z 



(189) 
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with a, b > 0, (a, b) = 1, ad—bc^ 0, 



p is a 2 point 



with a,b > 0, (a. b) = 1, t < k. 
p is a 2 point 



. rC (I 

min{ — , — \<k. 
a b 



u = (x a y b ) k 
v = (x a y b ) t z 



u = x" 
v = y b 



p is a 3 point 

u = (x a y b z c ) k 
v 

with a,b,c> 0, (a, 6, c) = 1, 



. r d e /, , ,d e f 

mm{ — , 7, — } < ora (P) < max{ — , —, — }, 
a b c a b c 

t ■ r d e f 
k > min{—, -, — }. 
a b c 



p is a 3 point 



u = (x a y b z c ) h 

with a,b,c> 0, (a, 6, c) = 1, 



v = x y z J 



p is a 3 point 



with a, 6, c > 0. 
p is a 3 point 



with a, b,c,d > 0. 



. rd e / d e f 

min{—, -, — Y<k< max\-, -, — [. 
a o c a o c 



c d 

w = y z 



(190) 



(191) 



l2; v z > CiQ9\ 
P{x a y b z c ) +x d y e z f v ' 



(193) 



(194) 



(195) 



Proof. Suppose that p is a 1 point. Then (185) follows easily. 
Suppose that p is a 2 point with 

u = (x a y b ) k 

v = P(x a y b ) + x c y d , 

P ? and e = ord (P) < max{f , f }. Set A 2 = max{f , f }, Ai = min{|, f }. 

u | v if and only if e > fc and Ai > k. v \ u if and only if e < Ai and e < k. Thus 
(it, f)Oj5f )P is not invertible if and only if Ai < k and Ai < e. 

Suppose that p is a 2 point with 

u = (a; a j/ b )' ! 
u = x y 

Set Ai = min{^, A 2 = max{|-, ^}. w | u if and only if k < Ai, u | U if and only if 
k > A 2 . So (u,u)Ox,p is not invertible if and only if Ai < fc < A 2 . 
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Suppose that p is a 2 point with 

u = {x a y b ) k 

v = P(x a y b ) +x c y d z 

with ad - be ^ 0, e = ord (P) < max{f , f }. Set Ai = min{|, f }, A 2 = max{f , f }. 
u | v if and only if e > fc and k < X\. v \ u if and only if e < fc and e < \\. So 
(it, i^Ojs^p is not invertible if and only if Ai < fc and Ai < e. 
Suppose that p is a 2 point with 

it = (x°y 6 ) fc 

c d 

v = x y z 

and ad — be ^ 0. (it, v) is invertible at p if and only if c > ka and e? > bk. Thus (it, u) 
is not invertible at p if and only if fc > min{^, |}, and we get (|189| ). 
Suppose that p is a 2 point with 

u = (a; a ?/ b ) fc 

v = P{x a y b ) + {x a y b ) t z 

with P ^ and e = ord (P) < t. We will show that (u, v) is invertible at p. If fc < e 
then u\v. Suppose that fc > e. There are new permissible parameters (x, y, z) such 
that 

v = (x a y b ) e 

u = P(x a y b ) + (x a y b y- e+k z 

with ord (P) = fc. Thus v\u. 

Suppose that p is a 2 point with 

u = (xV) fc 

v = (x a y b ) t z 



Then (it, v) not invertible at p if and only if t < fc, and we get (190). 
Suppose that p is a 3 point with 

u = (x a y b z c ) k 

v = P(x a y b z c ) + x d y e zf 

with P ^ and ord (P) < max{f, f , |}. Set 

A 2 = max{-, -, -}, Ax = mm{-, -, -} 

a b c a b c 

u\v is equivalent to ord (P) > fc, fc < Ai. is equivalent to ord (P) < k and 
ord (P) < Ai. That is, (u ,v) is not invertible at p if and only if ord (P) > Ai and 



k > Ai. We thus get ( |192[ ) 



Suppose that p is a 3 point with 



w = (x a y b z c Y 

Set 



?; = x y z J 



\ 2 = max{-, -, -}, Ai = mm{-, -, -} 
a b c a b c 

u\v is equivalent to k < Ai. v\u is equivalent to fc > A 2 . 

Thus (it, v) is not invertible at p if and only if Ai < fc < A 2 , and we get (193). □ 



Lemma 18.13. Suppose that $ : X — > S is strongly prepared. Let S\ be the blowup 
of S at a point q € Ds- Let U be the largest open set of X such that the rational map 
X — * Si is a morphism <I>i : U — * Si- Then <!>i is strongly prepared. 



Proof. This follows from the analysis of Lemma 18.12. □ 
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Theorem 18.14. Suppose that $ : X — > S is strongly prepared, p G X is a 1 point 
and the rational map <3?i from X to the blow up S\ of q = is a morphism in 

a neighborhood of p. Then A($i,p) < A($,p). If A($i,p) = A($,p) > 0, then 
C(*i,p) < C(*,p). 

Proof. At p we have permissible parameters such that 

u = x k 

v = P(x) + x c y 

and C($,p) = (c- v E (v), v E (v) + k). 

First suppose that P ^ and e = ord (P) < c. If e > k then we have permissible 
parameters Ui,vi at gi = $i(p) such that 

U = Ml, t> = MlUl. 

Then 

Ml = a;* 

P(x) , c-k 
Vi = -pr- +x c K y 

M<&\,p) < (c - k - (e - k)) = A($,p) and if = then C($i,p) < 

(c - k - (e - k),e - k + k) = (c - e,e) < (c - e,e + k) = C($,p). 

If e = A; then there exists / a £ such that P(x) = ax k + • • • . There exist 
permissible parameters (mi,ui) at q\ — <J>i(j») such that 

u = u\,v = ui(vi + a). 
Ml = x k 

Thus A(®!,p) < (c-k) - (e-k) = A(®,p). 

If e < fc then we have permissible parameters Mi,Ml at q\ = $i(p) such that 

M = Ull>l, t> = 1>1. 

We have permissible parameters (x,y, z) at p such that 

v =x e 

'tf~\ -L ^fc+c-e— 



u = P(x) + x fc+c - e y 

where ord (P) = fc. 
Then 

vi — x e 

A($i,p) < (k + c - 2e - (k - e)) = A($,p) 

and if = then C(<S> u p) < (k + c - 2e - (k - e), (k - e) + e) < C(<f>,p). 

Now suppose that P(x) = 0. Then 

b 

U = X 

v = x c y 

with c > k. There exist permissible parameters (mi,Ui) at q\ = <J>i(p) such that 

U = Ml, V = U±Vi 

and 

A($ u p) = A($,p) =0. 

□ 
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Theorem 18.15. Suppose that $ : X — > S is strongly prepared and q £ S . Then 
the locus of points Z in X where $ does not factor through the blowup of q is a pure 
codimension 2 subscheme. Z makes SNCs with B%{X) except possibly at 3 points of 
the form ( f7g| ). 

Suppose that C is a component of this locus which makes SNCs with B 2 (X), and 
7r : X\ — > X is the blowup of C , E\ = "K (C) re ^, 3>i = ° it. Then 3>i is strongly 
prepared and either A($i) — or 

Proof. Suppose that p € X is a 3 point such that m q Ox, P is not invertible 
and (192) holds at p. We may assume that there exists an open neighborhood U 
of p such that (x, y, z) are uniformizing parameters on an etale cover of U. 
After possibly interchanging x,y,z, we can assume that 

d d e f 

- = mm{-, -, -} 

a a o c 

and 

/ f d e f 

- = max{-, -, -}. 
c a b c 

We will now determine the locus of points in U where m q Ou is not invertible. 
First suppose that q 1 is a 2 point on the curve x = z = 0. q' has regular parameters 
(x,yi,z) where y = y\ + a. Thus q' has permissible parameters {x\,yi,z) where X\ 
is defined by 

x = xi(yi + 

Set X — (a,c), ax — j, a = j. 

u = (x?-z Cl ) kX 

v = P((x^ 1 z Cl ) X )+xfz : f(y 1 + a) e -^. 

We have a\f — c\d > and Aord (P) < jr. We can make a permissible change of 
variables to get 



u 



V =P((^ 1 2 Cl ) A )+^ / . 

k > ^ implies Afc > ^- and ord (P) > ^ implies Aord (P) > q thus has the form 
of (186), and we see that (u,v) is not invertible on the curve with local equations 
x = z = 0. 

Now suppose that q' is a 2 point on the curve y = z = 0. q' has regular parameters 
[x\, y, z) where x = x\ + a. Thus g' has permissible parameters {x\, y\, z) where y\ 
is defined by 

y = yi (#i + a) - * 

Set A = (6,c), 6x = i, Cl = f . 

u = (y% L z 01 ) kX 

v = P((yJ 1 z Cl ) A ) + (xi +a) d -^?/fz / 

First suppose that 6/ — ce ^ 0. Then bf — ce > 0, and 61/ — Cie > 0. Since 
Aord (P) < we have by (|186| ) that (it, u) is not invertible at if and only if 
Aord (P) > y and Afc > ^- so that (u, u) is not invertible at 2 points q' on y = z = 
if and only if ord (P) > § and fc > f . 

Now suppose that bf — ce = 0, so that 61/ — c\e = 0. Since Aord (P) < fll90| ) 
cannot hold, and we then have that (u, v) is invertible at 2 points q' on y = z = 0. 
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Now suppose that g' is a 2 point on the curve x = y = 0. q' has regular parameters 
z\) where z = Z\ + a. Thus g' has permissible parameters (x\,y, Zi) where X\ 
is defined by 

x — x\(z\ + a)~~ 

Set X = (a,b), a x = § , h = |. 

u = [xl 1 y bl ) kX 

v = P((.T? 1 y fcl ) A ) + 4v e {zi + a) /- * 

First suppose that ae — bd^O and ord (P) < |. Then aie — bid > and Aord (P) < 
By assumption Afc > — and Aord (P) > — . By (186), (u, v) is not invertible at 
2 points g' on x = y = 0. 

Now suppose that ae—bd ^ and ord (P) > |. Then a\e—bid > and Aord (P) > 
so that we can choose permissible coordinates at q' so that 

u = {xfy b }) kX 
v = xfyl 



By assumption Afc > so that by (187), (u, v) is not invertible at 2 points q 1 on 
x = y = if and only if k < f . 

Suppose that ae — fed = and ord (P) < #. Then a\e — b\d = and Aord (P) < 
Since (190) can then not hold at q' , we have that (it, u) are invertible at 2 points g' 
on x — y = 0. 

Now suppose that ae—bd = and ord (P) > |. Then a\e—bid = and Aord (P) > 
■j^, so that we can choose permissible coordinates at q' so that 

u ={xfy\^ 

v =((3 + af^)(xry b 1 1 ) t + (xry b 1 1 ) t zi 

where t = |A, /? € fc is the degree £ coefficient of P. For g' in a possibly smaller 
neighborhood of pi, (190) can then not hold at g', so that (u,v) are invertible at 2 
points g' on x = y = 0. 

Suppose that q' is a 1 point in [/ on z = 0. g' has regular parameters (xi,yi,z) 
where x = x\ + a, y = 2/1 + /3 with a,P^0. Thus g' has permissible parameters 
(2:1,2/1,21) where zi is defined by 

z = (.Ti + a)~~(yi + [3)~~zi 

u = z{ k 

v =P{zC) + (x 1 +a) d -^(y 1 +/3y- b -fz{. 

Since by assumption c ord(P) < /, g' cannot be in the form of (|l85| ), so that (u, v) is 
invertible at 1 points on z = 0. 

Suppose that g' is a 1 point in U on y = 0. g' has regular parameters (2:1,2/, 21) 
where x = #i + a, z = 21 + /? with a, /3 =/= 0. Thus g' has permissible parameters 
(2:1,2/1, zi) where 7/1 is defined by 



2/ = (xi + a) ' (zi +/3) i>2/i 



u = 2/f 



v =P{y b 1 ) + {x l +a) d --{z l +py--yl 



If 6 ord (P) < e or 6 ord (P) > e then g' cannot have the form of (185), so that 
(it, v) is invertible at all 1 points on y = 0. If fc < |, then (u,i>) is invertible at all 1 
points on y — 0. 
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Suppose that b ord (P) = e and k > f . Then we can write P(t) = 7^ + ■ • • where 
7 7^ 0. We have (u,v) is invertible at q 1 on y = unless 

a d -1f /?/-? + 7 = 
which holds only if (a,/3) are on the algebraic curve 

nbf — ce { \b ae—bd 
P = (-7) " 

In this case (it, v) is not invertible on the curve with local equations 

y = Q, z bf - ec + {- 1 ) b x ae - bd = 0. 

If q' is a 1 point in U on x = 0, then there are permissible parameters {x\,yi, z±) 
at q' such that 

it = if 

« =PK) + xf(y 1 + a) e -v( Zl+ /?)/-^ 

with a, f3 7^ 0. Thus (u, u) is invertible at 1 points on a; = in U since a ord (P) > d. 

If 7T : Xi — > X is the blowup of a 2 curve through p, then $1 = $ o 7r is strongly 
prepared above p. ir~ 1 (p) is a 2 curve, so there are no 1 points in 7r _1 (p). 

Su ppose that p G X is a 3 point such that m q Ox,p is not invertible, and 
( |l93| ) holds at p. We may assume that there exists an open neighborhood U of p 
such that (x, y, z) are uniformizing parameters on an etale cover of U. 

After possibly interchanging x,y,z, we can assume that 

d . c d e f , 

- = mm{-, -, -} 

a a b c 

and 

/ rd e f 

- = max{-, -, -} 
c a b c 

We will determine the locus of points in U where m q Ojj is not invertible. First 
suppose that q' is a 2 point on the curve x = z = 0. has regular parameters 
(x, yi, z) where y — y\ + a. Thus q' has permissible parameters (xi, yi, z{) where x\ 
is defined by 

x = xi(yi + 

Set A = (a, c), a\ = j, c\ = £. 

w = xf + a) e_ ^ 

We have a±f — c\d > 0. ^ < fc < ^ implies < kX < q' thus has the form 
of (187), and we see that (u, v) is not invertible on the curve with local equations 
x = z = 0. 

Suppose that q' is a 2 point on the curve y = z = 0. g' has permissible parameters 
(xi, 2/1, z) where x = xi +a, j/i is defined by j/ — yi(xi +a)~~ . Set A = (b, c), 61 = j, 
Cl = f. 

u = (y bl z ci ) kx 

v = (xi + a) d ~^yfzf. 

First suppose that bf — ce ^ 0. Then bf — ce > and &i/ — cie > 0. Since fcA < 
we have by (187) that (u, v) is not invertible at 2 points q' on y = z = if and only 
if 7^- < fc A, which holds if and only if f < k. 

Now suppose that bf — ce = 0, so that b±f — c\e = 0. Then (u, v) is invertible at 
2 points q' on y = z = 0. 
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Now suppose that g' is a 2 point on the curve x = y = 0. g' has regular parameters 
(x, y,Zi) where z — z\ + a. q' has permissible parameters (x\,y, zi) where x\ is 

ay. b 

A ' & 1 - A' 



defined by x — xi(zi + a) Set A = (a, b), a\ = t, b\ = 4 



u = xfy e (zi + a)f * 

First suppose that ae — bd ^ 0. Then aie — 6i<i > 0. By assumption ^- < /cA. We 
have by (|l87| ) that (u, w) is not invertible at 2 points q' on x = y = if and only if 
kX < which holds if and only if A: < | . 

Now suppose that ae ~ bd = 0. Then me — 6id = and (u,v) is invertible at 2 
points on the curve x = y = 0. 

Suppose that g' is a 1 point in U on z = 0. g' has regular parameters (xi,yi,z) 
where a; = xi + a, y = yi + /3 (with a,j3 ^ 0). Thus g' has permissible parameters 
(xj.,2/1, zi) where zi is defined by z = (xi + (yi + /3)~~zi. 

It = Zf k 

v = (x\ + a) d ~~^~{yi + 0) e ~ <= z{ 

Thus (it, v) is invertible at all 1 points of z — 0. 

Similarily, (u, v) is invertible at all 1 points of x — and y = 0. 

If 7T : Xi —> X is the blow up of a 2 curve C through p, then is strongly 
prepared above p. 7r _1 (p) is a 2 curve, so there are no 1 points in ir^ 1 (p). 

Suppose that p G X is a 2 point such that m q Ox,p is not invertible, and 
( 188| ) holds at p. We may assume that there exists an open neighborhood U of 



p such that (x, y, z) are uniformizing parameters on an etale cover of U, and the 



conclusions of Lemma 18.8 hold for p. After possibly interchanging x and y we may 
assume that ad — be > 0. We will determine the locus of points in U where m q Ojj 
is not invertible. First suppose that q' is a 2 point on the curve x = y = 0. q 1 has 
regular parameters (x,y, z\) where z = Z\ + a. Thus g' has permissible parameters 
(x, y, z) such that 

U = {x a y b ) k 

v = P{x a y b ) + x c y d 

Since ^ < e = ord (P) < ^, and k > ^, we are in the form of ( |186| ). Thus (u,v) is 
not invertible along the curve x = y = 0. 

Suppose that g' is a 1 point near g. g' has permissible parameters (xi, y\, z\) where 



either 



with a 7^ or 



x = xx(yx + a) - , y = y\ + a, z = z x + (3 (196) 
x = xi + a, y = y\(x\ + a)^* , z = z\ + (3 (197) 



with a ^ 0. If g' has permissible parameters satisfying ( 196 ), then since ord (P) > -, 

u = xf k 

v =P(x c {)+x'i(y 1 + a) d - ! f(z 1 +l3) (198) 
= fla d ~ ~£ x\ + x\z 



(it, v) is not invertible at q' if and only if q' satisfies fl!85p . Since c < ak by assumption, 
this holds if and only if /3 = 0. 

If g' is a 1 point near p on i = (so that (|198|) holds) then A((f>, g') = 0. 
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If g' has permissible parameters satisfying (197), then 



u = yf 



, , , ^ ( 199 ) 



« =P(y?) + (x 1 +a) c -- y f( Zl+/ 3) 

( u, f) is invertible at q', since 6 ord P < d by assumption, so that q' cannot satisfy 
&■ 

If q' is a 1 point near p on y = (so that ( |199| ) holds) then 

A($,g') = d- b ord (P). 

We will now consider the invariant A on the blowup of V(x, y) or V(x, z) over p. 

Let 7Ti : Xi — > X be the blowup of C = V(x, y). $i = <f> o 7Ti is strongly prepared 
above p. If q 6 7r-f is a 1 point, then g has regular parameters (x,yi, z) defined 
by 

x = x u y = xt(yi +a) 
with a 7^ 0. There are permissible parameters (xi, y.z) at g where x\ is defined by 

x\ = xi(yi + a)~£b 

Thus 



_ _(a+b)fc 



It = X-y 

v = P(x a + b ) + x r { +d {y 1 + a) d -^z 



If (a + b)ord(P) > c + d, then A($i, g) = 0. Assume that (a + &)ord p < c + d. Since 
ord (P) > -, we have that 

c + d - (a + b) ord(P) = (d - b ord(P)) + (c - a ord(P)) < d - & ord(P) 

Thus 

g) < c + d - (a + &) ord(P) < d - 6 ord(P) < 

If 7ri : X\ — ► X is the blowup of C = T^(x, z), then is strongly prepared above 
p, and there are no 1 points in 7r^ 1 (p). 

Suppose that p E X is a 2 point such that m q Ox. P is not invertible, and 
( |l89| ) holds at p. We may assume that there exists an open neighborhood U of p 
such that (x,y, z) are uniformizing parameters on an etale cover of U. After possibly 
interchanging x and y, we may assume that ad—bc> 0. We will determine the locus 
of points in U where m q Ou is not invertible. First suppose that q' is a 2 point on the 
curve x — y = 0. q' has regular parameters (x,y, zi) where z = Z\ + a. Thus q' has 
permissible parameters (x, y, z) such that 

U = {x a y b ) k 

—c—d 

v = x y 



Since ^ < k, we are in the form of ( p^ 87] ) , and (it, v) is not invertible along the curve 
x = y = if and only if k < | . 

Suppose that g' is a 1 point near p. q' has permissible parameters (xi, y\ 1 z\) where 
either 

£ = xi(yi + a)~",y = yi + a, z = z\ + (3 (200) 

with a 7^ or 

a; = Xi + a, y = y\{x\ + a)^* , 2 = z\ + (3 (201) 
with a^0. If g' has permissible parameters satisfying ( |200| ), then 

,.ah 

-1 

x^(y 1 +a) d ~^(z 1 +/5) 
fia' l ~~x\ + XyZ 
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(it, v) is not invertible at q' if and only if q' satisfies ( |l8q ). Since c < ak by assumption, 
this holds if and only if j3 = 0. 

If q' is a 1 point near p on s = (so that ( |200|) holds) then A(<I>, g') = 0. 

If q' has permissible parameters satisfying (201), then 



U 
v 



{x 1 +a) c —^yi{zx+l3) 



u = y\ k 



Thus (it, w) is invertible at q' if /? ^ 0, and if f3 = 0, then (it, v) is invertible at if 
and only if d > kb. 

If q' is a 1 point near p on y = (so that (201) holds) then A(Q, q') = 0. 

We will now consider the invariant A on the blowup of a curve V(x, y), V{y,z) or 
V(x, z) where (u, v) is not invertible on the curve. 

Let 7Ti : X\ — > X be the blowup of C = F(x, y). $1 = $ o 7Ti is strongly prepared 
over p. If q G ir^ 1 (p) is a 1 point, then q has regular parameters (x, y±, z) defined by 

x = Xi,y= 11(2/1 + a) 

with a ^ 0. There are permissible parameters (x\, y.z) at q where x\ is defined by 

%i = xi(yi + a)"^ 



_<a+b)k 
11 = X^ 

. , , (c+d)b 



Thus 

V =x c l +cl {y 1 +a) a ^ : ^^~z 
and A($ 1 ,q) = 0. 

If 77i : X\ — > X is the blowup of C = V(a;, z) or ^(j/, z), then $1 = $ o 7Ti is 
strongly prepared over p, and there are no 1 points in 7r _1 (p). 

Suppose that p e 1 is a 2 point such that m q Ox, P is not invertible, and 
( 190| ) holds at p. We may assume that there exists an open neighborhood U of 
p such that (x, y, z) are uniformizing parameters on an etale cover of U. We will 
determine the locus of points in U where m q Ou is not invertible. First suppose that 
q' is a 2 point on the curve x = y = 0. q' has permissible parameters (x, y, z\) where 
z = z\ + a. 

u = (x a y b ) k 

v = a{x a y b Y + (x a y h ) t z 1 

Thus (u,v) is invertible along the curve x = y = 0, if a 7^ 0. 

Suppose that q' is a 1 point near p. has permissible parameters (xi, yi, z\) where 
either 



with a 7^ or 



xi(yi+a) " , 2/ = yi + a, z = zi + /3 (202) 
Xi + a, 2/ = 2/1(^1 + q0~^> 2 = 21 + P (203) 



with a^0. If q' has permissible parameters satisfying (202), then 

u = if 

v =xf( Zl +P) 

Thus (u, v) is invertible at g' if j3 7^ 0, and is not invertible along V(x,z) since 
< < A: by assumption. 
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If q' has permissible parameters satisfying (E03), then 



hh 

u = y^ 



v = y\ t {z 1 +f3) 

Thus (u, v) is invertible at q' if j3 ^ 0, and q 1 is not invertible along V(y, z) since t < k 
by assumption. 

If tti : Xi — ► X is the blowup of V(a;, z) or F(y, 0), then $1 = $ o m is strongly 
prepared over p and there are no 1 points in Tr _1 (p). 

Suppose that p 6 I is a 2 point such that m q Ox, P is not invertible, 



and (186) holds at p. After possibly interchanging x and y, we may assume that 
ad — be > 0. We may assume that there exists an open neighborhood U of p such 
that (x, y, z) are uniformizing parameters on an etale cover of U and the conclusions 



of Lemma 18.8 hold for p. We will determine the locus of points in U where m q Ou 



i s no t invertible. If q' is a 2 point on the curve x — y — 0, then q' has the form of 



( 186 ), so that Thus (it, v) is not invertible along the curve x = y = 0. 

Suppose that q' is a 1 point near g'. q' has permissible parameters (xi , 7/1 , zi ) 
where either 



with a ^ or 



xi(yi + a) 3 , y = j/i + a, z = z x + (5 (204) 
.Ti + a, y = y\(x\ + a)™' 5 ' , z — z\ + (3 (205) 



with a^0. If q' has permissible parameters satisfying (204), then 

u = x^ k 

v = P(xl) +x c 1 {y 1 +a) d -^ 

d—— c 1 c— 

= a a x\ + x\y 

for some permissible parameters (xi,y,z), since a ord (P) > c. Thus [u, v) is invert- 
ible at q', since we have a^0. 

g') = at points g' near p where ( |204|) hol ds. 
If g' has permissible parameters satisfying (|205| ) , then 

u = 

V =P{y b 1 ) + a c -^yf + yfxi 

(u, v) is invertible at q' Since b or d(P) < d by assumption. 

At points q' near p where ( |205| ) holds, we have A(&, q') = d — b ord (P) > 0. 

Let 7Ti : Ai — > A be the blowup of C = V(x,y). Then $1 = $ o tti is strongly 
prepared above p. If q G tt^ 1 ^) is a 1 point, then q has regular parameters (x, yi, z) 
defined by 

x = xi,y = xi(y\ +a) 
with There are permissible parameters (xi, y t z) at q where x~\ is defined by 



xi = xi(yi + a)' 



Thus 



—(a+b)k 



U = X-y 

v = P{x a + b ) + x c + d { Vl + a) d -^ 
= P{x a + b ) +xl +d a d -^ +x1+ d y 1 



If (a + 6)ord (P) > c+d then A($i, q) = 0. Assume that (a + &)ord(P) < c + d. Since 
ord(P) > -, we have that 

c + d-(a + 6)ord(P) = (d-b ord(P)) + {c-a ord(P)) < d - b ord(P) 
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Thus 

A($i,q) < c + d- (a + b) ord (P) < d- b ord (P) < 

Su ppos e that p e X is a 2 point such that m q Ox,p is not invertible, 
and (187) holds at p. After possibly interchanging x and y, we may assume that 
ad — be > 0. We may assume that there exists an open neighborhood U of p such 
that (x, y, z) are uniformizing parameters on an etale cover of U. We will determine 
the locus of points in U where m q O\j is not invertible. If q' is a 2 point on the curve 
x = y = 0, then has the form of (187), so that (u,v) is not invertible along the 
curve x = y — 0. 

Suppose that q' is a 1 point near p. g' has permissible parameters (cci, j/i, ^i) where 
either 



with a ^ or 



a:i(yi+ a) »,y = yi +a,z = z x +/3 



a;i + a, y = yi(xi + a) i >,z = zi+/3 



(206) 



(207) 



with a^0. If (?' has permissible parameters satisfying (206), then 



u = Xi 

v = x\(yi + a) d ~-?t 
= a d ~~^xl + x\y l 

[u, v) is thus invertible at q' . 

A(&, q') — at points q' near p where ( 206) hol ds. 



If q' has permissible parameters satisfying (207), then 



(xi + a) c ~^yf 



ViXi 



Thus (u, v) is invertible at q' . 

A($, q') = at points q' near p where (207) holds. 

The locus of points where (u, v) is not invertible near p is V(x, y). 

Let 7Ti : X\ — > X be the blowup of C = V(x, y). $1 = <f> o 7Ti is strongly prepared 
above p. If g G tt^ (p) is a 1 point, then q has regular parameters {x\,y\, z) defined 

by 

x = x\,y = x\{y\+a) 
with There are permissible parameters (x\, yz) at q where x\ is defined by 



Xi = xi(yi + a) »+!>. 



Thus 



and A($i,q) = 0. 

Su ppos e that p £ 
that (|l85| ) holds at 

of p such that (x, y, z) 
determine the locus of 
Suppose that q' is a 



it 



_(a+b)fc 



(c+d)b 
a + b 



^ +d (yi+a) d - 



X is a 1 point such that m q Ox, P is not invertible, so 

p. We may assume that here exists an open neighborhood U 
are uniformizing parameters on an etale cover of U. We will 
points in U where m q Ou is not invertible. 
1 point near p. q' has permissible parameters (x, y±, z±) where 

y = yi + a, z = z\ + 
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U = X 

v = ax c + x c yi 

(u, v) is thus only not invertible on the curve V{x, y). 

Let 7T : X\ — * X be the blowup of V(x, y). $1 = $ o m is strongly prepared above 
p. If q G ir^ 1 (p) is a 1 point, then q has permissible parameters (x, yi, z) dehned by 

x = xi,y = xi(yi + a) 

with a^O. 

u = x^ 

v = xl +1 {yi + a) 

and = 0. 

Suppose that p e X is a 3 point such that m p Ox, P is not invertible and 



(194) holds at p. We may assume that there exists an open neighborhood U of p 
such that (x, y, z) are uniformizing parameters on an etale cover of U . The locus of 
points in U where m q Ojj is not invertible is the union of the 2 curves V(x, z), V(y, z) 
and V(x, y). 

Let 7T : X-y — > X be the blowup of C = V(x, y), $i = $ o n. If q' e n^ 1 {p) is a 2 
point, then q' has permissible parameters (xi,yi, z) where 

x = xi,y = xi(yi +a) 

with a^O. 

u =xl + \ yi +a) b ^x a 1 +b 
V = z c 

so that $i is strongly prepared at q' . 

Suppose that q' € 7r _1 (p) is a 3 point and q' has permissible parameters (xi, y\, z) 
where x = x\,y — x\y\. Then 

v =x a + b y b 1 
u = z c 

so that $i is strongly prepared at q' . Suppose that q' G 7r _1 (p) is a 3 point and q' 
has permissible parameters (xi,yi,z) where 

x = xiyi,y = yi. 

Then 

a+b 

u =2/i 

v = z c 

so that $i is strongly prepared at q' . A similar analysis shows that the blowup of 
V(x, z) or V(y, z) composed with $ is strongly prepared. 

Suppose that p 6 X is a 3 point such that m q Ox, P is not invertible and 
dl95| ) holds at p. 



We may assume that there exists an open neighborhood U of p such that (x, y, z) 
are uniformizing on an etale cover of U . The locus of points in U where m q Ou is 
not invertible is the union of the 2 curves V(x, z), V(x, y, ) (if c > b) and V(y, z) (if 
b > c). If 7T : X\ — > X is the blowup of a 2 curve through C, and $i = $ o tt, then <E>i 
is strongly prepared at points q S 7r _1 (p). 

Suppose that p e I is a 2 point such that m p Ox. P is not invertible, and 



(191) holds at p. We may assume that there exists an open neighborhood U of p 
such that (x, y, z) are uniformizing parameters on an etale cover of U. The locus of 
points in U where m q Ou is not invertible is the 2 curve V(x, y). 

Let 7T : Xi — > X be the blowup of C = V(x, y), $i = $ o n. If q' £ n^ 1 (p) is a 1 
point, then q' has permissible parameters 

x = xi,y = xi(yi +a) 
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with a^O. 

v = x\(y 1 +a) b 



u = x\ 
Jot 



Set y 1 = (yi + a) — a to get 



u = x\ 

v = a b x\ + x\y l 



so that q 1 ) — 0. <I>i is strongly prepared at points of ir 1 (p). □ 

If a, f3 are real numbers, define 

S{a,0)= max {(a, (3), (f3, a)} 

where the maximum is in the Lexicographic ordering. 

Suppose that <& : X — > 5 is strongly prepared. Suppose that q £ and C C X is 



a 2 curve such that m q Ox is not invertible along C. At a generic point p of C (186), 



( |187D or (|l9lj) holds. 

If ( |186|) holds, then <E>(C) is a 1 point q E S. Suppose that P(t) = ait 1 . Since q is 
a 1 point, we can, after possibly replacing v with v — Y^, <iikU k , assume that A: J / ord(P) 



in (186). With this restriction, define 

f Sr(|c-aord(P)|,|d-6ord(P) |) 
<t(C) = < if c — ord (P), d — ord (P) have opposite signs, 
I — oo if they have the same sign. 

If (H3) or (HH) holds, define 

a(C) = -oo. 

<t(C) is well defined (independent of ch oice of permissible paramete rs {u, v) at q with 



the restriction that k J / ord(P) in (|186| )). This follows from Lemma |18.8 
If m q Ox is invertible, define 

ct($) = -oo. 

If m q Ox is not invertible, define 

. f ct(C) I C C X is a 2 curve 1 

1 such that m q Ox is not invertible along C J ' 

Lemma 18.16. Suppose that X is strongly prepared, q E S is such that m q Ox is not 
invertible. Then there exists a sequence of blowups of 2 curves X\ — » X such that the 
induced map <&i : X± — > S is strongly prepared, A($i,P) < A($i) = z/P is an 

exceptional component of Ex 1 for X\ — > X , and the forms ( \18(ty , /\L8fy and jjjfy ) do 
not hold at any point p £ X where m q Oxx,p is not invertible. 

Proof. ef(<I>) > if and only if there exists a point p £ X such that m q Ox 1 ,p is not 



invertible, and a form (186), (188) or (192) holds at p 



Suppose that cr((f>) > 0. Let C be a 2 curve such that er(C) = Let n : X\ — > 

X be the blowup of C. By Theorem 18.15, we need only verify that if C\ C 7r _1 (C) 



is a 2 curve such that m q Ox 1 is not invertible along C\ then cr(Ci) < ct($). 

First suppose that Ci is a section over C. Let pi g Ci be a generic point. Then 
p = 7r(pi) is a generic point of C. There exist permissible parameters (x,y,z) at p 



such that 



u = (x a y b ) k 

V = P(x a y b ) + x c y d 



with 

min{ — , — } < ord (P) < max { — , — } 
a b a b 
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and 

min{-,-} < k,k Yatd(P). 
a b 

We may assume, after possibly interchanging x and y that 

ct($) = cr(C) = (I c-o ord (P)\,\d-b oid (P) |). 
Assume that pi has permissible parameters (x± ,y\,z) such that 

x = xx,y = xiyi 
and Xi = yi = are local equations of C\ at pi. 

u =K +& yi) fc 

/ord(P) implies by Lemma 18. S| that 

<t(Ci) < S(\ {c + d)-{a + b) ord (P)\,\d-b ord (P) |). 

lie- a ord (P) > and d - b ord (P) < then 

< (c - a ord (P) + (d - b ord (P)) < c - ord (P) 

so that cr(Ci) < a(C). 

If c - a ord (P) < and d-b ord (P) > then 

> (c - a ord (P) + (d - 6 ord (P)) > c - ord (P) 

so that ct(Ci) < <t(C). 

Assume that p\ has permissible parameters {x\,y\, z) such that 

a; = x 1 y 1 ,y = y 1 

and ari = y\ = are local equations of C\ at p\. 

u = {x a lV l +b ) k 

v =P(x a 1 y a 1 +b ) + x\y{ +d 

k /ord(P) implies 

v{Ci) < S{\ (c + d)-(a + b) ord (P) |, | c - a ord (P) |). 

If c - a ord (P) > and d—b ord (P) < then 

< (c - a ord (P) + (rf - 6 ord (P)) < c - ord (P) 

so that cr(Ci) = — oo. 

If c - a ord (P) < and d—b ord (P) > then 

> (c - a ord (P) + (d - 6 ord (P)) > c - ord (P) 

so that cr{C\) — — oo. 

N ow suppose that Ci C 7r _1 (C) is an exceptional 2 curve. Then p = 7r(Ci) satisfies 
(192). Let q = Q(p). q is a 1 point. If Pi, P2, P3 are the components of Ex containing 
p, then $(Pi) = $(P 2 ) = ®(E 3 ) = q. Suppose that P(t) = J2 a ^ 1 - Since q is a 1 
point, we may replace u with u — X) a ikU l so that fc J/ord(P). We may also assume, 
after possibly interchanging (x, y, z) that 

1 / - c ord (P) |>| e - b ord (P) |>| d - a ord (P) | . 
If C has local equations x — z = 0, then 

<7(C) = (|/-cord(P)|,|d-oord(P)|) 
and a generic point of Ci has permissible parameters (xi,y, Z\) where 

x = x\.z = x\{z\ + a) 
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with a^O, and x\ = y = arc local equations of C\. Set x\ — X\(zi + a)~°&. 
u = {x\y l ) xk 

v = P((xJy E ) x )+x d 1 +f y e (z 1 + a)-^ 1 ^ 

where A = (a + c, b), a + c = aX, b = bX. 
If tr(Ci) > 0, then Xk /Aord(P) implies 

aid) = S(\ (d + /) -(a + c) ord (P)\,\e-b ord (P) |). 

Similarily, if C has local equations y = z = 0, 

( 7(C) = (|/-cord(P)|,|d-oord(P) |) 

and if cj{C\) > 0, k J / ord(P) implies 

= S(\ d - a ord (P) |, | (e + /) - (b + c) ord (P) |). 

If C has local equations x = y = 0, then 

cr(C) = (| e - 6 ord(P) |, | d - a ord(P) |) 

and if c(Ci) > 0, then 

a(d) = 5(| / - c ord(P) |, | (d + e) - (a + 6)ord (P) |). 

If one of / — c ord(P), e — 6 ord(P), — a ord(P) is zero, then cr(Ci) = — oo. 
Case 1 Suppose that / - c ord (P) > 0, e - 6 ord (P) > 0, d - a ord (P) < 0. 
Then 

ct($) =<t(C) = (| / -cord (P) |,| d- a ord (P) |) 

and x = z = are local equations of C. 

< (d - a ord (P)) + (/ - c ord (P)) < / - c ord (P) 

implies cr(Ci) = — oo. 

Case 2 Suppose that / - c ord (P) > 0, e - b ord (P) < 0, d - a ord (P) > 0. 
Then 

ct($) = cr(C) = (| / -cord (P) |,| e- 6 ord (P) |) 

and y = z = are local equations of C. 

< (e - b ord (P)) + (/ - c ord (P)) < / - c ord (P) 

implies <r(Ci) = — oo. 

Case 3 Suppose that / - c ord (P) > 0, e - b ord (P) < 0, d - a ord (P) < 0. 
Then 

ct($) = cr(C) = (| / -cord (P) |,| e- 6 ord (P) |) 

and y = z = are local equations of C. 

< (e - b ord (P)) + (/ - c ord (P)) < / - c ord (P) 

implies <r{Ci) < cr(C). 

Case 4 Suppose that / - c ord (P) < 0, e - 6 ord (P) > 0, d - a ord (P) > 0. 
Then 

= cr(C) = (| / -cord (P) |,| e -6 ord (P) |) 

and y = z = are local equations of C. 

> (e - 6 ord (P)) + (/ - c ord (P)) > / - c ord (P) 

implies er(Ci) < cr(C). 

Case 5 Suppose that / - c ord (P) < 0, e - 6 ord (P) > 0, d - a ord (P) < 0. 
Then 

ct($) = cr(C) = (| / - c ord (P) |, | e - b ord (P) |) 
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and y = z = are local equations of C . 

> (e - b ord (P)) + (/ - c ord (P)) > / - c ord (P) 

implies <x(Ci) = — oo. 

Case 6 Suppose that / - c ord (P) < 0, e - 6 ord (P) < 0, d - a ord (P) > 0. 
Then 

= <r(C) = (| /-cord (P) |,| d-o ord (P) |) 
and a; = z = are local equations of C . 

> (d - a ord (P)) + (/ - c ord (P)) > / - c ord (P) 

implies u(Ci) = — oo. 

We conclude that if G\ C 7r —1 (C) is a 2 curve such that m q Ox x is not invertible 
along Ci, then g(Ci) < ct($). 

By Theorem |l8.15| , induction on the number of 2 curves C C X such that cr(C) = 
and induction on <?($), we achieve the conclusions of the Lemma. □ 



Lemma 18.17. Suppose that $ : X —* S is strongly prepared, q G S is such that 



m q Ox is not invertible and the forms (186), (18t) and (19k) do not hold at any 



point p G X where m q Ox, p is not invertible. 

Then there exists a sequence of blowups of nonsingular curves X\ — > X which are 
not 2 curves such that the induced map $i : X\ — > S is strongly prepared, A(<f>i, E) < 
A(&i ) = A (<&) i f E is an exceptional component of Ex t for Xi — > X, the forms ( 18t ), 
(\188j) and (19k) do not hold at any point p G X\ where m q Oxi,p is not invertible, 
and if C d X\ is a curve such that m q Ox 1 is not invertible along C , then C is a 2 
curve. 

Proof. Suppose that C is a curve such that m q Ox is not invertible along C and C is 
not a 2 curve. Suppose that p G C. Then one of the following holds: 



with f < k are local 



1. (185) holds at p, x = y = are local equations of C at p 

2. (18£) holds at p and x — z — with ^ < k or y = z 
equa tions of C at p. 

3. ( |l90| ) holds atp, x — z~Qory = z^0 are local equations of C at p 

At a generic point p G C (|185|) holds. Define 



Let 



n(c) = k-oo. 

I C is not a 2 curve 
and m q Ox is not invertible along C. 



= max 

Su p pose that (1(C ) = ^( < i > ). Let tt : X\ — > X be the blowu p of C . The forms 
( 186 ) , (|l88| ) and ( |l92j ) cannot hold at points of X\ . By Theorem |l8. 15 , we need only 
verify that fi(Ci) < ^2(<I>) if C\ is a curve in 7r _1 (C) such that m 9 Oxi is not invertible 
along C\ and C\ is not a 2 curve. We then have 7r(Ci) = C. 

Let pi be a generic point of Ci, p = 7r(pi). (185) holds at p since p is a generic 
point of C. pi G 7r _1 (p) is a 1 point. Then pi has permissible parameters (xi , yi , zi ) 
such that 

x = xi,y = xi(yi + a). 



u 
v 



xl +L {y x +a). 



1X2 
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m q Ox x ,pi is invertible if a ^ 0. If a = and m g Oxi,pi is not invertible, then 
Xi = yi = are local equations of the curve C± C X\ through p on which m q Oxi is 
not invertible. 

o < n(Ci) = fc - (c + 1) < n(c) = 

By induction on the number of curves C on X such that Q(C) = ^( < &), we achieve 
the conclusions of the Lemma. □ 

Lemma 18.18. Suppose that <!> : X — > S is strongly prepared, q G S is such that 



m q Ox is not invertible, the forms (18t), (188) and (19i) do not hold at any point 
p G X where m q Ox, P is not invertible, and if C C X is a curve such that m q Ox is 
not invertible along C , then C is a 2 curve. 

Then there exists a sequence of blowups of 2 curves X\ — » X such that the in- 
duced map $! : X\ — > S is strongly prepared, A(<f>i,E) < A($x) = ^(^) if E * s an 
exceptional component of Ex t for X\ — > X and m q Ox 1 is invertible. 

Proof. Suppose that C C X is a 2 curve such that m q Ox is not invertible along C. 



point peC CPL87Q or (191) holds 



Suppose that p e C. Then fll87| ), (|193| ), ( |191| ), ( |194[ ) or (^95j) hold at p. At a generic 



If C is a 2 curve such that at a generic point of C (187) holds, define 



S(\ ka — c |, | kb — d |) \i ka — c,kb ~ d have opposite signs 
w(C) = and m q Ox is not invertible along C 

-oo otherwise 



If C is a 2 curve such that at a generic point of C (191) holds, define 
w(tf) = 



5(a, 6) if m q Ox is not invertible along C 
— oo otherwise 

m q Ox is not invertible along C if and only if uj(C) > 0. Set 

u>{C) | C is a 2 curve such that 

m q Ox is not invertible along C 

Suppose that ui{C) — !U(<I>). Let it : X\ — * X be the blowup of C. By Theorem 



w($) 



18.15, we need only verify that u){C\) < 5J($) if Ci C 7r _1 (C) is a curve such that 
m,Oxi is n °t invertible along C\. We must have that C\ is a 2 curve. 

Suppose that Ci is a section over C. Let pi € Ci be a generic point. Then 
p = 7r(pi) is a generic point on C. 



Suppose that there exist permissible parameters (x, y, z) at p such that (187) holds. 

u = {x a y b ) k 

c d 

v = x y 

with 

c d c d 

mm{-, — }< k < max{-, -). 
a b a b 

After possibly interchanging x and y, we may assume that 

w(C) = (\c-ak\,\d-bk |). 

Assume that p\ has permissible parameters (cci,yi, z) such that 

a; = Xi,y = X\y x 

and xi = y\ = are local equations of C% at p\. 

u =(x a 1 +b y\) k 
v =x? d yt 
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!5(| (c + d) — (a + b)k |, | bk — d |) if (c + d) — (a + b)k, d — bk have opposite signs 
and rriqOx^s not invertible along C 
— oo otherwise 
Suppose that c — aft > and d — oft < 0. 

< (c - aft) + (d-bk) < c- ak 

implies w(Ci) < w(C). 

Suppose that c — aft < and d — bk > 0. 

> (c — aft) + (d-bk) > c- ak 

implies w(Ci) < w(C). 

Assume that pi has permissible parameters (a;i ,2/1,2) such that 

£ = xiy u y = yi 

and xi = yi = are local equations of C\ at p\. 



u 



= {xtyl^f 

— r r c q ,c+d 

— x 1 y 1 



5(1 (c + d) — (a + b)k |, | aft — c |) if (c + d) — (a + 6)fc, c — ak have opposite signs 

w(Ci) = { and m g Oxiis not invertible along C 

— oo otherwise 
Suppose that c — aft > and d — 6fc < 0. 

< (c - aft) + (d - oft) < c - aft 

implies w(Ci) = — oo. 

Suppose that c — aft < and d — bk > 0. 

> (c - aft) + (d - fcfc) > c - aft 

implies w(Ci) = — oo. 

Suppose that C\ is a section over C, pi€ C\ is a generic point and p £ n(pi) is a 
generic point on C such that p satisfies (191). Then a similar argument shows that 
w(Ci) < w(C). 

Suppose that Ci c 7r _1 (C) is an exceptional 2 curve. Suppose that p = ir(Ci) 
satisfies ( |193| ). Without loss of generality, 

| f-ck |>| e-bk \>\ d-ak \ . 

If C has local equations x = z = then a generic point of Ci has regular parameters 
(xi,y, z\) such that 

x = xi, 2 = x\(zi + a) 
(with a^O) and X\ = y = are local equations of Ci. Set Si = £1(2:1 + a)~"+°. 

it = (x\y l ) xk 



—d+f 
V — X 



1 J 2/ e (2i + a) J 



where A = (a + c, 6), a + c = aA, 6 = bX. cj(Ci) > implies 

w(Ci)=S(| (d + /) -(a + c)ft |,| e-bk |). 

Similarily, if Ci has local equations y = z = then w(Ci) > implies 
w(Ci) = 5(| (e + f)-(b + c)k \,\d- ak |). 

If C\ has local equations x = y = then lo(C\) > implies 
w(Ci) =S(\f-ck\,\(d+e)-{a + b)k \). 

If one of d — aft, e — 6fc, / — eft is zero, then u>(Ci) = —00. 
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The analysis of Cases 1 - 6 of Lemma 18.16 (with ord (P) changed to k and a to 
ui) shows that ui{C\) < uj(C). 

A similar argument shows that uj(C\) < lo(C) if p = ir(C) satisfies ( |L94| ) or (195). 

We achieve the conclusions of the Lemma by Theorem 18.15, induction on the 
number of 2 curves Ccl such that w(C) 



uj($), and by induction on (x>($) 



□ 



Theorem 18.19. Suppose that $ : X — > S is strongly prepared with respect to D$. 
Then there exists a finite sequence of quadratic transforms m : Si — » S and monoidal 
transforms centered at nonsingular curves Tt2 ■ X\ — > X such that the induced mor- 
phism $i : X\ — > Si is strongly prepared with respect to Ds 1 = ^i 1 (Ds)red, and all 
points of X\ are good for $j. 



Proof. By Remark 18.9, A($) = if and only if all points of X are good. Suppose 
that A($) > and E is a component of E x such that C($, E) = C($). A($, E) > 
implies $(£7) is a point 
5i 



18.16 



18.17 



18. IS there exists a 



Let 7Ti : Si — ► be the blowup of By Lemmas 
sequence of blowups of curves X\ — > X such that $i : Xi — > 5* is strongly prepared, 
C($ 1 ) = C($), A($i,P) < A($i) if P is exceptional for $i and $ 2 : X x -» Si is a 
strongly prepared morphism. 

By Theorem 18.14 , C(<I>2, £') < C($), where E is the strict transform of E orxX\. 
By induction on the number of components E of Ex such that C(&,E) = C($), 
and induction on C(<E>), we get the conclusions of the Theorem. □ 



Definition 18.20. Suppose that $ : X — > V is a dominant morphism of k-varieties, 
(where k is a field of characteristic zero). $ is a monomial morphism if for all p ^ X 
there exists an etale neighborhood U ofp, uniformizing parameters (xi, . . . ,x n ) on U, 
regular parameters (yi, . . . ,y m ) in Oy,*( P ), and a matrix (a^j) of nonnegative integers 
such that 

I/i= x a ^---x^ 

Vm = X^ 1 ■ ■ ■ X^ m " 



Theorem 18.21. Suppose that $ : X — > S is a dominant morphism from a 3 fold X 
to a surface S (over an algebraically closed field k of characteristic zero). Then there 
exist sequences of blowups of nonsingular subvarieties X\ — > X and S± — * S such that 
the induced map $i : X\ — * S"i is a monomial morphism. 



Proof. This follows from Theorem 17.3, the fact that prepared implies strongly pre- 
pared, Theorem 18.19 and Remark 18.6. □ 



19. TOROIDALIZATION 

Throughout this section we will assume that $ : X — > S is strongly prepared with 
respect to D$, and all points of X are good. 

Definition 19.1. (j ^8| and ||j A normal variety X with a SNC divisor Ex on X is 
called toroidal if for every point p G X there exists an affine toric variety X a , a point 
p' G X a and an isomorphism of k algebras 

Ox, P — Xtr , P > 

such that the ideal of Ex corresponds to the ideal of X a — T( where T is the torus in 
-X u ) . Such a pair (X a ,p f ) is called a local model at p G X . 
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A dominant morphism $ : X Y of toroidal varieties with SNC divisors Dy, 
Ex on X , Y and $ -1 (_Dy) C Ex is called toroidal at p, and we will say that p is a 
toroidal point o/$, if with q — there exist local models (X a ,p') atp, (Y T ,q') at 

q and a toric morphism ^ : X a — > Y T such that the following diagram commutes 

$* | t 

$ : X — > Y is called toroidal ( with respect to Dy and Ex ) if $ is toroidal at all 

pel. 



Remark 19.2. 1. If one of the forms (lf\ ), ftl7fy or ftMp holds at p G X th 
q = <f>(j>) is a 2 point 



2. If q = is a 2 point, then (181) cannot hold at p, and if (18C) or (18c) hold 
at p, we must have a ^ 0, since uv = is a local equation of Ex- 

Lemma 19.3. Suppose that $ : X — ► S is a morphism from a nonsingular 3 fold X 
to a nonsingular surface S, D$ is a SNC divisor on S such that Ex = <&~ 1 (Ds) is a 
SNC divisor on X . Then $ is a toroidal morphism if and only if for all p £ Ex there 
exist regular parameters (x, y, z) in Ox,p {u, v) in Os,p such that one of the following 
forms hold: 

1. u = is a local equation for D$- 

(a) xy = is a local equation for Ex and 

u = x a y 

v = z 

(b) x — is a local equation for Ex and 

u = x a 
v =y 

2. uv = is a local equation for Ds- 

(a) xyz = is a local equation for Ex and 

u = 

v = x a y^ 



. x °.yb z c 

r d,,e z f 



with 



rank 



a b c 
d e f 



(b) xy = is a local equation for Ex and 



: 2. 



it 

v 



= x a y b 
= x c y d 



with ad — be ^ 0. 

(c) xy = is a local equation of Ex and 

u = (x a y b ) k 

v = a(x a y b y + (x a y b Yz 

with a, b > 0, k, t > 0, 7^ a S k. 

(d) x — is a local equation for Ex and 

u = x a 

v = x c (y + a) 

with O^aG k. 



ISO 
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Proof. We will first determine the toroidal forms obtainable from a monomial mapping 
A : A 3 — > A 2 defined by 



with 



u = x a y b z c 

d e f 

v = x y z J 



rank ( a . ^ °, ) = 2. 
d e f 



First suppose that that no column of 

a b c 



d e f 

is zero. Then A~ 1 (D) = E, where xyz = is an equation of E, uv = is an equation 
of D. 

Suppose that p £ A 3 is a 2 point on y = z = 0. Then there exists ^ (3 £ k and 
regular parameters (x, y, z) at p such that 

u = (x + f3) a y b z c 
v =(x + f3) d y e zf. 

If 

Det (e /)^°' 
we can make a permissible change of parameters to get 2.(b). 
Suppose that 

_ ■*(: /)-■_ 

There exist natural numbers 6, c such that 6, c > 0, (6, c) = 1, 

u = (x + a) a (y b z E ) k 
v ={x + a) d (y b ~z~) t . 

After possibly interchanging u and v, we can assume that k > and t > 0. If < > 
we get the form 2.(c). If t = 0, we get the form l.(a). 

Suppose that p <E A 3 is a 1 point on z = 0. Then there exist ^ a, f3 £ k, and 
regular parameters (x,y, z) at p such that 

u = (x + a) a (y + f3) b z c 
v =(x + a) d (y + f3) e zi '. 

After possibly interchanging u and v we may assume that c > 0. If / > we get the 
form 2.(d). If / = we get the form l.(b). 
Now suppose that a column of 

a b c 
d e / 

is zero. 

After possibly interchanging (x, y,z), we may assume that c = / = 0. Then 
A^ 1 (D) = E where xy = is an equation of E, uv — is an equation of D. We get 
the forms 2.(b), 2.(d) or l.(b). 

Conversely, suppose that the forms 1. and 2. hold at all points of Ex and p £ 
Ex- By Lemma 18. 3| , there exists an etale neighborhood U of p and uniformizing 
parameters (x,y,z) on U such that a form 1. or 2. holds at p. Working backwards 
through the above proof, we see that $ is toroidal at p. □ 

We will call a point p £ X a non toroidal point if $ is not toroidal at p. 
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Lemma 19.4. The locus of non toroidal points is Zariski closed of pure codimension 
1 in X , and is a SNC divisor. The image of the non toroidal points in S is a finite 
set of points. 

Proof. Suppose that p € X is a non toroidal point. Then q — <fr(p) is a 1 point, and 
thus one of the forms ( |i76| ), ( |r79| ), (JTSOJ) with t > 0, ( pl| ) or ( p3| ) with c> hold 
at p. 



1. First suppose that p is of the form of (182). We have c > 0, and all points 
nearby on x — are non toroidal. 



Suppose that p has the form (179). $ is non toroidal on the line x = y = 0. 

(a) Suppose that c > 0. Consider the point with regular parameters {x,y + 
a,z + /3) with a^O. Set x = x{y + a)~~ . Then 

u = x a 

v = x c (y + a) d ~^~ = x c (j + y) 

which is non toroidal. Thus $ is non toroidal on the surface x — 0. 

(b) Suppose that d > 0. Then a similar analysis shows that $ is non toroidal 
on the surface y = 0. 



Suppose that p has the form (181). A point on x = y = with regular parame- 



ters (x, y,z + (3) with j3 ^ has the form of (179), and is thus not toroidal. 

(a) Suppose that a,c > 0. Consider the point with regular parameters (x,y + 
a, z + (3) with a^0. Set x — x(y + a)~ i . 

u = x a 

v — x c (y + a) d ~~^(z + (3) = x c (j + y). 

Thus $ is non toroidal on the surface x = 0. 

(b) Suppose that b, d > 0. Then $ is non toroidal on y — 0. 

Since a, b > (by assumption) one of the cases (a) or (b) must hold. 

Suppose that p has the form (|l80| ). We have t > 0. Consider a nearby point 

with regular parameters (x, y + a, z + (3) with 5^0. Set x = x(y + a)~" . 

u = x am 

v =x at (a + ]3 + z) = x at (c+z). 
The non toroidal locus locall y co ntains x = (and y = 0). 



Suppose that p has the form (J1T6J) . Since a, b, c > 0, after possibly interchanging 
(x, y, z), we may assume that a, d > 0. Suppose that (x, y + a, z + /3) are regular 
parameters at a nearby point (with a,/? ^ 0). Set x = x(y + a)~» (z + /3)~». 



?i = x 

v = x d (y + a) e -^(z + (3) f ~^ = x d {^ + y) 



In a similar way, we see that nearby 2 points on x = are non toroidal. Thus 
the non toroidal locus locally contains x = 0. 

□ 



Suppose that p € X is a 1 point such that ^(p) = q is a 1 point. A form (|183j ) 
holds at p. c — a is in dependent of permissible parameters (u, v) at g and (x, y, z) at 
p of the form of ( |l83j ) (since it = must be a local equation of £>s). Define 



J($,p) = c - a. 

I(&,p) is locally constant. Thus if E is a component of Ex and pi, P2 are two 1 
points in E such that <&(pi) and $(^2) are 1 points, then /(<!>, pi) = 7(<i>,p2). We can 
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thus define 

I(®,E) = I($,p) 
if p 6 E is a 1 point such that ^(p) is a 1 point. Let 

B$ = {q e S | q is the image of a non toroidal point by $}. 

Define 

J($) = max{/($,p) | p € <5> -1 (i?4>) is a 1 point}. 
Remark 19.5. If p e is a toroidal point then /(<!>, p) < 0. 



Lemma 19.6. Suppose that q € B$. Let tt : Si — > S be the blowup of q. Let U be the 
largest open set of X such that the rational map X — > Si is a morphism <&i : U — > Si. 
Then $i is strongly prepared, and all points of U are good for $i. 

Suppose that p € U PI $ _1 (<7) is a 1 point. If I(<&.p) < 0, then $i is toroidal at p. 
Ifl($,p)>0,thenl($i,p)<l($,p). 

The locus of points where m q Ox is not invertible is a union of curves which make 
SNCs withB 2 ( X). Th ese points have one of the forms ( fjg^ , 03[ ), fiwty , or 
(pM) of Lemma U8Jj. 



Proof. $i is strongly prepared by L emma |18.13| . All points of U are good for $i, 
as follows by the analysis in Lemma 18.12 . The locus of points where m q Ox is not 



invertible is a union of curves which make SNCs with P>2{X) by Theorem 18.15 . 

Suppose that p S X is such that m q Ox is not invertible at p. p is a good point 
and $(p) = q a 1 point implies p has one of the forms (|176D , (|179| ), fll80| ), (181) or 
(|83h. By Lemma |18.12| , p must have one of the forms }L87[ ), ( |l93l ), ( jl85| ), ( |190| ), or 

Suppose that pe$ 1 (<7) n C/ is a 1 point. Then 

w = x a 

v = x c (a + y) 

where u = is a local equation of D$ at q, with either a < c or c < a and a / 0. 
Suppose that I(Q,p) = c — a < 0. 

If c < a, a 7^ and we have permissible parameters (ui,i>i) at qi = $i(p) such 
that 

U = UlVl,V = Vl 

so that qi is a 2 point. There exists regular parameters (x, y, z) in Ox.p and ^ cE € fc 
such that 

u = x a ( a + y ) 



«i 



(x, y, z) are thus permissible parameters for (vi, ui) at p, and p is a toroidal point for 
$i. 

If c = a, 



hi 



u,vi = a, 

u 



(ui,ui) are permissible parameters for $i at qi — <f>i(p), and 



ui 



X 

2 -a 



so that p is a toroidal point for $i. 
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Suppose that /(<!>, p) > 0. Then (u±,vi) are permissible parameters at q\ = ^\{p), 
where 

U — Ui, V — U\Vi. 

qx is a 1 point. 

ui = x a 

vi = x c ~ a (a + y). 

Thus 7($i,p) = c- 2a < J($,p). □ 

Lemma 19.7. Suppose th at C C X its a 2 curve such that q = 3>(C) is a 1 point, 
if p G C then p satisfies ( 187 ) or ( 191 ) and m q Ox is not invertible along C. Let 
7r : Xi — > X 6e t/ie blowup of C, <J>i = $ o 7T. Taen $i : Xi — > 5 is strongly prepared, 
all points of X± are good points for $i, and if uiqOxx^ is not invertible at a point 
pi G tt (C), f/ien pi satisfies (181) or (19S). If pi G w (C) is a 1 point then 



Proof. Suppose that p G C satisfies (187). Then all points of 7r are strongly 
prepared and are good points for <I>i. Let p\ G it~ l {p) be a 1 point. Ox 1 . Pl has 
regular parameters (xi, yi, z) such that 

x = xi,y = xi(yi + a) 

with a =/= 0. 



u 
v 



(x a +\ yi + af) 



X 



(a+b)k 



= x c 1 +d (y 1 +a) d = x c + d (a + y) 



By (187) c — ak, d — bk have opposite signs. 

I(*i,pi) = (c + d)-(a + o)fc 

= (c — afc) + (d — 6fc) < max{c — afc, d — bk} 
</($). 

If p satisfies (193), then all points of n~ 1 (p) are strongly prepared good points. 



□ 



Lemma 19.8. Suppose that C C X is a curve such that q = $(C) is a 1 point, 
m q Ox is not invertible along C, and C is not a 2 curve. 

Let 7r : X\ — > X be the blowup of C , $i = $ o n. Then $i : X\ — > S is strongly 
prepared and all points of Xi are good points for $i. If pi G 7r _1 (C) is a 1 point, 
then 

I($,p) </(*!, Pl ) <0. 



Proof. Suppose that p G C. p satisfies ( |185|) , ( J190| ) or ( |189| ). $1 is strongly prep ared , 
and all points of X\ are good points for $1. A generic point p G C satisfies (185), 
and x — y — is a local equation of C at p. Suppose that p\ G 7r _1 (p) is a 1 point. 
Then p\ has permissible parameters (x\, y\, z) such that 

x = xi,y = £1(2/1 + a), 



it 



-I (yi- 

J($i,pi) = (c + l) - fc < since c < & by Jl85|) 



□ 



Theorem 19.9. Suppose that Q : X —> S is strongly prepared and all points p€ I 
are good points for <£>. TTien i/iere exists a sequence of quadratic transforms S\ — > S* 
and monodial transforms centered at nonsingular curves, X\ — > X, smc/i i/iai i/ie 
induced map $1 : -Xi — > 6*1 is strongly prepared, all points of X\ are good for $1 and 
7($i) < 0. 
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Proof. Suppose that /($) > 0. Suppose that E is a component of Ex such that 
/($, E) = /($). Then ®(e) is a single 1 point q. Let 7Ti : Si — > 5 be the blowup of 
9- 



By Lemmas 18.17 



19.6 and 19.8, there exists a sequence of blowups of curves C 
(which are not 2 curves) X\ — » X such that if $1 : Xi — > S is the induced map, <&i is 
strongly prepared, all points of Xi are good for $1, if m q Ox 1 , P is not invertible then 
(187) or (193) holds at p, and all curves in X\ along which rriqOxx are not invertible 
are 2 curves. We furt her h ave t hat J($i, E) < if E is exceptional for Xi — » X. 

By Lemmas 18.18| and 19.7 , there exists a sequence of blowups of 2 curves C, 
X2 — > Xi such that if $2 : X2 — ► S is the induced map, $2 is strongly prepared, 
all points of X2 are good for $2, m q Ox 2 is invertible, and if E is exceptional for 
X 2 -> X, then /($ 2 ,S) < /($). 

Let $ : X2 — > S*i be the induced map. By Lemma 19.6 , $ is strongly prepared, 
all points of X2 are good for <&, /($) < and if E is a component of Ex 2 which 

contains a 1 point q such that $(p) G Trf 1 ^), then I($,E) < /($). 

The Theorem now follows by induction on the number of components E of X such 
that /($, E 1 ) = and induction on /($). □ 

Theorem 19.10. Suppose that <J> : X — > 5 is strongly prepared with respect to D$, 
Ex — $>~ 1 (Ds)red, o,ll points p G X are good points for $ and /($) < 0. Then 
there exist sequences of quadratic transforms tti : Si — > S and monodial transforms 
centered at nonsingular curves 1^2 ■ X\ — » X such that the induced map $1 : X\ — > 5i 
is toroidal with respect to Ds 1 = 7T~ 1 (Ds) r ed o,nd Ex 1 — ^^{Ex^red- 

Proof. Suppose that E is a component of Ex such that $ is not toroidal along E. If 
p G -E is a generic point, then at p we have an expression 

u = x a 

v = x c (a + y) 

with c > 0. Thus there exists a point g G S such that $(£) = q. q is necessarily a 1 
point. 

Let 7r : Si — > 5 be the blowup of g. By Lemmas 18.17 and 19.8 , there exists a 
sequence of blowups of nonsingular curves (which are not 2 curves) X\ — > X such 
that if $1 : X± — > S 1 is the induced morphism, then $1 is strongly prepared, all points 
of Xi are good for $1, I($i) < 0, the locus of points pi of Xi such that m q Ox 1 , Pl is 
not invertible is a union of 2 curves, and if m q Ox 1 , pi is not invertible, then pi satisfies 
( ggg ) or ( |193| ). 

Suppose that C is a 2 curve on Xi such that ra^^! is not invertible along C. 



A generic point p of C satisfies (187). Let E\ be the component of Ex 1 with local 
equation x — at p, E2 be the component of Ex t with local equation y — at p. 

I(^ 1 ,E 1 )=c-ak, I{<f>i,E 2 ) = d-bk. 

Since m q Ox 1 . P is not invertible, either 0<d — ofcor0<c — afc, a contradiction 
since < 0. Thus m q Oxx is invertible and $1 : Xi — > S induces a morphism 



Xi 



Si. By Lemma 19.6, $ is strongly prepared, all points of Xi are good for 
and < 0. Further, if p G Xi is a 1 point such that p G ^^(q), then $ is 

toroidal at p. 

By induction on the number of components of Ex along which $ is not toroidal, 
we achieve the conclusions of the Theorem. □ 



Theorem 19.11. Suppose that $ : X — > S is a dominant morphism from a 3 fold 
X to a surface S (over an algebraically closed field k of characteristic 0) and D$ is 
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a reduced 1 cycle on S such that Ex = ^ 1 {Ds)red contains sing(X) and sing($>). 
Then there exist sequences of blowups of nonsingular subvarieties w± : X\ — > X and 
""2 ■ Si — > S such that the induced morphism X\ — > S\ is a toroidal morphism with 
respect to n 2 1 (D s ) red and 7rf 1 (E x ) red . 



Proof. This follows from Theorem 17.3, the fact that prepared implies strongly pre- 
pared and Theorems |18.19|, and|l9.10|. □ 



20. Glossary of Notations and Definitions 

v(p), Definition pi . 
j(p), Definition pi . 
r(p), Definition |6.9. 
S r (X), S r (X), After Definition]^. 
B 2 (X), B 2 (X), B 3 (X), Before Definition |(USj. 
SNCs with B 2 (X), Definition |6~lg . 
r small, Definition B.3. 



r big, Definition |S.3] 
1 point, 2 point, 3 point 
1-resolved, Definition 
V(p), After Definition 
Before Lemma 



Definition 6.3 and before Definition 18.1 



9.e 



9.e 



9^ 



S(p), before Lemma 9.13| 
Inv(p), Before Theorem 
A r (X), Definition 
A r (X), Definition 
C r (X), Definition 



10.2 



(E), Definition [15.5 



10.1 



14.1 



.15 



^-permissible parameters, After Definition 18.1 



18.7 



18.7 



VE{f), Before Definition 18.7 
A(&,p), Definition 
C($,p), Definition 
A(®,E), After Definition 
C($,E), After Definition 

Before Lemma 
C($), Before Lemma 



18.7 



18.10 



18.7 



18.1C 



Before Remark 19.5. 



I($,p), I($,E), /($), Before Remark 19.5 



SNC divisor, Definition 



Pt(x), After Definition 5.1 



bad point, Definition 18.5 



etale neighborhood, Definition 6.19 



good point, Definition 18.5 
monodial transform, After Definition 15.1 



monomial mapping, Definition 18.20 



non toroidal point, Before Lemma 19.4 



permissible monoidal transform, Definition 10.3 



permissible parameters, Before Definition 6.5 and S.5 



permissible parameters for C at p, After Lemma 6.17. 



prepared, Definition 6.6 



resolved, Definition 6.10 
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strongly prepared, Definition 18.1 



toroidal mapping, 19.1 



toroidal point, Definition 19.1 



weakly permissible monodial transform, Definition 6.32 



weakly prepared, Definition 6.1 
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